
~ .. 

>, 

IDENTIFIC~TION OF MULTIVARIABLE SYSTEMS 

• 

• 

.' 

/1 ' 
\. ' 

~..., 

• 

- 'I 

, -

,< 

,~ 

! 
,~ 
.~ , 

" 
~ , 
~ 

1 
< 

~ 
4 
.j 
! 

. :·l , 
~~ 

'I ... -, ' 

!'. . 



A . ' \ , 
" . 

STRUCTURAL IDENTIFICATION AND PA~1ETRIC ESTIMATION~ 

NULTIVARIABLE SYSTEMS 
,. 

I 
'\ 

, . 

'.' 
By 

YORK-HON Kl'JOUG, B.Eng. 

A Thesis 
, 

Sub~itted to the School of G~aduate Studies 

in Partial F~rfilment of the Req:irements 

for the Degree . ; ,., . . '-
'Master of Engineering 

. ' 
McMaster Uni,versity', 

feb;ruar~ 1977 

" 



, r 

l-lASTER OF ENGINEERING (1976) Mc~~STER UNIVERSITY 

'(Electrical Engineering) Hamilton, Ontario' 

TITLE :. Stxuctural Identification and "parametric 

Estimation of 'Multivariab~e Systems 

AUTHOR York-Hon Kwong 
, r-

B.Eng. (McMaster Uhiversity) 
" . 

SUPERVISOR K: Sinha 

Sc.Eng. (Banaras) 

Ph.D. (University of Manchester) 
, ~ 

'" NUNBER OF PAGES viii, 70 

/ 

.. ~ 

., 

• 

., 

\ 

1 
i 
1 
t 

I 
, t 

I, 



-

/ 

ABSTRACT 

The identification of discrete linear time-invariant 

multivariable ~systems has been inve~tigated. This thesis 

consists of three interrelated parts. fn the ,first part, 

linear systems haye been described in canonical forms which are 

mostly suitable for system identification. Inter-relationships 

.. 

between the input-output difference canonical form due to 

Bonivento, Guidorzi and Marro (1973) and the state-spac~ canonical 
. 

form, due to Luenberger (1967) ha¥e been studied. In the second 

part structures of linear multivariable systems have been .. 
studied. An efficient algorithm has been developed to identify 

a set of structural indices directly from the input~u~put' 
da ta of a s.ystern. ' The ord~r of the system is, then, determined 

, I . ~ 

in,t~rms'of these structural indices. In the last part, estimpt~ 
. . , \ .'. ' , 

ion of syste~ parameters from the input-output data has been 

studied. Recursive algo ithm~ h~ve been developed for es~imat-

corrupted data. Digital camp er sim~lations with noise-f~ee 

as well' as noise-corrupted data have been utilized to illustrate 

the usefulness of the proR~sed procedures. 
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'CHAPTeR 1 

IllTRODUCTION 
" 

System identification has been under active study for 
. 

the past decade. It has many interdisciplinary applications 

in the fields of engineering, physical sciences, and social 

sciences. Besides its important role in automatic cdhtrol 

and systems engineering, it also finds many new applications 

in developing fields such as bioengineering and econometrics. 

Classically, system identification is defined according 

to Zadeh as "the determination, on the basis of input and 

output, of ~ system within a specified class of systems, to 

which the system under test is equivalent." Basipally, the 

problem of system identification consists of three parts: 

systems modelling, parameter estimation, and validation. , 

Firstly, a certain class of models must be chosen to represent 

the system under test. 7his usually involves either quali­

tative or statistical determination of the structure of the 

system. Relationships between inputs and outputs of the 

system are investigated and defined. Secondly, the unknown 

• parameters of the constructed model must be estimated from , 
simUlated or norca~ operating records. A predetermined 

objective is forroulated and optimized by a suitable algorithm. 
" J 



, 
2 

Thirdly, to see whether or not the estimated model is adequate, 

~ validation test must be performed. 
• J 

In recent years, hundreds of papers on system identi-
.. 

fication have been published. Many new algorithms and 

applications have been reported. Most of the.work has, 

however, been concentrated on developing new algorithms for 

parametric estimation and finding new applications for'sy~tem 
, ft 

identification. Frequently, a system structure or system 

model is assumed a priori during the developments of new· 

. algorithms and only single-input single-output systems hav~ 

been cited for examples. Li~tle work has been done on 

multivariable systems. 

With the rapid development of modern control theories, 

systems eniineers must deal with sophisticated systems more 

often. Design and control of multivariable systems become 

commonplace and identification of multivariable systems has 1 

become a necessity. ' ~_ 

It is only recently that identification of multi-

variable ~ystems has drawn much attention. Early contributions 

in this field were made by Ho and Kalman (1966)~ Later 
IF 

approaches using Markov parameters were proposed by Acker~ann 

(l971) and Mayne (1972). Gopinath ,(1969) and Budin (1971) 

have described a 'method utilizing 'a predetermined seleotor 

ma~rix to obtain a set of input-out~ut equations to solve 
~ 

the problem. All these methods, however, require sqme a 

priori knowledge about the system and are useful only for 

I 
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.. 

the case of noi Tse and Weinert (1975) 

have considered the structure determination and parameter 
. , ;/ 

identification for multivariable stochastic linear systems, 

but only systems w~th zero control are considered.~ Sen and 

Sinha (1976) hav~eveloped an on-line method fo~ identi-

3 

fication of mu1tivariable systems which identifies the transfer 

" 

, 

fUnction matrix of the systemt but poor results were obtained 
I 

for noisy data. 
§;l> 

M~eover, there are too m~ parameters to 

be estimated. Guidorzi. (1975) has presented all.,jlpproach 

based on Luenberger's canonical form which minimizes the 

number of parameters to be estimated and also allows the 
-b 

determination of the structure of the system. However, an 
~ . 

ordinary least-squares algorithm has been used for parameter 

estimation giving biased estimates in the case of no~sy 

'data a~~ 1s not suitable for o~-line·applicat~ons. 

In this thesis, a unif~ed approach has been adopted 

to identify ~'the, structure and the .parameters of ~~given 
~ . 

system directly from normal operating records. No a priori 
, , 

0-

assumptions 'about the system structure need be made nor 

need the inp~t-outppt sequences of the sys'tem be severely 

1 

.. . i \ 
restricted~"A new'canonical form has been chosen to represent 

\. ..' ..., ' 

multivariable systems. It consists of a set of differenti~l/ 
., . 

,difference equatio~s intercQnnecting the.input and output. 

seq~enc~s of a System. ~ha constructed model is simple in 
. . 

stru~ture and both the structure and parameters of the model . ' ... . , ~ 

can be identified d~rec~ly from input-output sequences of 
i 

Th' na 

'. 
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an alternative representation of multivariable syste It 

has unique relationships with Luenberger's canonical 

and the transfer function matrix r~presentation of multi 
,I 

variable system. 

The identification procedures considered in this the is 

consist of first determining the structural invariants of 

a system from input-output sequences by statistica,l methods. 

The set of indices so deter.mined will completely define the 

structure and the order 'of the system and is invariant upder . ~ 

transformation of state variables (Popov (1972')). Subsequently 

the parameters of the model are identified recursively to 

increase the adaptive capability 9f the algorithm so that it 
. 

can be used fGr on-line applications. 
) ~ Chapter 2 will concern i~self w~s~a brief review of 0 

~ ~ (r'~ 
various cla~sical,and rnodetn methods 9f representation of 

I 
linear systems. Transfer function matrix, state-space and 

input-output descriptions have been discussed. Methods for 

transforming from one c~nonical,form to~another have been 

presented. Equivalence between L~enberger's canonic~l form 

the input-output difference-canonical form ha~ also been 

discussed. 

Chap~er 3 considers the structural identification of 
. 

li~ear mu+tivariable systems. ~nvariants of linear sy.sterns 

hav~ 'been introducea. A statist,ical method ha's- been' adopted 

to determine the structural indice's of a given system from 
~' 

its norm?l' ~erating records. Noise-free an~ noise-corr~pted 
< • 

• 

\ 
\ 

" 

) 

• I 

L 
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measurements have been considered in the development of the 

algorithm. 
• 

Chapter 4 deals with the problem of parametric 
" 

estimation. Systems d~scribed in input-output difference 

~anonical forms have been decomposed into subsystems which 

as a result, may be separately' identified. Recursive least-
,-

squares and recursive generalized least-squares algorithms 

have been adopted to estimate the pa~ameters of each sUbsys.tem 

sequentially. N~ise-free and noise-corrupted data have also 
" 

been considered. 

Chapter's is devoted to the testing of the structural 

identification and parametric estimation algorithms presented 

in Chapters 3 and 4. A fairly general class of two-input 

two-output system has been used for testing. Three examples 

in this class of systems have been simulated an,d the algorithms 

tested. One of .Ihe systems is o! the 3rd-orde,r ~_~d the other" 
. ~ 

is of the 5th-order. The third example is of the 4th-order 

and has been used mainly to test th~ parametr~'~~stimati0n 
~;. - '-" 

algori~hms. Computational details of eaph ~xample have _ 

been included to demonstrate ~he pro~edures involved. 

