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ABSTRACT

The identification of discrete linear time-invariant
multivariable systems has been inve§tigéted. This thesis
consists of three interrelated phrts. In the first part,
linear systems have been described in canonical forms which are
mostly.suitable for system iden£ification. Inter-relationships
bétween the input-output difference canonical fofm due to
Bonivento, Guidorzi and Marro (1973) and the state;spacé canonical
form due to Luenberger (1967) have been studied. 'In the second
. part structures of linear multivariable systems have been
studied. An efficient algorithm has been developed to identify
a set of structural indices directly from the inpuﬁféutpu;’
data of a system. ' The ordgr of the system is, then, determined
in, terms’ of these structural indices. In the last part, estimat-
ion of system pérameters\from the iﬁput—output éata has'Been
studied. Recursive algo~ithﬁs hgve been developed for estimat-
ihg the system barémeters equentially from noise-free énd noise-
corrupted data.» Di;ital gigBUté} simulations with noise-free
as well as noise-corrupted data have been utilized to illustrate

the usefulness of the prépqsed procedures.
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*CHAPTLCR 1
IITTRODUCTION

System identificatiéh has been under active study for
the past decade. It has many interdisciplinéry applications
ig the fields of engineering, physical sciences, and social
sciences. Besides its important role in automatic cchtrol
and systems engineering, it also finds many new applicatiéns
in developing fields such as bivengineering and econometrics.

Classically, system identification is defined according
to Zadeh as "thé determination, on the basis of input and
output, of m system within a specified class of systems, to
which the system under test is equivalent." Basigally, the
problem of system identification consisgs of three parts:
systems modglling} parameter estimation, and validation.
Firstly, a certain class of models must be chosen to represent
the system under test. This usually involves either quali-
tative or statistical determination of the structure o{ the
system. Relationships begween inputs and outputs of the ‘
system are investigated and defined. Secondly, the unknown
parameters of tpe constructed model must be estimated from
simulated or normal operating records. A predetefmined

objective is formulated and optimized by a suitable algorithm,
v/
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Thirdly, to see whether or not the estimated modellis adequate,
a validation test must be perforggd. ‘

In recent years, ﬁundreds of papers.on system identi-
fication have been published. Many new algorithms and
applications have been reported. Most of theswork has,
however, been concentrated on developing new algorithms for
parametric estimation and finding new applications for system
identification. Frequently, a s?stem structure or system
model is assumed a priori during the developments of new:
algorithms and oniy single-input single-output systems have
been cited for examples. Liftle work has begn done on

multivariable systems.

With the rapid development of modern control theories,

S

~

systems engineers must deal with sophisticated systems more
often. Design and control of multivariabie systems becofme
commonplace and identification of multivariable systems ha;
become a necessity. . 4

It is only recently that identification of multi-
variable systems has drawn much attention. Early contributions
in this field were made by Ho and Kalman (1966), Later
approaches using Marko; parameters were proposed by Ackermann
(1971) and Mayne (1972). Gopinath (1969) and Budin (1951)
have described a method utilizing a predeterminea selector
matrix to obtain a set of input-output equations to solve
the problem: All these methods, however, require sqmé a
priori‘knowledge about the systéﬁ and are useful only for

/



the case of nois€pfree observations. Tse and Weinert (1975)
have considered the structure determination and parameter
identification for multivariaBle'stochastic linear systems,
but only systems with zero control are considered. Sen and
Sinha (1976) havggﬁeveloped an on-line method for identi-
fication of multivariable systems'which identifies the transfer
function matrix of the system, but poor results were obtained
for noigy data. Mgreover, there are too mqﬁi parameters to
be estimated. Guidorzi. (1975) has presented an_approach
based on Luenberger's canonical form which minimizes the
number of parametéfs to be estimated and also allows the

&
determination of the structure of the system. However, an

m .

L1

ordinary'least-squares algorithm has been used for parameter

.7

estimation giving biased estimates in the case of noisy
‘data and is not suitable for on-lipe applicatiens.