Chapter 6 gives the conclusions and S,uggestions for 

future work in this area. 

\ . 

• 

. " 
\ 

'.' 
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CHAPTER '2 ! 
't I 

I 
REPRESENTATION OFiLINEAR SYSTEMS 

Introduction J .'. 

Linear time-invariant systems can be described in 

many different ways: by internal descriptions such as state-. , , 

space models or by external descriptions such,as impulse 

responses or transfer function matrices. Because of d~ferent 

analytical methods used and different objectives required, - . 
'each description has its own importance and advantages. 

,. , , J 

In the following, representation~ of linear discrete-time 

multivariable systems have first been expressed in the 

state-space forms and transfer function matrices. Later a 

new canonical descri~tion has been introduced which provides 

a simple relationship between the inpu~ and output sequences 

of a system and can be 'easily implemented for the purpose of 

identification. This input-output difference descriPti~f 
linear syste~s can be deduced uniquely from the block-

companion form of the state-space mopel by linear transformation . 
. 

Eq~ivalence between th~se two classes of system r~resentations 

has also been discussed. 

2.2 The External Descrietion - Ineut-output Diffe'rence 
Description 

Th~ external description o~'a ,sy~tern ~ives "mathematical 

6 

1 
( 

. . 
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~ 
relation between the ~nput and output of the system. No 

7 

knowledge of the internal- structure of the system is as'sumed 

and only the input and output terminals of the system are 

accessible for measurements. 

Consider a line~r multivariable system having m-inputs 
~ 

and r-out~t~as represented by Figure 2.2:1. The Syst~ 

can be described by an r x m discrete transfer fqnction matrix 

H(z), the elements of which 'are strictly proper ratio~l 

functions of z, where z-l is the unita~y delay operator, 

that is, 

I Y(z' ~ H(z) U(z) \ (2.2.1) 

where 

into two matrices such that 

(2.2.'2) 

where p(z) and Q(z) are polynomial m'atrices of z and 

their orde~~ are r t rand r x'nt respectively. P (z) is also ,. 
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required to be non-singular. Subs,tituting equation (2.2.2) . 

in equation (2.2.1) .. 

Y(z) = p-l(z) Q(z) U(z) "'"'" (2.2.3) 

and premultiply both sides of equation (2.2.3) by P(z). 

P(z) Y(z) = Q(z) U(z} (2.2.4) 
t , 

Hence, systems described by tran~fer function 

matrix can be easily co~verted to input-output difference 

description. As one may note, the decomposlt.ion of H(z) 

-1 into P (z) and Q(z) is.not unique. Certain canonical torms 

fO~ this input-output difference description have yet to be 
A • 

established. . I 
t 

2.3 The Intetnal Description - State-space Model 

Consider the same system as shown in F~gure 2.2.1, 

9 

the system dm be described by d'iscrete state-space equations 

I ( 

X (k+l) = A X (k) + B' U(k) (2.3.1a) 

Y (k) = C X (k) (2.3.1h), 

where X belongs to n-dimensional state yector space, U to 

the m-dimensional input vector space, Y to the r-dimensional 

output vector space. A, Band C are constant matrices and 

their orfo~rs are n x n, n x m and r x n, respectively, k is 

the s~mpling instant. 

It is well known that this system representation 

S(A, B, C)'" is not unique. Any nons~ngular matrix T can 
• 

transform the system into ano~her equivalent system 

S(TAT-l , TB, CT-l ) in'the sense that both Sand S have the 

f~ 
( 

). 
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same input-output description. Th~ fact that the input-

output relation is invariant under a linear transformation of .j 

the state variables implies that not all parameters of the 

systems described by state-space model can be identified ) 

directly from input-output measurements. ~ 

In order I~O obtain unique solutions and to aonstruct 

efficient algorithms for the purpose of system identification, 

it is of great interest to represent linear systems in some 

canonical forms. Different .. ~anonical forms for linear multi-

variable s¥5tems have been di~ussed.by Luenberger (1967), 

Neinert and Anton (1972) and' Ri~sanen (1974). Algorithms 

for transforming system dynamic equations to different 
EI.., 

canonical forms have also been developed by Sinha and Roza 

(1976). Besides having minimum number of parameters to 

be estimated, canonical forms also provide convenient ways 
~ 

for system decomposition. Of all the canonical forms 1 
discussed, the block-companion form due to Luenberger (1967) 

. is the most important on~ in system identification and will 

be discussed in deta~n the following s·ection. 

2.4 Equivalence Between Input-output Description and 
State-space Model 

• c 

Equivalence between a class of state-s~ace models 

• 

and the ~orre'sponding inpu~ ... output difference' d.escription can 

be estab¥shed by linear -transformatism a·nd has be,en discussed 

by Guidorzi (1975). Onc~ a-certain canonical form is chosen 

to represent a system the corresponding input-output 

• 

l 
f 

" 

. \ . 
I 



differential/difference description will be~un~q~e. In 
. . 

the following, equivalence between~Luenberger's canonical 
I 

form and the corresponding input-output difference canonical 
'-

form has been developed. Con~ider a linear multivariable 

system expressed in discrete state-space form 

X(k + 1) = A X (k) +,B U (k) 

Y (k) = C X (k) 

(2.4 .la) 

(2.4.;1.0) 

If the system is comple~ely observable and controllable, 

a suitabl~ nonsingular matrix T can be used to transform the 

system into ~n equivalent canonical form such that 

- -1 A ::::I, TAT (2.4. 2a) 

B = T B ( 2 • 4 • 2b) 

C = C T- l ' (2.4.2c) 
, 

The resultant system S{A,B,C) is in the bloclJ. row 

companion, observable form and the matrices A, Band C have 

the fOllOWi~4 s~cial structures, 

A = 

" 

A .. = 
1~ 

All A12 Aln 
~ 

Ai'l Ai2 

~ 

A nl 

a 

0 
a .. 1 11, 

l"v. -1 
1 

A. (2.4.3) 1n 

a .. ll,v. 
1,.., 

(2.4.4a) 

I 



). 

j 

o>~ 

A .. = 
~) 

B ::: 

; 

c = 

-
0 

0 

a .. 1 
~)I 

r-

bl1 

bn1 

1 0 
o 

o 
t 

1 

0 

0 

a. . 0 1J , v ..... 
~J 

~ 

blm 
b T 

IT 
b2 

= 

bnm 
b T 

n 

.' . o 1 

t t 
r-l 

(v
1
+1 )( L v.+l) 

. 1 ~ 
~= 

(2.4.4b) 

(2.4.5) 

where the intege:s vI' v2' 

invariants of the system. 

... , v are the structural 
r. 

The order of the system is ~ 

n = r 
I v. 

l. 
(2.4.7a) 

i=l 

and V .. < v. (2.4.7b) 
1) - 1 

Fu!:'thermore, systems described by this canonic:al torm 'are 

completely observable and can be decomposed into their many . . 
opservable subsystems. Hence conventional algorithms for 

the identification of singl~-input single-output sy~tems 

can be applied to identify each of these subsystems 

individually. For example, the j-th subsystem in the 

" . ~. 

lr'\-~ 

~ ,) 

.. 

, 
t 

f 



.? 
{ ~anonical representation is complet~ observable from the 

- j-th component of the output. 

Defining the following vectors: 
.. 

[ Xk, l' lT X(k) = xk ,2 . · · v , ... ·k ,n_ 

Y (k) = [ Yk,l' Yk,2'· · · , Yk,rJl 
U(k) = [ uk, l' uk I 2' . · · I u iT 

k,m j 

The system described by equations (2-.4.3) 

be expressed in an alternative form 

wher~ 
~---/ 

X(k) = V(z) Y(k) - ,W Z(z) -U(k) 

v (z) = 

Z (z) = 

vM = max: 

r 
'1 

z 

v -1 
z 1 

o 

0 

0 

L-

(vi) , 

.. . 

i 

o 

o 

1, 

z 

v -1 
z r 

I 

zI 

vM-l r z 
~ 

= 1, 2, ... , 
<) 

to 

r 

(2.4.8) 

(2.4.9) 

(2.4.10) 

(2.4.6) can 

(2.4.11) 

(2.4.12) 

(2.4.13a) 

(2.4.13b) 

13 

, 
{ 

~ 

\ 
" 



I 

' .. 