In this thesis, a unified approach has been adopted

to identify’the. structure and the parameters of &,given
“ LY

. system directly from normal operating records. No a priori

. e =
assumptions about the system structure need be made nor ’,/"//

need the input-output sequences of the system be severely

- . L . b . i
restr%cted,-*A new canonical form has been chbsen to represent
. * ,, .
multivariable systems. It consists of a set of differential/

. difference equations'interconnecting the.input and output- '

sequences of a system. The constructed model is simple in

sfructure and both the sé%qc;pre and parameters of ‘the model

can be identified directly from input-output sequences of

hn Th* 4 ha



has unique relationships with Luenberger's canonical f

and the transfer function matrix representation of multi

A

variable system.

‘The identification procedures considered in this thesis
consist of first determining the structural invariants of
a system from input-output sequences by statistical methods. i\ ;
The set of indices so determined will completely definé the \
structure and the order 'of the sy%tem and is invariant under
transformation of state vari:bles (Popov (1972}). Subsequently
the paraﬁéters of the model are identified recursivel§ to

increase the adaptive capahility of the algorithm so that it

can be used for on-line applications,

), . N . A
Chapter 2 will concern itself with,a brief review of’
> v "'"
various classical_ and modern methods ¢f representation of \ .

. ‘ . .
linear systems. Transfer function matrix, state-~space and ‘

input-output descriptions have been discussed. Methods for
transforming from one canonical form to.another have been

- 3 V » \~—~&
presented. Equivalence between Luenberger's canonical form an

'
e g B RS s

the input-output difference- canonical form has also been
. i '

discussed. . C} .
Chapter 3 considers the structural identification of \X §

lipéar'ﬁultivariable systens. Invariaﬂts of linear systems | \ é

have ‘been iﬁtro&hced. A statistical method has been adopted \ ‘\\xi/

to determine the structural indiceé of a given system from
its normal dﬁérating recoxds. Noise-free ané noise~corrupted

R a
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measurements have been considered in the development of the
algorithm.

Chapter 4 deals with the problem of parametric
estimation. 'Systems described in inbut-output difference
#anonical forms have been decomposed into subsystems which
as a result, may be separately identified. Recursive least-
squares and recursive generalized least:squares algorithms
have been zdopted to estimate the parameters of each subsystem
sequentially. Neise-free and noise-corrupted data have also

been considered.

Chapter 5 is devoted to the testing of the structural

identification and parametric estimation algorithms presented

£

in Chapters 3 and 4. A fairly general class of two-input
two-output system has been used for testing. Three examples

in this class of systems have been simulated anﬁ7tﬁe algorithms
tested. One of the systems is of the 3rd-order and the other

is of the S5th-order. The third example is of thé 4th-order

and has been used mainly to test the parametrlé estimation
algorithms. Computational details of eap;iexeﬁple have .

been included to demonstrate the procedures involved.

Chapter 6 gives the conclusions and suggestions for

future work in this area.
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CHAPTER 2 |
|
MATHEMATICAL REPRESENTATION OF| LINEAR SYSTEMS

2.1 Introduction Ia

Linear time-invariant systems can be described ig
many different ways: by internal descrip;ions such as state-
space models or by external descriptions such as impulse
responses or transfer function matrices. Because of different
analytical meth@ds used and different 5bjectives required,
reach descriptioﬁ'has its own importance and advantages.
In the following, fepresehtations of linear discrete-ti;e
multivariable systems have first been expressed in the
state~-space forms and transfer function matrices. Later a
new canonical description has been introduced which provides
a simple relationship between fhe input. and output sequences
of a system and can be ‘easily implemented for the purpose of
identification. This input-output difference descriptign f
linear systems can be dedqced uniquely from the block;
companion fo?m of the state-space model by linear transformation.
Equivalence between these two classes of system regrésentations
has also been discussed. "

2.2 The External Description - Input-output Difference
Description ‘

Th® external description of a .system gives ;ghathematical

PO S
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relation between the input and output of the system. No

knowledge of the internal structure of the system is assumed
and only the input and output terminals of the system are
accessible for measurements. |

Cog§ider a linear mu}tivariable system Having m-inputs
and r-outputs &s represented by Figure 2.2.1. The systsﬂ
can be described by an r x m discrete transfer function matrix

H(z), the elements of which are strictly proper rati6 al <\p//

functions of z, where z-l is the unitafy delay operator,
that is,
/ Y(z) = H(z) U(z) s (2.2.1)
where
y —yl.(z)"’W
. Y(z) = yz(z) A output vector of
1. dimension r.
S}’@;‘,t : 4
—ul (z)ﬂ
Ulz) = u (2) 4 input vector of i
’ . dimension'm_
um(Z)J

The transfer function matrix H(z) can be decomposed
into two matrices such that
H(z) = P 5 (2) Q(z) , (2.2.2)
where P(z5 and Q(z) are polynomial matrices of z and

their orders arer é r and r x m respectively. P(z) is also
¢

*
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Figure 2.2.1 A multivariable system with m input terminals and r output terminals.
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required to be non-singular. Substituting equation (2.2.2)
in equation (2.2.1). |

¥(z) = 271 (2) Q(z) U(2) (2.2.7)
and premultiply both sides of equation (2.2.3) by P(z).

P(z) Y(Zf) = Q(z) U(z) o (2.2.4)

Hence, systems described by trangfer function

matrix can be easily converted to input-output difference
description. As one may note, the decompogzkion of H(z)
into P—l(z) and Q(z) is.not‘unique. Certain canonical é%rms
for this input-output difference description have yet to be
eslablisﬂed: ' (

y

2.3 ' The Internal Description - State-space Model
Cogsider the same system as shown in Figure 2.2.1,
the system can be described by discrete state-space equations
X(k+1) ‘= & X (k) + B O{k) (2.3.1a)
Y (k) =¢C }((k)‘ (2.3.1h).
where X belongs to n~dimensional state yvector space, U to
the m-dimengional input vector space, Y to the r-dimensional
. output vector space. A, B and C aré constant matrices and
their orﬁgrs are n xn, nxmandr x n, réspectively, k is
the sampling instant.
It is well known that this system representation
S(a, B, C)is th unique. Any nonsingular matrix T can
transform the system into another‘equivalenﬁ system
1

g(TaT —, TB, CT-l) in the sense that both S and S have the

A
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same input-output description. The fact that the input-
output relation is invariant under a linear transformation of .
theé state variables implies that not all parameters of the
systems described by state~s§ace model can be identified
directly from input-output measurements.

In ordeg‘ﬂo obtain unique solutions and to &oﬁétruct
efficient algorithms fof the purpose of system identification,
it is of great interest to represent linear systems in some
canonical forms. Different.canonical forms for linear multi-
variable systems have been disTussed by Luenberger (1967),
Weinert and Anton (1972) and Ridsanen (1974). Algorithms
for transforming sy§£em dynamic equations to different
canonical forms have also been developed by Sinha and Roza
(1976). Besides having minimum number of parameters to
be estimated, canonica{ forms also provide convenientiways
for system decompositioA. 0f all the canonical forms1g
discussed, the block-companion form due to Luenberger (1967)
"is the most important ong in system identification and will
be discussed in detaf%kzn the follbwing section.