14 

0 0 

bT 
1 0 0 

. 
T 

bT 
bv -1 ... 0 0 

I 1 .. -
W = (2.4.14) 

.... 
0 0 

bT 
0 0 n-v, -1 r 

bT b
T 

0 0 n-1 n-v -1 r 

The input-output difference aanonica1 torm can then be 

obtained by substitution of equation (2.4.11) into equation 

(2.4.1) 

[(zI - A) V(z)] Y(k) = [(ZI-A)lVZ(z) + BJ U(k) (2.4.15) 

I is a unity matrix of appropriate order. Expanding equation 

(2.4.15), we 'can see immediately that only the vl-th, 

(vI + v 2 )-th, ... , vr-th equations are really significant 

and the rest are just simple identities. Discarding these 

identities, equation (2.4.15) can be rewritten in a more 

. f I compact conClse orm 

p (z) Y(k) =Q(z) U(k) ~ (2.4.16) 
, 
\ 

where 6 

P11(Z) Plr(z) 

P(z) == (2.4.17) 

Prl(z) 
'-

Prr (z) 

..J 

" 

+ 



• 

Q(z) = (2.4.18) 

r1 (z) 

The polynomials p .. (z) and q .. (z)·can be easily obtained 
1) 1) 

by expansion of equation (2.4.15) and the following 

identities are obtained: 

p .. (z) 
1) 

p .. (2) 
~J 

= z 
v. 
~ . v.-1 • .... a.. z ~ 

~l,vi 

v ...... 1 
= -a .~. z ~J 

~JIVij 

2 
-a .. 2Z 

1~, 
(2.4.19) 

(2.4.20) 

(2.4.21) 

IS 

where the coefficients S .. are the elements of the following 
1,) 

matrix: 

B = 
I 

/ 

t!nl 

, 
f' 

'-'nm 

(2.4.22) 

11' 

/ , 
(' 

! 

\ 
~; 

" 

" '. I 

J ; 
I 



/~ 
\ 

\ 
>, \ 

I 
" , 

,,l 

J 
/ 

and the matrix M is con$tructed as 

,... 

M =-

I 

! 
'-

-a11 ,2 -a11 ,3 -a 11,v
1 

-all ,3 -a11 ,4 1 

" 

-a 11,v
1 

1 

1 

----------.------ -

-a rl,2 

-a rl,3 

-a rl,vr1 

0 

0 

-a rl,vrl 

o 

,. 

1 · . -a lr,2 .•. -a1r,v
1r 

0 

I 

0 · . -a lr,3 

.• -a., 1 
.fA. ,vIr 

o 

• ! •• l- .----- .. -- ... ---~---
o 

1 

'-a • • 2 • 1 r!", 
. 
'-a · • • 3 ! rr, 

• of f 

· . i 

I •• -a 

I .. 
rr,vr 

1 

. . 

1 

-a rr,v r 

I 

! 
! 

J 
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... , ... 
\~ (2.4.23) 

~ 

}, ','I 
Because of the special structure of the matrix M it 

is always nonsingular and in fact det(M) = 1. 

' .. 

. 
> 

, ' 

" 
" ~ 

J. , ' 
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It is useful to note that polynomials Pij (z) and 

qij (z) in equation (2.4.16) also have the following properties: 

c;1eg {pU (z)} > deg {p .. (z)} . for j > i (2.4.24) 
l.J 

deg ( p, . (z)} > deg 
~1 ,-

{p .. (z)} 
l.J 

f.or j <: i (2.4.2S) 

deg {p .. (z}} > deg {p .. (z)} for i 'I J (2.4.26) 
~l. )l. 

deg {Pii{z),} ::> deg q .. (z) 
1) 

(2.4.27) 

') Thu3 the equivalence.of the two classes of represen::' 

tations of linear systems has been establisped. It is useful 
, ~ 

to note that apy input-output description of the form (2.4.16) 

has a unique equivalent state-space representa~ion of the 

form (2.4.3) (2. 4. 6.) a·nd vice-versa. Deduction of one form 

from the other can be accomplished by observing equations 
• 

( 2 . 4 • 19 ), to, ( 2 . 4 . 23) .' From equations (2.4.19) to (2.4.21), 

~e also see that the E ~ r matrix P(z~ contains the same 

information about the system dynamics that is contained in 

the state-space matrix A in equation (2.4.3) . 
• 

Systems described by the input-outpu~ difference 

canonical form h.~ve the" advantt,age of 'being eas.11y identified 
. . 

from n?rmal operating records., If it is necessary, systems 
, ' . 

identified in input-outpu~ difference eanonical form can be 

easily transformed to buenberger's state-space canonical form 

by the forementioned procedures and will be discussed in 

detail in seeton 4.5. 

. , 

" ' 
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CHAPTER 3 

STRUCTURAL IDENTIFICATION 

3.1 Introduction 

The first stage in system identification is to assume 

or find a suitable model or structure for th~dystem. Once a 

particu1armode:ror structure is chosen the solution of the 
. 

system identification problem will be straight forward because . 
,only the parameters of the model have yet to be estimated. The 

•• 
, structure of a single-input single-output system is completely 

governed by its system.order. Hence, the structural idenficiation 

of single-input single-output systems is the determination of 

an optimal order for the system. On the other hand, for 
" , 

multivariable systems, structural identffication involves 

finding both t~ input-output structures as well as the system 

order. 

Invariant descri~tion of linear time-invariant 

controllable systems was first c,onsidered by Popov (1972) and 

a complete set of invarIants for;. $uch systems has been derived . 
.. 

'Later, Weinert and Anton (1972) have extended Popov's work to 

develop invariant canonical forms which are suitable for system 

identificati'on. 
4 

Statistical test (F-test) w~s first used by Astrom 

(1970) to find the order of linear systems. Later, Woodside 

" 
18 
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(1971) suggested three methods which are based on the product-~ 

moment matrix to estimate the system order of single-input 

single-output systems. Similar statistical techniques were 

used by Chow (1973) and Tse and Weinert (1975) to determine 

the structural indices of mu1tivariab1e systems. Recently, 'a 

systematic procedure has been developed by Guidorzi (1975) to 

determine directly the structural indices of mu1tivariab1e 

systems from input-output sequences. 

In the following, conventional trial and error methods 

to f~nd the structural indices of multivariab1e systems have 

been abandoned. Statistical methods due to Woooside (1971) . 

and Guidorz+ (1975)' have been adopted to determine a set of 

structural indices directly from input-output data withOU} 

requiring the estimation of the ',system parameters. This 

systemati~ procedure ~s simple in principle and has been 

proved to be computationally efficient in application. With 

little modifications the procedure can be adapted to handle 

noise-corrupted data too. 

j.2 Structural I,nvariants of Mul,tivari';lble Systems 

Structural invariants are a set of indices which 

completely characterize the mapp~ng of the input space into the 
'\., 

output space of a system. They are invariant with respect to 

chang~ of coordinates. In multivariable systems, structural 

'invari~nts riot only define the orders of the. systems but also 
. ' ~ 

the individual structure of the input and output terminals. 

.:;. 

, ,.. 

" 

( 

\ 

, . 
~; 

.; 

" . 

• .,> ;: 

.' 
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complete descriptions and proof of the basis of 
, 

invariants and canonical forms for linear dynamical systems 

have been given by Rissanen (l974} and will not be repeated ,. 

here. Instead, relationships between the structural invariants 

and the state-space and input-output difference canonical forms 

have been stressed. 

Consider a.discrete-time linear time-invariant system 

represented by the following discrete state-space.equations: 

~X(k+l) = A X(k) + B U(k) 

Y (k) = e X (k) 

(3.2.la) 

(3.2.lb) 

where X eRn, Y eRr, U e Rm and the matrices A, Band e are -

constant matrices with appropriate orders'.. k is the sampling 

instant. 

For a stable and observable system, a set of structural 

indices will completely define the structure as well as the . 
order of the system. It is well known that this set of structural 

indices is invariant with respect to state-variable trans­

formabions and certain kinds of state feedback in the general 

form of (A + Ke), where K is the feedback matrix. 

Since the system is completely observable, the following " 

rows of the observability matrix 

T C1 I 
T Cl A, 

T 
C2 ' 

T C2 A, 

eTc TA 
r' r ' 

v 
e TA 1 · .. , 1 v 
C TA 2 · .. , 2 

• •• I 

can be constructed 

.-! • . ' 

'. 
' .. 
~c 

0, 

-: -' 



I 

where CiT is the i-th row of C and vi ' i=l, ... , r is the 
T v·+ l 

smallest nonnegative integer such' that Ci A 1 is linear~y 

dependent on the previous one. 

Immediately, we note that the order of the system 

is given by 
r 

n = L v· 
i=1 J.! 

21 

(3.2.2) 

If the following matrix is constructed f~om the rows 

of the observability matrix 
T r . T T (VI-I) . (v -I} 1 

T = i 'C l' A C I ' . . ., A C 1 I . . . I C ,..., . AT' r C L r rJ 
(3.2.3) 

such that its rank is·n, then it can be used for state-trans-, 

formation of equation (3.2.1). The observable Luenberger's 

canonical state-space form as described by ~quations (2.4.3) to 

(2.4.6) will be obtained. In this special case, the structural 

indices will correspond to the obseFvability indices of the 

system. 

Similarly with systems described by input-output 

difference canonical form (equationl (2.4.6) ) , .. the orders of 

the diagonal polynomials of the p(z) matrix will be completely ~' 

specified by the strucutral indices. 
, 
1 

Therefore, with the knowledge of the strucutr~l indices 

VI' ".' '. , Vi I, the general structures of 

P(z) and Q(z) are known, and they can 

the matrices ~{ B,\C, 
\\ 

be constructed. Alt~-

natively, structural indices can be deduced from either the A 

matrix or the p(z) matrix .if it is known in advance. 