2.4 Equivalence Between Input—ouéput Description and P
State-space Model

Equivalence between a clasé of state-spéce models
and the gorré5ponding inpup¢output difference'description can
be established by linear'transformatipn and has been discussed
by Guidorzi (1975). Oncg a*certéih éaponical form is chosen

[ -

to represent a system the corresponding inplit-output

B s A g W T




differential/difference description will be unique. In

11

A

the following, equivalence betweeniLuenbérgér's canonical 2

] .
form and the corresponding input-output difference canonical

form has been developed. Congider a linear multivariable

system expressed

V

X(k + 1)

¥ (k)

1l

A X (k) +BU (k)

C x (k)

in discrete state-space form

(2.4.1a)

- (2.4.18)

If the system is completely observable and controllable,

a suitable nonsingular matrix T can be used to transform the

system into

A=

B=T

c=°C

The

TAT

wi

-1

H

an equivalent cancnical form such that
-1

(2.4.2a)
(2.4.2b)
(2.4.2c)

resultant system S(A,B,C) is in the block row

companion, observable form and the mdtrices A, B and C have

the following. sécial structures:

Ay

ii,1

A1

Ay

.

A

-—

In

A.

in

(2.4.3)

(2.4.4a)



0 . . 0]
i = . ‘ . (2.4.4b)
1o 0
a.. cee @y
ij,1l ij,v,....0
L 137
F"_ _ - ~ T~ !
P11 Pim blT 3
b
. . 2
B = . . =] . (2.4.5)
[ ] _ - . T
nl bnm an
1 o . .
C = 0 0 1
0 . .o
4 4
r-1
1 (v1+1)(. vi+l)
i=l

where the integers Vit Vor e vr are the structural

invariants of the system. ‘ .

The order of the system is Fe) .
n = E v : (2.4.7a)
i=1
and %j < vy (2.4.7b)

Furthermore, systems described by this canonical form are
completely observable ;qd can be decomposed into theil many
observable subsystems., Hence conventional algorithms for
the identification of single-input single-output systems
can be applied to identify each of thése subsystems

individually. For example, the j-th subsystem in the

1
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{ canonical representation is completj}y observable from the
~ j-th component of the output.

Defining the following vectors:

."' ar T
X (k) = [xk'l, Xg,2 0 el (2.4.8)

Y (k)

1}

BN yk'r]"% (2.4.9)
T

U(k) = [uk,ll uklzll . . 4 uk,mJ ? (2.4.10)

The system described by equations (2.4.3) to (2.4.6) can

be expressed in an alternative form

X(k) = V(z) Y(k) - W 2(2) -U(k) (2.4.11)
wher
\__'./11_,..-\.____} [_ . —
11l . . . 0
z .
vl-l
v(z) = 0 : 0 (2.4.12)
¢ 0 1l
. z
'v -1
0 ¢« * 4 g
—- -
z1 (2.4.13a)
Z(z) = '
VM*lI
Vy = max (vi), i=1,2, ..., r (2.4.13b)

LO———
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by 0 . 0
- . :

by <1eee by O 0
B

W= . ' (2.4.14)
0 . 0
T
 Prev.-1 0 0

p T

bl ) «ee b ;0 ... 0

b r s

The input-output difference eanonical form can then be
obtained by substitution of equation (2.4.11) into equation

(2.4.1)

[(2T - A) V(z)]) Y(k) = [(2I-A)WZ(z) + B] U(k) (2.4.15)

14

I is a unity matrix of appropriate order. Expanding equation

(2.4.15), we’'can see immediately that only the vj-th,
(vl + v2)~th, ceay vr—th equations are really significant
and the rest are just simple identitieé. Discarding these
identities, equation (2.4.15) can be rewritten in a more
compact concise fofm

P(z) Y(k) = Q(z) U(k) t (2.4.186)
where ¢

pll(z) . . i plr(z)

P(z) = : (2.4.17)
(z) '

— v



qll(z) e e qlm(z)

Q(z) ={ ° ) (2.4.18)

tqu(z) .« e .