Furthermore, strucutral indices also specify thenumbe.~ . 

",. 

t , 



parameters in the system model. 

3.3 
4 • • 

Determ1nat10n of the Structural Invariants from 

the Input-Output Data 

In this section, an algorithm to determine the 
J 

structural indices directly from the input-output data 
, 

without the intermediate construction of a para~etric model 

for the system has been presented. This algorithm takes 

full advantage of the special structures of matrices A 

and P (z). Literally, the algorithm is to find a set of 

xndices such that all the input and output spaces of the 

system are spanned independently. 

Let 

... 

L. (y. ) = [Y j (k) 1 1 

L. (u .) = [Uj (k) 1 J 

:i' (k+l) 
J 

u. (k+l) 
J 

y j (){+i-l)] 

u· (k+i-l>l J _ 

(3~3.1) 

(3.3.2) , 

then construct 

R (° 1 , 

= fL6 (Yl) 
.... 1 

°2' ..• , °m+r) 

L6 (Yr) ••• L6 (UI) .••• Lo (umq 
r r-rl r+m..) 

(3.3.3) 

and define the product-moment matrix 

... , (3.3.4) 

Hence S{6
1

, ••• I ° ) is a s.quare matrix whose dimension m+r 

is 01 + 

segu~nce 

Construct the"S matrices in increas~ng dimension 
• 

e, •• 2) , 

: ( 

I 

{ 

1 
I 



I 

and test them for singuI~iy. When a singular matrix is 

found, one of the indices N. is determined. The proced~re 
~ 

I 
is repeated until all the indices associated with each 

output of-the system have been determined. Let 

S(~l' ~2' ... , ~m+r} be the singular matrix found and let 

the index ~. be increased by one such that the previous 
~;.;. 

matrix in the sequence is no~singular. Then v. = ~. - 1 
~ ~ 

and v .. = u. (j == 1, ... , m), (j "I i). The structural 
. ~J ] 

indices' associated with the inputs can then, be determined 

.by~~bserving inequality (2.4.27). 

computational effort can be saved by noting that 

once one of the S matrices is found to be singular, the 

subsequent matrices containing ~ts of that matrix 

need not be tested aga1n. Therefore only a limited number 

of matrices need be tested in the implementation of this 

algorithm. 

23 

With the knowledge of the values of the structural 

indices, the order 
II r 

n -: L 
i=l 

of the system can be determined as 

V .• 
l. 

(3.3:5) 

The number of parameters in the canonical model 

needed to be identified is given by 

Ptotal = n(r + m) (3.3.6) 

where m is the number of ihput and r is the number of 
£ 

output of the system. 

It is not surprising to note that .the forementioned 

. \ 

.,' 

,; 
... 

, , . ' . ~ 
- ~ , 
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~a 

algorithm was devel~~fly 

l'lith data corrupted by addi~ive 
\ 

for deterministic data. 

noise, ,int~dependences 
. 

between the i~put-output sequences are weakened and to test 
. 

for singularity of the product-moment matrix will be 

24 

difficult.' Consider the outputs of the system a~e corrupted 

with additive noise such that 

* Yk , = Yk ' + dk ' 
IJ ',] IJ 

where dk ' fs the additive noise sequence. 
1 J 

(3.3.7) 

For uncorrelated noise sequences and if large 

amounts of data is used, the product-moment matrix ~an 

be partioned into 

* S = S + N W (3.3.8) .... 
where W is the covariance matrix of the noise sequences and 

N is the numbet of data set used. 

If the noise sequences are uncorrelated with zero 

means and equal amounts of them are added to the inputs and 

outputs of the system, the covar~ance matrix of the noise 

can ,then be approximated as 

W = 0
21 

where '0
2 is the variance of the noise and I is the ipentity 

matrix of appropriate order. 

If no knowledge of, the statistlcs of the noise 

is available; the variance o~e noise can be assumed to· . . 
, * be 'the 'least eigenval~e of the product-momen,t;, ,matrix S • 

Testing for singularity will ,then be performed on the 

enhanced product-moment matrix'. 



25 

. * 2 S=S -Ncr I (3.3.10) 

When different amounts of noise are added to the 

various inputs and 9utputs of the system, the same technique 

can be applied by performing a suitable scaling on the 

data. Or in a more practical way, the covariance matrix of 

the noise can be approximated as 

W =fdiag 0 1 cr 2 ••• crr 
.... 

...., 
o r+m, ... 

(3.3.11) 

where o. is the variance of the j-th noise sequence. In 
J 

this case, the variance of the noises have to be known in 

advance or be a~proximated by some suitable method as 

mentioned before. 

'J 

-.; 
., 

.' .. 
. i 

-', 



CHAPTER 4 

PARAMETRIC ESTIMATION 

4.1 Introduction 

Once the structure or model of a system is 

determined, the next step is to estimate the parameters of 
. 

that model. Parametric estimation involves first establishing 

a reasonably prescribed criterion and then using a suitable 

algorithm to accomplish that criterion in an optimal way. 

With only the operating records available, the objeccive is 

usually formulated in terms of the residual.errors between 

the measur~d plant outputs and the outputs predicted by ~he 

estimator. The objective is then minimized with respect to 

the parameters of the system by a suitable algorithm. 

Numerous approaches to the parameter estimation 

problem have been proposed in the literature {Wong and 

polak (1967), Clarke (1967), Saridis and Stein (1968), 

Young (1969), Hasting-James and Sage (1969), Rowe (1970), 

Mehra (1971), Sinha and Pille (1971)J and their relative 

uRp.fulness has been discussed in many survey papers . 
o •• 

[Astrom and Eykhoff (1970), Isermann, Bamberger, Kneppo 

and Siebert (1973), Sinha and Sen (1974)],. Among these 

different algorithms and methods, least-squares estimation 
~ 

26 
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is the one most commonly used. The reason is the simplicity 

in implementation and consistency in estimation. Recursive 

form of least-squares estimation can also be easily derived . 

. unf~rtunatelY' in .the case of noisy measurements 'least­

~ares algorithm will normally give biased estimates. 

To overcome this drawback and avoid developing a new 

algorithm, the generalized least-squares algorithm can be 

applied to give an unbiased estimate. 

In the following sections, parametric estimation 
j 

of linear multivariable systems described by input-output 
t 

difference canonical form have been dev~loped. Systems are 

first decomposed into their corresponding subsystems. 

Each of these subsystems is then, v~ry similar to a 

single-input single-output system and can be identified 

independently. Recursive least-squares algorithm~and 

recursive generalized least-squares algorithm have been 

adapted to estimate the system parameters in the cases of 

low noise and high noise data respectively . 

• 
4.2 System Decomposition 

Consider a linear multivariable system having m 

inputs and r outputs and described by the input-output 

difference canonical form 

p( z ) Y (k) = Q ( z ) U (k) (4.2.1) 

27 
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where 

Y(k) = ~ 01,ttput vector 

U (k) = ~ input vector 

p(z) and Q(z) are polynomial matrices of z and are of order 

r x rand r x m respectively. 

It will be assumed that the system is completely 

observable and controllable. It can, therefore, be conve-

niently decomposed into r observable subsystems each of 

which corresponds to one row of the matrices P(z) and Q(z). 

The j-th subsystem of the system is 

r m 
L p.. (z) y. k = L q.. (z) u· k 

i=l J,~ ~, i=l J,l 1, 
(4.2.2) 

where p .. (z) and q .. (z) are polynomials.of z and elements 
),1 ),~ 

in the j-th row and i-th column of P(z) and Q(z) respectively. 

y. k and u· k are the i-th output and input at the k-th 
~, 1, 

sampling instant, respectively. 

Alternatively equation (4.2.2) can be rewritten 

explicitly as 

r 

y (k+vj),j = i!l 

v .. 
J~ 

£1
1 

U ji ,'2 Y (k+t-l),i 

-

.' 



- m v. 
+ L 1.i) 
i=l t=l 

(4.2.3) 

where ~ .. nand S . are coefficients of ~h~ p .. (z) and 
)1,,- r,l ),1 ' 

q .. (z) polynomials and v. and v .. are structural indices 
J,1 ))1 

of the system. 

Each of these r subsystems can be considered as 

a multi-input ~~gle-output system and can be identified 

independently. The number of parameters to be identified 

in each subsystem is g1ven by 
m 

p ~ n + 1. (v.-l) 
. 1 1 1= 

(4.2.4) 

'" 
where n is the order of the system, m is the number of 

inputs of the system and vi' i = 1, 

structural indices of the system. 

... , m are part of the 

29 

Therefore, identification of the whole system can \ 

be accomplished in r steps while each subsystem is identified~ 

independently. 

4.3 Recursive Least-squares Estimation 

The input-output description for each subsystem 

of the main system can be concatenated in the form of a 

matrix equation. For example, the j-th subsystem can be 

concatenated as 

A. k ~. k = Y. k J, J, ), 
(4o!l 3.1) 

, 
,; 

'. 

, 
" 



., 

where 

A, k = 
J , 

¢' k = ) , 

y, k 
, 

J , 

-Yl,k-l 

'" 

-Yl,k-2 

-Yl,)k-N 

rU'l 1 _ J , 

~ 

-Y2,k-l 

-Y2,k-2 

-Y2,k-N 

u m,k-2 

l1n,k-N 

.... T 
uji,v, .... B1,j ••• Bi,j ... J 

J~ 
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I' 

(4.3.2) 

(4.~.3) 

[Y j, 1 Y j , 2 • • • . • Y j , k-N] T (4.3.4) 

fI? 
If the residual errors between the measured plant 

output and th~ output predicted by the model are minimized 

with respect to the parameter vector ¢. k' 
J , 

estimate of ~, k for large N is given by 
J , 

T -1 T 
~',-k = (A, k A. k) A. k y, k OJ ], JI J, J, 

a least-squares 
, . 

(4.3.5) 

Equation (4.3.5) involves matrix inversion and is 

not suitable for on-line application purposes. A recursive 

form of equation (4.3.5) can be easily derived as follows: 

P. k J , 

cp q, = + j,k+l j,k 

. 
Pj,k+l = Pj,k"-

= P j ,k-1 + E 
T 

P j ,k ~ ,k+1 (Yj ,k+1 - ~ ,k+l 
T 

1 + aJ,k+l p, k aj,k+l ] , 

T 
P j ,ka j,k+1 (P j ,ka j,k+l) 'I 

. T 
1 + aJ,k+l Pj,k aj,k+l 

(4.3.6) 
~ 

cp. k) J, 
(4.3.7) 

(4.3.8) . 

.. 



( 

o 

where 

fy· 1 
L J, 

y. 2 ••• J, 

... 
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(4.3.9) 

u kl (4.3.10) 
m f' -' 

(4.3. 11) 

/' 
The estimate ~. k is updated for each addition?T' _ 

J, . X' 

set of data received and for fast rate of convergence,( initial 

conditions of the' algorithm have been specified as'; ----:--\ 
- \ 

Pj,o = yI y» 1 (4'1:13 ) 

~j,o ~ 0 (4.3.l4) 

- In e~uation {4.3.6}, E is a positive definite 

mat~ix.whoS~ elements aan be specified experimentally to 

of~set the parameter variation between samples. ~ Computationally, 

· the E matrix 'limits the lower oound of the elements 9f matrix 
... 

Pj,k such that a' continuous correction of·.~j,k is possible. 

4.4 Recursive' Generalized Least-sguare Estimation 

It is well known that -the least-squares algori.thrn 

only works for noise-free or very little notse ~~qsu~ernents~ 

For vffry noisy rnea'su~,emePts, a bi~sed estimq. te is usu?llly-
, . ' 

obtained because Qf the ~orrelated, ~esidu~ls. In order to 

have an unbiased estimate in noisy .envi~onments, ~ genefalized 

, 

.' 

" 

, . . , 

, 1 

" 
J,. ~ 

~ . i . , ~ ... 

" . 
;' 



.. 

" 

\, 

\. 

least-squares algorithm 'proposed by Clarke (1967) and later 

the recursive form of this algorithm due to Hastings-James 

and Sage (1969) has been adapted to estimate the parameters 

of each subsystem. An autoregressive model of the noise 
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has been developed to filter the input-output data such that 

the resulting residuals are uncorrelated with zero mean. 

Let the correlated residuals be generated as 

T " 
ej,k = Yj,k - aj,k ~j,k -,4.4.1) 

and approximated to fit an autoregressive model 

ej,k = -fj,l ej,k_l ~~j,2 e j ,k-2 ••. -fj,s ej,k-s + Wj,k 

(4.4.2) .... 
where W. k is an uncorre~ated zero mean random sequence and 

J , 

5 is the order of the autoregressive model. 

Equation (4.4.-2) can be concatenated as 

ej,k = Go. k .p. k + W. k J, J , ), , 
(4.4.3) 

where , 
r~· 1 

" " IT e. k = e. 2 e j ,k..,; J, L. J, J , 
(4.4.4) 

" 

ff. 1 
'- ' f. IT I/J. 'k = f. 2 

J '. L J, . J, J , s.: 
(4.4.5) 

'" 

W. k = [w~, 1 w. 2 ... W. klT J, J I ) , ...... (.4. 4. 6) 

and 

-:-ej,O -e. . . . -e .. 1 
J'-~ J, -s 

\ 
-e. 1 -e ( J, j 2-5 

G. k = ' . .. 
J, . 

" . A • 
, 

(4.4.7) 

-e j ,k-l . . . 7'e j , k-s l 

! 

1 
~ ., 
~ 

" 

'. 
" 
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A least-squares estimate of the auxiliary parameter 

vector 'f. k is given by l J , 
Lrt. 

A T . -1 T " 
~'f j , k = (G. k G. k) G. k e. k J , J, J, J , 

(4.4.8) 

The noisy input and output data can then be 

filtered to be 

s 
~ 

u. k * = uj,k + I f. R. J, R.=l J, Uj ,k-R. (4.4.9) 

s 
" 

y. k * y. k + L f. R. J , = J " Yj,k-£ 
~=l 

J, (4.4.10 ) 

After substituting these corrected data in equations 

(4.3.6) to (4.3.8), an unbiased estimate of the system para-

meter vector w~ll be obtained. The entire procedure may 

have to be repeated many times in order that the residuals 

may be uncorrelated with zero mean. 
/ 

To make the algorithm more adaptive and suitable 

for on-line applications, the estimation of the system 

parameters and auxiliary parameters can be both carried out 

recursively. The following equations are easily derived 

for the recursive generalized least-squares algorithm: 

'" ' 'I' = j,k+l <f!. k + J I • 

(4.4.11) 

P. k = ~. k-l + E . J, J , . 
(4.4.12) i 

} 

j 
. \ 

j. 

t 
I 
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* * T P. k aj,k+l (P. k a j , k+l ) 
Pj,k+l = P. k J , J ' (4.4.13) ) , *T * 1 + aj,k+l P. k aj,k+l ) , 

" 
'Yj,k+l 

R. k g. k 1 = ~ +), ), + 
j, k (4.4.14) 

1 + 

= R. k ) , 
R. k J , 

1 + 

where 

*T 
aj,k+l r * * = -y ~ , k - Y 2, k 

= r-~. k - ,~, k'-l 
l...), ), 

. . . 
.... 

* - Yr,k 

"-----a initial conditions are: 

P. 0 = R. 0 = aI 
J, J , 

a » 1 

~. 0 = 'Y. 0 = 0 
) , J I . 

E = 81 o < e '« 1 

. .. 

(4.4.15) 

'-1n,k*' (4.4.16) 

(4.4.17) 

(4.4.18) 

(4.4.19) 

(4.4.20) 

Sufficient numbers of terms have to be included 

in the residual autoregressiv~ model such, that' an unbiased 
, 

system parameter esti~ation is obtained. Estimation of the 

auxilia~y parameters can be started after sufficient 

residuals have beep generated by using an ordinary recursive 

1east;squares algorithm. 

Although the forem~ntioned algorithm was primarily 

developed for ~ingle-input single-output systems and the 

conyergence has not yet been ~roved, all experiments have 

. 
i 
} 

" 

r 

\ 
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, 
been successful. Stable and consistent estimates have been 

obtained in all cases of simulations. 

In the wodelling of the uncorrelated residuals, 

several independent random processes have been combined to 

form a single random process. A brief proof of this theorem 

has been included in the appendix for reference. 

4.5 State-s ace Model 

Af er the system has been identified in the input-
to 

output.difference canonical form (equation (2.4.16)), an 
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equivalent state-space model of the form (equation (2.4.3) -

(2.4.6» can be easily derived. Because of the special structure 

of this kind of state-space model, the resultant system is 

completely observable. The state-space model can be 
, " 

constructed by the following procedures. 

Matrix C can be constructed from the knowledge 

of the structural indices Vlt ... , vr" Matrix A can be 

obtained directly from P <~) since the elements of A are the 

coefficients of the polynomials in P (z) (equation (2.4.19) ~ 
, ~ ~ 

(2.4.20». To compute matrix B, transformation matrix M -has to be constructed according to equation (2.4.23) after 

A is known. Ma~ix B is obtained" from Q(z) since the elements 

of B are the coefficients of the polynomi~ls in 

(equatioIl\2. 6". 21}). Matrix B is then, given by 

B = M-1 B 

The resultant t~iangle (A, s, b) is in the 

(4.5.1) 

.-: 
.- l 
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Luenberger's observable state-space canonical form and has 

the same external behaviour as the input-output canonical 

description. 
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CHAPTER 5 

RESULTS OF SIMULATIONS 

5.1 Introduction 

In this chapter, algorithms described in Chapter 3 

for structural identification and in Chapter 4 for parametric { 

estimation have been applied to simulated examples, For the 

purposes of simplicity and generality, a farrly general class 

of two-input two-output systems as shown in Figure 5.1.1 

has been investigated. Disturbances and measurement noises 

are lumped together and modelled as additive noises to the 

autputs of the system. Computer programs have been written 

to' estimate the structural indices and the system.parameters 
t ~ 

separately. The structural indices of the system are-first 

determined off-line from simulated data and the syste~ 

parameters are then; estimated subsequently using the same 

.~·input-output sequences. The original rnultivariable system 
_< ~ \ h ~ 

, 
has been f~rst de?omposed into its sUbsystems and each of 

these subsy?tems has been identified separately. Recursive 

least-squares algorithm has beeri used successfully to give 

• an accurate estimate in the case of low n01se-corrupt~d 

• measurements; while in the case of noisy measurements, 

recu~sive·generalize~least-~quares algorithm has been .. 
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adapted to give a consistent and unbiased estimate. 