The polynomials pij(z) and qij(z)’can be easily obtained

by expansion of equatjon (2.4.15) and the following

. v
identities are obtained:
V.
_ 1 V.-l 2
pij(Z) =z aii,vi? i es TRyg oZ a1 . (2.4.19)
] Vijpl
pij(z) = ﬁaij'vijz . —aij'zz - aij,l (2.4.20)
v,-1
qi.(z) = B(v bov.).q 2 1 f+ + Bkv v v, 42) 47
J- 17-Vy/ ] 177 "i-2 ']
+ . , 2.4.
B(vl+..+vi_l+l;,3 (2.4.20)

where the coefficients Bi 3 are the elements of the following

’

matrix:
By1 - B1m
Ba=Mb=]. . ) (2.4.22)
’ _ﬁnl an_J

* e e S ——

e e

-
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and the matrix M is constructed as

~ -

-a -a eee =a l .. -a e os=a 0
, 11,2 11,3 ll,vl | ir,2 1r,vlr
l “231,3 21,4 oo L “31r,3 0
. j
’ ‘v : |
° -a 1 e =& '
},‘ ll,Vl l?&ltvlr
‘ * ®
_4’ o1 . '..l 0
' E 'TJI
- . - . ov;nﬁ-—‘“-.u oéoo‘---Mj»o - . .
-Q I T -a O'QAE"a o-o—a -
rl,2 rl,vrl ) rr,2 rr,v,_ li
- N - i
a‘rl,3 0 '}arr,3' ¢
- “ :..; - ‘
* "0,: [ ’
- -‘ . !
. { }
a 0 .. i-a 1 !
| rl,vrl rr,vr 5
| O I T ]
™ . )
. v (2.4.23)
. :.‘.*

»

Because of the special structure of tihe matrix M it

is always nonsingular and in fact det(M) = 1.

L e e
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It is USefgl to note that polynomials pij(z) and
qij(Z) in equation (2,4.16) also have the following properties:

deg {pii (z)} > éeg'{pij(z)} _‘forj > i (2.4.24)

deg Py, (2)} » deg (p;(2)) for j < i  (2.4.25)

deg (py;(2)] > deg (py;(2)) for 1 # 3§ (2.4.26)

deg {p;;{z)} > deg qij(z) . (2.4.27)

K Thus the equivalence of the two classes of represen-

tations of linear systems has been established. It is useful

to note that any input~output‘déscription of tﬂe form (2.4.16)
has a unique equivalent state-~space representation of the
form (2.4:3) - (2.4.6) and vice-versa. Deduction of one form
from the other can be accomplished by observing equations
(2.4.19) to (2.4.23). From é&uatiéns (2.4.19) to (2.4.21),
We also see that the r x r matrix P(z) contains the same
information about the system dynamics that is contained in
the state-space matrix A in eqpatién (2.4.3).

Systegs described by the input-output” difference
canonical fo?m have the advantage of being easily identified
from nprmﬁl operating records. If it is necessary, systems
identified~in input-output difference canonical form can be
eésily transformed to Luenberger's state-space canonical form
by the fpfemen;ioﬁed procedures and will be éiscpssed in

detail in secton 4.5.

»
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CHAPTER 3
STRUCTURAL IDENTIFICATION

3.1 Introduction

The first stage in system identification 1is to assume
or find a suitable model or structure for thqggystem. Once a
particular~mode%/or structure is chosen the solution of the
system identification problem will be straight forward because
only the parameters of the model have yet to be estimated. The
" structure of ; single~input single-output system is completely |
governed by its system.order. Hence, the structural idenficiation
of single-input single-output systems is the determination of
én optimal order for the system. On the other hand, for
multiQariable systems, structural identification involves
finding both tlk#e input-output structures as well as the system °
order. ]
Invariant descrigtion of linear time-invariant
controllable systems was first considered by PopoQ‘(l972) and
a complete set of invariants for, such systems has been derived.
‘Later, Weinert and Anton (1972) have extended Popov's work to

develop invariant canonical forms which are suitable for system

identification.

-+ 4

Statistical test (Fftest) wgs first used by Astrom

(1970) to find the order of linear systems. Later, Woodside

N
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(1971 ) suggested three methods which are based on the product-

moment matrix to estimape the system order of siﬁgle—input
single-output systems. Similar statistical techniques were

used by Chow (1973) and Tse and Weinert (1975) to determine

the structural indices of multivariable systems. Recently, a (/
systematic procedure has been developed by Guidorzi (1975) to
determine directly the structural indices of multivariable
systems from input-output sequences.