In the following sections, three examples have 

been included. Both structural and parametric estimation 

have been performed on the first two examples while the 

third example has been used exclusively to illustrate the 

usefulness of the parametric estimation algorithms. 

5.2 Exam?le l--A Third Order ~tem 

The system used for simulation is described.by the 

following tranifer function matrix 

r 2 1 
-, 

I ,. 

z-O.5 z-O.25 I 

H(z) = (5.2.1) 
2 0 

L z-O. 25 J 
Alternatively, the system can be. expressed in the 

input-output difference 
r-

2 lz -O~75z + 0.125 
! , , 
L... 

o 

canonical form 

o l 
\ X(k) = 

z-O.2Sj 
..... 

VZ
-

O
•
5 

I 2 
L 

U(k) 

(5.2.2) 

By inspection of equation (S.2.2), the structural 

indices of the two outputs of the system can be deduced 

immediately to be 2 and 1, ~espectively. Hence the order of 

the system .is 3. 

Due to imperfect measurements, the outputs of the 

system a~e corrupted by additive noise sequences such that 

'the measured outputs of the system become 
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\ 
YI (k) = Xl (k) + d

l
£ (j() 

Y2(k) = X2 (k} + d2c(k) 

(5. 2 . 3a) 

(S.2.3b) 

In order to observe all the modes of the system, 

uncorrelated unit-variance zero-mean white-noise sequences 

{UI(k)} and {U 2 (k)} have been used to excite the system. 

The additive output noise sequences {~l(k)}and {~2 (k)} 

are coloured and are generated as the outputs of the 

following equations: 

~l (k) = 0.70 Wi (k-l) + w
1 

(k) 

(k) 

(S.2.4a) 

(S.2.4b) ~2(kl = O.8S~2(k-l) +w2 

wh.ere {Ill 1 (k) } and { w 2 (k) } are unit-variance zero-mean 

sequences uncorrelated with {u
1 

(k)} and {u
2 

(k) 

with each other. 

, as well as 

Addition of different levels of -noise to the system 

has been accomplished by adjusting d l and d 2 of equation 

(5.2.3) for each case. 

In order.to reduce the amount of storage required 

~n the structural identification, only 100 sets of input­

output data have been' used. In the absence of noise results 

of the structural identification are given in Figure 5.2.1. 

The structural indices of the outputs of the system have 
~ 

Results been determined, .~iqUe~YI to be VI = 2 and v2 = 1. 

of structural ident\fication of this example are tabled in 

Table 5.2.1 for different levels of noise. Experimental 

results indicate trat no compensation to the product-mpment 

matr'ices is necessary in the case of noise-free data. The 
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o Suosysten 1 

A SubsysteM 2 

,. 

• I I . 
" 

3 4 5 6 
l.1 

of structural identification of ... , 
1 in the absence of noise. 

: . 

, : 



Noise level Noise level 
= 10% = 20% 

Description 
Output Output Output Output 

1 2 1 2 

Under-
compensation 

3 2 3 . 

Correct-
eompensation 

2 1 2 1 

Over-
compensation 

1 1 1 1 

'\. 

Table 5.2.1 Results of structural identification of 
example 1. 
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structural indices have been determined uniquely and 

conslstently. As the ie~s of the addltive noise increased, 
~ 

interaependences between the input-output sequences are 

deteriorated and difficulties have been encountered during 

the determination of the structural indices without any 
~ 

compensation to the product-moment matrices at all. The 

proQlem had been solved by including suitable amount of 

compensation to the product-moment matrices. Experience 

shows that an overestimate of the structural indices was , ~ 

obtained in the case of undercompensation, while an under-

estiwate of the structural indices resulted in the case of 

overcompensation. Therefore, when the amount of additive 

noise to the system is not known in advance, compensation 

should be allowed to cover a wide predetermined range in the 

first run. In the subsequent runs, the range should be 

adjusted accordingly until the hest compensation has been 

found. 

After the structural indjces have been determined, 

the order of the system as well as the -number of parameters 

to be estimated in each subsystem can be calculated easily. 

For example, the structural indices of this example are 2 

and 1, respectivety. The order of the system will be 3 and 

the number of parameters to be estimated in each subsystem 

will be 7 and 5 accordingly. 

Using 300 sets of input-output sequences, th~ 
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the parameters of each subsystem have been identified 

independently by the proposed recursive algorithms cited 

in section 4.3 and section 4.4. In the case of nois~-free 

or very low noise dataf the recursive least-squares algorithm 

has been used to estimate the parameters, while in the case of 
,I/o 

very noisy data, the recursive generalized least-squares 

algorithm has been adopted. ~ Table 5.2.2 shows the final value 

of the parameters after 300 sets of input-output sequences for 
(\ 

different levels of noise. As will be seen from Table 5.2.2, 

very accurate estimate of the parameters have been obtained in 

the case of noise-free data. Less accurate estimate-s have 

been obtained with the levels of the additive noises increased. 

In all cases, stable and consistent estimates have bRen obta~ned. 
I 

Furthermore, the proposed algorithms have \ very fast convergence . '. 

rate even in the case of high noise. To show the convergence 

rate of the recursive generalized least-squares algorithm, th~-
~ 2 2 

normalized error (114)-4> II ) /114' II of each sul?system has been 
" .f 

plotted against the number of samples used. Fig. 5.2.2 a~d Figu~e 

5.2.3 shmoJ the convergence rate for ~ifferent levels of noise, 

respectively. 

with properly defined state vectors, the Luenberger's 

canonical state-space form of this example can be constructed 

after the input-output differenGe canonical form has been 

/ identified. 
/ 

The following state~space equati~ns can be easily 

I, derived: 

, 
l , 

1 , 

J , 

1 
'1 



/ 

, 

.. 

. . , , 

~ 

~ois. ~UC -Nob!: Yl =12% Yl:.:52~. 

Lcve

J 
Value Fret.: Y2=2$%' Y2.S0".; 

Parar.tetcrs ' _ • 
~ 'I[ ~. ,-

all 1 -0.7500 -0.7500 -0.6856 -0.6704 
~ , . 

all 2 0.1250 . Q.1250 0.1291 0:1293 
~ 

an -1 • 0 0 0.0060 -0.0415 
~ 

""l2,1 2.0000 2.0000 --... 
~O230 2.0090 

BIJl -0.5000 -0.5000 .3399 -0.4622 . ' 
(34,1 1.0000 1.0000 0 .. 9854 0.9371 

, . J 

!3 -0.5000 -O:SOOO -0.3886 -O~4389 _ 3,1 , , . 
J . 

0.21 1 0 0 i>.0797 0.0753 
1 " , . 

.~ 0 0 -0.0259 -0.0355 

-0.250J -0.25'00 ..0.3556 -0.3462 
-. 

l 2.000f) 2.0000 2.0130 2.0330' 
131 ,2 . , . 
r~2, 2 0 0 -0 .. 0248 0 .. 0107 . 

. '. 

I . 
Tnhlc 5.2.2'" Results of part'!:r.etric estimation of example 1.' 

~ ... L • 

. ' 

.. 
. 
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r -, 

r2 1 : 0 1 0 1 1 1 
I , . 

X(k+l) = -0.125 0.75 0 . X (k) + !l 0.25 U(k) 

I I 
0 0 0.25 ' 8 0 J .... L 

(S.2.5a) 
r 

01 1 0 
y(!,) = X(k) (5.2.5b) 

0 0 1 
L 

vlhere 

X(k) is the state vector, 

U(k) is the input vector, 

Y(k) is the output vector, .. 
-

5.3 Example 2--A Fifth Order System 
r J 

As another illustration of the suggested algorithm 

the following system with structural indices v = 2 1 and v2= 3 

has beem simulated on a ~igita~ computer: 
r-

2 1 / 
, 

1 . ' z-O.5 (z-O.:) (Z-O~25)j 
H (z) = , (5.3.1) 

i 
! 2' 

0-0 • 25 (z -0.5) 

After a few algebraical manipulations, the system 
. 

can 'be transformed to the following, input-outp~t difference 

canonical form 
r-

2 
.Z -O.7Sz + 0.125 o 

., 
I 
i 

+ O.5z"O.06.2Si 
-' 

" X(k) :: 

L o 3 2 z -l.25z 
,-

!z 0.25 
I . 2 
L2z' "'2z ;- 0.,5 

2l . 
J U (k) 

4z-1i . 
.:.J 

(5.3.2) 
., 

.. ' 
" 



By inspeccion, the structural 

are 2 and 3; respec'tively and the order of 

The number of parameters to .be estimated in 

can be calculated from equation (4.2.4) and 

es of the system 

respectively in this case. Excitation and noise sequences 

added to the systeM were -the same as described in the previous 

example. Simulated input-output sequences have been generat­

ed using equation (5.3.2) and have been used for st~uctural 

identificati6n and parametric estimation. 
/ 

/ 

/' f . . / In the presence 0 no~se, the structural ~ndices of 

~;';tem have been identified to be 2 and 3 respectively 

as given in Figure 5.3.1. Results of structural identificat-

ion are shm-Jn in Table 5.3.1 for different levels of noise. 
~ 

Once a~ain, uni9ue and consistent determination of the 

structural indices had been obtained by the proposed method. 

Results of parametric estimation after 400 sets of inpu,t­

output sequences are shown in Table 5.3.2 for different 

levels of noise. Rates of convergence for the two subsystems 

are shown in Figure 5.3,. 2 and ,Figure 5.3.3 respectively for 

different levels, of noise. Experimental results indicate that 

in the'presence of noise more data is req~ired for the algor-
, 

ithm to converge to the neighbourhood of the true values of 

the system parameters in this example. This is due to the' 

fact that more paramete~s have to,be es~imated in this case. 

The Lu!=nberger,' s obs@rvable canonic~l state-space 

,form for thl~ example is 

'. 
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\ 0 ..... 
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0 
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\ § 
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-.-I .... 
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\ 
~ 
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Fig. 5.3.1 Structural ;ider,tification ?f exampie 2 in the pres,eric~ 

of 20% noise. 
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. , 

. 
Noise level Noise level 
= 10% = 20% 

Description , 

Output Output Output Output 
1 2 1 2 

" 

Under-
compensation 3 4 3 5 

Correct-
compensation 

2 3 2 . 3 

, 

Over- , 

compensation 1 2 1 2 

Table 5.3.1 Results of structural identification of 
ex~mple 2. 
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P 52 . _ -_ -_ ........ - ~ - -- ---4-,. ~- - ---'-

~:i~'C T rue No; ~o I to Y I = 42.5". Yl = 85.0°" 

V nluc Free Y2 :: 29.2~ Y2 = 5S.4~" 

-~--- .--- ---- .. --..... --~ 

°11,1 -0. 7!)OO ··0.7500 -0.7194 -0.7322 

°11,2 O. 1250 0.1250 {) .1871 0.2258 
'f 

al2>! 0 0 -0.0557 -0.0328 

(112,2 0 0 -O.out -0.0004 

Ct12,3 0 0 , -0.0543 -0.1304 
b l- 0000 1.0000 1.0110 1. 0010 ~2) J 

t:1,1 -0. 2500 -0.2500 -0.1864 -0.1125 

JJa 84 1 0 a -0.0297 -0.0921 , 
f3~ 1 

,') , .I. 
2. 0000 2.0000 2.0240 2.0220 

aZI,l 0 0 -0.0284 -0.0429' 

a21,2 0 0 0.0773 0.0356 

a22,l -1. 2500 -1. 2500 '-1. 128{) -1.0590 

a22,2 O. 50:)0 0.5000 0.3781 0.31·11 

Ct22,3 -0. 0625 -0.0625 -0.0380 -0.0-153 

IL 2 2. 0000 2.0000 1.9960 2. 04~0 oJ, , 
e 2,2 -2. (iaoo -2.0000 -1.7640 -1. 5510 

61 ,2 O. 5000 0',5000 0.3581 0.30S8 

j)6 J 2 0 a 0.0478 0.1775 

C,S,2 4. 0000 
, 

4. (JOOO 4.0430 4.1710 i 
f~t,,? -1. 0000 -1. 0000 -0.7385 -0.6225 

t --

T~ulc 5.3.2 Hosults of pm'ol!letrlc estimation' of cX<Uilplc 2. 
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-, r -. 
0 1. 0 0 0 j 1 0 

-0.125 0.75 0 0 0 10.5 2 
X(k+1) 0 0 0 1 0 X(k) I 

2 U{k) = + 0 
0 0 0 0 1 '0.5 4 

I 0 0 0.0625 -0.5 1. 2~ L?·125 4 -- -I 

(S.3.3a) 

r1 a 0 0 0' 
y(y) = ,0 0 1 0 0 X(k) (5.3.3b) 

--
where X (k) , U (k) , Y(k) are the same as defined in last section. 

5.4 Example 3--A Fourt'h Order System 

To further the testing of the parameter estimation 

algorithm, the following system has been considered. .. 
.rz 2 - a . 7 5 z + O. 125 z - 0 • 2 5 ~ . fz - 0 • 2 0 • 1 . 

., 

L 
O.5z - 0.6 

: X (k) = 
z2_z + 0.241 

..1 
0.3 

Noise 1S added to the digitally simulated 

U(k) 
z -O.~ 

(5.4.1) 

input-output data and the noise was generated as the output . ' 

of the fol10\ving system, wit~te noise excitation. 
r- ..., .- ol !E;l (1:-1)-' 

r .., 
~ 1 (}:) I 0.70 I wI (k) i 

r I I 
(5.4.2) f = I I ~2 (k-l) 

+ I_w~ (k~ ~2 (k) 0 
I 0.80, 

L .J L --I _ -1 

Parametric estimation has been performed for dif-

ferenc cases of noise levels. Pxperimental results are 

shown in Table 5.4.1. It is evident that unbiased and consistent 

estimates have been obtained in 111 cases. Figure 5.4.1 and 

Figure 5.4.2 shm-l the convergence rates of this example with 

different levels of.nois~. 

The Luenberger's.observable canonical form of this 
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:Ioisc 

Level '1 rile Noise y ='1 1 . 
\J" 

• u" '), \" Yl=-~" u 

Param~tl'r::; V,llllC force y,=l )' ) = 30 . () °v -. ----- +----- -- - ------~-

Cl il 1 , -().7500 -0.7500 -0. 7257 ·O.700.t 

(l11,2 0.1250 0.1250 O. 
t 

0. U9,lu 

(l12 1 O.!>OOU 0.5000 0. , 4704 0.3492 

a 12 ,2 -0.2500 -0.2500 -0. 2177 ·0.1310 

62 ,1 I.OlOO 1.0000 O. 9%2 0.9751 

Bl 1 -0.2000 -(l.ZOOO -0. , 17~O -O.ISS() 

B4 ,1 0 0 O. OOu!) -lI.(lO~l 

C3 ,1 0.1000 o .IO()O O. 0593 -0.0643 

aZI 1 0.5000 O.SOOO 0 , .3916 0.1759 

Cl21,~ -().6000 -0.6000 -0 .5394 -0. ,1035 

°22,1 
( -1.0000 -1.0000 -1 .0220 -1.0200 

Cl22 ,2 0.2400 0.2400 O. 2278 0.1736 

62 ,2 0 0 0 .0009 0.0096 

81 2 0.3000 0.3000 0 , .1983 -0.0180 
'#> 

f3 4 2 1.0000 1.0000 0 , .9961 0.9851 
\ 

63 Z -0.5000 -0.5000 -0 .. .5159 -0.4987 

- - -._' ,-- _. __ .. ,- ----

Table 5.4.1 Results of parametric estimation of cxurnplc 3. 
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example'is \ 
\ 

r -r r I 
0 0 0 0 1 ,0 

XO:+l) = -0:-.125 0.75 0.25 -1 . , X (k) + 0.55 -0.9, U(k) 
0 0 0 1 , 0 1 

I . I 0.6 -0.5 -0.24 l .. ~ i 0.2 0.5, 
'- - -.J (5.4.3a) 

..... 
Y (k) =' .1 . 0 0 0: X(k) 

0 0 1 0: (5.4.3b·) 
(I ~ 

Where X(k) is the state \tctor at the k-th sampling instant, 

1 U(k} is the' in~ut vector at the k-th sampli,ng' instant, 

Y(k) is the output vector at the k-th sampling, instant. 
..... 

S~5 Sununary 

As, will be seen' from the results of these 'simulated 
" 

examples, stable and ~on3i~tent estimateS of the ~ructural . ~ . 

indices and ,the syst~m parameters have been ~bfained by the 
, , , '" . ~ , 

proposed meth?d. In th~ ;;;:ase of low Mitse data, neariy exact 
.} } <# ~ f" .. 

I 

,estimates, of the str'ilctural and system patameter~ have, been 
, , 

obtained.- ~ast convergence ~ate for pa~ametric e~tim~tion 

" has been attained by using the 'proposed recursive generalized 
, .. ~ I • ,,, 

., ' 

least-squa'r:es illcjorithm'" In the case of high noi~'e.~ the . , ~ '-' .. .' . . . 
,"pr~p~sed metho~ als~ ~i~e~ uribi.~sed~~s~imates with'a fast rate 

, . " 

' .. of conve~gEmce. 
,'. 