. In‘the following, conventional triél and error methods
to find the structural indices of multivariable systéms have
been abandoned., Statistical methods due to Woodside (1971) -
and Guidorzi (l975)‘ha§e been adopted to determine a set of
structu;al indices directly from input-output data without
requiring the estimation of thefsyséem parameters. This
systematic procedure is simple in principle and has been
proved tg Ee computationally efficient in application. With
little modifications the procedure can be adapted to handle

noise-corrupted data too.

3.2 Structural Invariants of Multivariable Systems

v

Structural invariants are a sef of indices which
completely characterize the mapping of the input space into the
' AN

output space of a system. They are invariant with respecf to
change of coordinates. In multivariable systems, structural

invariants not only define the orders of the systems but also
. : o . &
the individual structure of the input and output terminals.

-

{"
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Complete déscriptions and proof of the basis of
invariants and canonical forms for 1inéar dynamical systems
have been giveniby Rissanen (1974} and will not be repeated
here. Instead, relationships between the structural invariants
and the state-space and input-output difference canonical form;
have been stressed.

Consider a.discrete-time linear time-invariant system

representéd by the following discrete state-space equations:

*X(k+1l) = A X(k) + B U(k) (3.2.1a)
Y(k) = C X(k) . (3.2.1b)
where X e Rn, Y e Rr, U e R® and the matrices A, B and C are ]

constant matrices with appropriate orders. k is the sampling

instant.

]

For a stable and observable system, a set of structural
indices will completely define the structure as well as the

order of the system. It is well known that this set of structural

rs

indices is invariant with réspect to state-variable trans-
formations and certain kinds of state feedback in the general
form of (A + KC), where K is the feedback matrix.
Since the system is completely obsefvable, the following -

rows of the observability matrix can be constructed :

v . 2
T T, 1 :
1/ A . :

l v
CZT, CZTA, ..., czTA

, , _ ‘ | &

C ClTA, ...' C

2

N
At
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where CiT is the i-th row of C andxqi, i=1l, ..., r is the
. , vi+tl
smallest nonnegative integer such- that CiTA 1 is linearly

dependent on the previous one.
Immediately, we note that the order of the system
is given by

r
n = g v, (3.2.2)

If the foliowing matrix is constructed from the rows

of the observability matrix
(vl-l) M

r [ .. .
T =LC1'AC1""’AT c. | lc ,..., A

(v_=-1)
™ 'r
1 . e o r C ]

ol
such that its rank is'n, then it can be used for state-trans-.

(3.2.3)

formation of equation (3.2.1). The observable Luenberger's
canonical state-space form as described by équations'(2.4.3) to
(2.4.6) will be obtained. 1In this special case, the structural
indices will correspond to the obSenvabiiity indiées of the
systemn.

Similarly with systems described by input~output
difference canonical form (equation/(2.4.6)),;the orders of
the diagonal polynomials of the P(z) matrix will be completely
specified by the strucutral indices. .

Therefore, with the knowledge of the sfrucutrél indices
Vie e-wsvps the general structures of the matrices A, B;xg,
P(z) and Q(z) ére known, and they can be constructed. Aléé{~
natively, structural indices can be deduced from either the A

matrix or the p(2z) matrix .if it is known in advance. -

Furthermore, strucutral indices also specify the numbeiiég\\\\\\

ALY
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parameters in the system model.

3.3 Determination of the Structural Invariants from

the Input-Output Data

In this jgction, an algorithm to determine the
structural indices directly from the input-output data
without the intermédiate construction of a parametric model
for the system has been presented. This algorithm takes
full advantage of the special structures of matrices A
and P (2). Literally, the algorithm is to find a set of

indices such that all the input and output spaces of the

system are spanned independently.