" \ 

, , ' 

",It is fair t-o note that, as far 'as. p..aJrametric 
• 1 ' • • 'It f ~ " • 

• < 

.. 
,. , ~. ,. v y • ~~ ..) 

'. eS1;imati<;>n is concerned, .the sU9gest~d algorithm s~eins to, 
• " ., : .:" " ... • ... .' l.. ' ~' .... 

• w6~k', bette'~ with sy~tem~, ~i thout'. output intex:a'ction, (eX~mples '. 
,. ~. ~ , ',..'. ~" . ':' . ."'~.' " .. ,'-... " 

" . 
. ' - , 

~ ':i an? 2;, '~here the' ~'ff diaglhat' elemen'ts . of ' ·the ' P c'zJ ~atr{c~s', 
... " • ' .. to ~ .' '. ;:f, .. , ~ ~ .', .,. :. '. '.", ',' • .. , 

. al:~ ~erdr .,-' 'tot" ~tiiei g~n~l:ai systems' (~~ample 3)" th~:,q.lgorithm 
• • ... ,,' .. ;. ", ': : T ....... ~ , ~ :, '. ,"w 

, works up to ~~rt~in" eritical l·im~t., ~r. no~se to ~i·9pa.~ ia~~'o,," " 
'. :'. ' ~~.::;-.- ' ;', <:; . : . .':; " ,';'; . '- ,:.' , , - :' ~ 

" .. " . 
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This phenomeno~ has not been completely understood and will 

be under further investigation. 
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, . CHAPTE~ 6 

CONCLUSIONS 

J 
In ,this thesis a method to solve the identification 

, ' 

pr.oblem, , for general multivaraible finear discrete-time dynamic 
\ ' 

systems has been suggested. A unified approach has been 

adopted for estimating the system structure 'as wel~ as the 
." . ~. . 

system paramet~rs. The suggested identificati,on !>rocedure 
I . 

starts from rtormal operating records which may contain .additive 

. zero-m'ean measu~emen't' noise.' A systematic a·nd computationally 

t erficiept algorithm has'b~en sugqested for estimating the 

system structure off-line, while syptem parameters have bee~ . 
estimated by recursive alg6rithms. 

Linear discrete-time'multivariable sys.t-ems have been 

. described in the inpqt~out~ut di.fference canonical form. This 

'canonical ~o~m has a unique 'eq,uiv~l~nce witp the block-comppnion." 
'" 

state-,space representation and is completely obseryable and 

controllable'. Systems de~cribed in t,his canonical' fo'rm' have the' 

unique advantage of being c(>Dvenl'en,tly decomposed into stib- . 
~ .,.' ~ . 

sYs·tems. ~ ~ach of tl1ese subsystems is opservabl!3 ,and can; the~e-

fore, be identified independently • 

, , ' • A statistical' algo:t;:ithrn has, been developed' to' deter-, 
. .. ,"., , 

, mine' a set .o'f structural' iridlce~, whj:ch ~ompletel'y de'fine tne'", 
" .. . ' , . ' 
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structure as well as the order of the system, directly from 

input-output sequences such that intermediate construction,of 

a parametric model is avoided. This structural identification 
, , 

algorithm is remarkable efficient because a \.,ell ... de~ined 

model 'among many'possible structure is selected. Trial and 

error, bas~d on the optimality test of an assumed order or 
, 

structure, which requires theoparametric estimation of a large 

number of,models, is avoided. 
I 

'The problem of parametric estimation has been solv~d 

62 

( 
by identifying 'each of the subsys,tems, which is a decomposit~on . ,,,,.. ' 

of tne main sy~tem, . independently. A recurs~ve least~squares 

algorithm has ,been us~d to estimate the system parameters in , ~ 

the case ot low noise data, and ·a recursive generali~ed l~ast-

squares algorithm has been adapted in the case of noisy data. 

Realistic digital computer simulated·naise-free and ... . ~ .. 

noise-corrupted input-output sequences have been generated' and 
, , , 

used to test ~he mE;!ri:ts of the proposed algoritJ:1m' •. The results 

of experimenls indicate that in the absence of noise nearly . 
, '. " , 

. exact estimates h~ been. ~btai~eid for s'tructural identification 

and 'parametric est,i~a,t:Lon." In nb:i,s¥ envir<::>nme.n~, the p~oblem 

. ~f struc.t~ral id~ritifica.tlo~ has been resolved by inc~uding " 

a suitable amount ,of comp~nsation to the :algorithm. The -chief .. , . 
purpose of this comp~ns~tion is 'to offset the d~stu~bances 

.prQduted ~¥ ~he noise.' 'T6' reflect the e~ficiency of the algorithm, 
, ... . 

'the computer t,ilne SF,~n' Ute, structural 

example 2 in a noi~y "ronment has beep . ' , , 
I ' ," 

',' ' 

( I \ ~ 

identificat,ion 'of ' 

record,ad Ii USing a 
..,' , 



, ' 

CDC 6400 

seconds. " 

proposed r 

the computational time, which included the 

on input~output handling, was just under 15 

far as param,etric estimation is concerne"g, the 

ursive generalized least-squ~res algorith~~s 
consistent and unbiased estimates in the presence of noise, 

and the al computationally efficient., Matrix 

inversion is avoided and 9ata storage is saved b~,using the 

recursive algorithm. The number of arit~eti~ operations 

carried out in each iteration has been kept to a minimum and 
. , 

the estimate has· been updated sequential~y. Because of the, 

simplicity of this algorithm it 'can:'be easily. implemented on 

a mihi-computer 'and used tor on-:line applications. The actual 
, ' . 

cornputat;i.onal ,time-for each iteration is highly depend€n~ 
, ,.. ~ 

on the order of the parameter vector as well as t~e particular 

machine used. For example, the computat~onal time for e~qh. 
, . , 

iteration of ex~~ple 2 was determined to be less than 0.05 

second on a CDC. 6400 machin~. . , 
I' 

Although a rigorous pxoof ~f the convergence~~rop~ 

erties of the proposed aigori~hm has not been'tnc~uded, all 

experiments have beerr auccessful; 'Stable and' cons~stent esti-
, , , t 

'mates have been obtained: 

Further' work in this. a,rea can be c~>ntinu~d" in ma.ny 

, wfJ.ys. For e~~mple, a rigotous proof of the ,donverg~nce prop-
, ~ • ' .. , '. '. -<I. • , 

. ,erties of th~~,proPQse4 al,~orit~m h~s .,~et to 'be ~st.ablished. 
, . " , 
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, Furthermore I ,th~" algoritnm' n~ed,s more test·s to 'ef?1=:abliS~' i t~~'·, 

ge~e.r·al 'USE!'~ui~~s~' ih ,'re~i.i:s.ti~ S·ituqti~ns.· It may be pointed . 
• ' ,I (? . .. , 

. " out; :',~owever I tha't'the noi'se'model used in param~tiiq e:Stimat'i9~' 
~ to '.. ., 

, " 

... '. 1 ~. 

' ..... ~ 
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of this work may be inadequate or,unrealistic in some practical 

applications, because only additive noise has been considered. 

Disturbances and measurement noise r.ave been lumped together 

ana modelled as additive noise to the output of t~e system. ~ 

Interaction in the noise at different inputs and outputs has 

been ignored. Perhaps it would be mo~e desirable to ~onsider 

an interactive noise. model J as proposed by l-1eerov, Pajziev 

and Rajbman{l969). 'This is a topic for future investigation. 
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APPENDIX 

tn..- this appendix, the sum "of ,several inde,Pendent 
I 

moving average proc shown to be another moving 

average pr~ess (Box 1970). 

consider a stocH stic process w(k), which is the 

sum of n in~ependent moving average processes of orders 

'. . '1 qn respectively. 

.. n 
w(k) ==L: s. (z)a. (k) 

, . 1 1. l. 
l.= 

That is 

. (A-l) 

. -1 where e. (z),. ~Fl, • • • , n, are polynomials l.n z, z is 
p., l. 

the.unit delay operator, and a. (k), i=l, .•• , n, are l. 

mut.ually independent, zero-mean. white noise processeSj k 
, , 

is 'the sampling instant. 

Suppose1q = max (ql~q2' •• , qn)i then,it is 

'clear' that'- the a'utocovariance 'function tor ·w (k) must be 
,I 

zero for j'> q. It fo.llows that there exi ):s a representation 

of w(k) as ~ ~in9le .movipg average 

, , w (k) =. e (2) u (k) ... . 

where a{z) i~ a 'p,olynomial' i~:z and:u(k) is a 'white no.'ise 
, .. 

,proc~ss.with, ~ero. ~qn. ,.'."­

.' 
. Thus ( the sunl o~ se'{~ral independent. moving ,a~erage 

. . 
p~6qesses'is another moving 'av~ra9~ proces$; '~hose order is 

, . ' ~ 

, ~he' s'arne as that cf ~he comp~rien't 'p;o~~~s of J:1i~h~st '~rde~" 
, '. . .' . " 
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