Let
L (y;) = [&j(k) yy (k1) L. yj(k+i-1)] (3.3.1)
Li(uj) = Egj(k) uj(k+l) ... uj(k+ifl)] (3.3.2)

then construct

R(dl, 62, ceer Opey

= {%Gl(yl) R A 70 BN L TR ETTOUS T )] (3.3.3)

1 m
r 5r+1 6r+m

and define the product-moment matrix

T
S8y, wver &) = RSy, woey 8., ) R(Sy, woey 8, ) (3.3.4)

Hence S(Gl, .o +r) is a square matrix whose dimension

e S

Construct the S matrices in increasing dimension
[ 4 ¢ .

sequence

§ . - .

vno‘ﬁ\\' l), /#'o' 5(2, 2’, .o 2), e o

s(2, 1, ..., 1), s(2, 2,
’ \\.t ;f:-nd/ ) [

)

~
P

e R PR
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and test them for singul§£§%y. When a singular matrix is
found, one of the indices Ny is determined. The procedure

' <
is repeated until all the indices associated with each |

-~

~ m

output of- the system have been determined. Let

S(ul, Hor =eey ”m+r) be the singular matrix found and let
the index My Se increased by one such that the previous
matrix in the sequence is noftsingular. Then vy o= ou; - 1
and Vig = ¥y (3 =1, ..., m), ( #i). The structural
indices‘associated with the inputs can then, be determined'
byi8bserving inequality (2.4.27).

Computational effort can be saved by noting that
once one of the S matrices is found to be singular, the
subsequent matrices containing elemrents of that matrix
need not be tested again. Therefore only a limited number

of matrices need be tested in the implementation of this

algorithm. S
PN

R
With the knowledge of the values of the structural

indices, the order of the system can be determined as
|

r
n o=ty Vi (3.3.5)

i
The number of parameters in the canonical model
needed to be identified is given by

Ptptal = n(xr + m) . (3:3.6)

Iy

where m is the number of input and r is the number;pi
~ K

output of the system.

It is not surprising to note that .the forementioned
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algorlthm was developed ehiefly for deterministic data.
With data corrupted by ad:jilve noise, . intédependences
between the input-output sequences are weakened and to test
for singularity df the‘product—moment matriﬁ will be
difficult.* Consider the outputs of the system are corrupted
with addltlve noise such that

Yk’j* =Ygy (3.3.7)
where dk,j s the additive noise sequence.

For uncorrelated noise sequenées and if large
aﬁounts of data‘is used, the product-moment matrix ‘can

be partibned into

s  =s+NwW - : (3.3.8)

L4

» . . -

where W is the covariance patrix of the noise sequences and
N is the number of data set used.

If the noise sequences are uncorrélated with zero
means and equal amounts of them are added to the inputs and
outputs of the system, the covariance matrix of éhe noise
can then be apéroximated as

W= ‘021 | . (3.3.4)
where'o2 is the variance of the noise and I is the 1dent1ty
matrix of approprlate order.

If no knowlédge of the statistics of the noise

.ig available; the variance q;/;ke noise can be assumed to
be the least eigenvalue of the produét-moment matrix’s*.

Testing for 31ngu1ar1ty will then be performed on the

enhanced product-moment matrlx.
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-

When different amounts of noise are added to the
various inputs and outputs of the system, the same technique
can be applied by performing a suitable scaling on the

data. Or in a more practical way, the covariance matrix of

the noise can be approximated as

-

W ='diag ‘-Ol 02 ) dr IR or+m.‘, (303.11)
where Oj is the variance of the j-th noise sequence. 1In
this case, the variance of the noises have to be known in
advance or be approximated by some suitable method as,

mentioned before.



CHAPTER 4

PARAMETRIC ESTIMATION

4.1 Introduction

On;e the structure or model of a system is
determined, the next step is to estimate the parameters of
that model. Parametric estimation involves first éstablishing
a reasonably prescribed criterion and then using a suitable
algorithm to accomplish that criterion in an optimal way.
With only the operating records available, the objective 1is
usually formulated in terms of the residual errors between
the measured plant outputs and the outputs predicted by the
estimator. The objective is then minimized with respect to
" the parameters of the system by a suitable algorithm.

Numerous approaches to the parameter estimation
problem have been proposed in the literature [Wong and
polak (1967), Clarke (1967{, Séridis and Stein (1968),
Young (1969), Hasting~James and Sage (1969), Rowe (1970),
Mehra (1671), Sinha and Pille (1971)] and their relative
usefulness haf been discussed ip many survey papers
[RstrSm and Eykhoff (1970), Isermann, Bamberger, Kneppo
and Siebert (1973), Sinha and Sen (1974)]. Among these

different algorithms and methods, least-squares estimation

(73
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is the one most commonly used. The reason is the simplicity
in implementation and consistency in estimation. Recursive
form of least-squares estimation can also be easily derived.
Unfortunately, in the case of noisy measurements‘ieast—

‘ quares algorithm’will normally give biased estimates.

To overcome this drawback and avoid developing a new
algorithm, the generalized least-squares algorithm can be
applied to give an unbiased estimate.

In the following sections, parametric estimation
of linhear multivariable systems described by inputioutput
difference canonical form have been developed. rSystems are
first decomposed into their corresponding subsystems.

Each of theée subsystems is then, very similar to a
single-input single~output system and can be identified
independengly. Recursive léast—squares algorithm’and
recursive generalized least-squares algorithm have been
adapted to estimate the system parameters in the cases of

low noise and high noise data respectively.

L )
4.2 System Decomposition v

Consider a linear multivariable system having m
inputs and r outputs and described by the input-output
difference canonical form

p(z) Y(k) = Q(z) U(k) (4.2.1)
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where

ﬁyl(k)j

Y(k) = A owtput vector
yr(k)J
- -
ul(k)

u(k) = 4 input vector
.?m(kl

P(z) and Q(z) are polynomial matrices of z and are of oréer
r X r and r X m respectively.

It will be aséumed that the system is completely
observable and controllable. It can, therefore, be conve-
niently decomposed into r observable subsystems each of
which corresponds to one row of the matrices P(z) and Q(z).
The j-th subsystem of the system is

. qj,i(Z) uj x (4.2.2)

o~

"

L pj,i(Z) Yix = .
where pj i(2) and qj i(z) are polynomials.of z and elements
/ ’

in the j-th row and i-th column of P(z) and Q(z) respectively.

Yi,k and ui,k

sampling instant, respectively.

are the i-th output and input at the k-th

~
Alternatively equation (4.2.2) can be rewritten

explicitly as

r
y(k"}'Vj)lj - :_z_ X aji;ﬁ Y (k+2-—l),i

)
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Py
* 8 . u . (4.2.3)
iZ1 Q;& (bl+...+vj_lbz),1 (k+2-1),1
where 55,0 and Br,i are coefficients of theg pj,i(q) and

qj,i(Z) polynomials and Vj and vji are structural indices
of the system.

Each of these r subsystems can be considered as
a multi-input sihgle-output system and can be identified
independently. The number of parameters to be identified
in each subsystem is éiven by

m
p=n+ ) (v,-1) (4.2.4)
i=1 %

where n is the order of the system, m is the number of
inputs of the system and vi, i=1, ..., m are part of the
structural indices of the system.

Therefore, identification of the whole system can
be accomplished in r steps while each subsystem is identified

independently.

4.3 Recursive Least-squares Estimation

The input-output description for each subsystem
of the main system can be concatenated in the form of a
matrix equation. For example, the j-th subsystem can be
concatenated as

A (4243.1)

3.k ¥5,x T
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where .
“¥1,k-1 T¥2,k-1 v T¥p, k-1 Y1,k-1 "°° Y, k-1

Y1,kx-2 ¥2,k-2 " TYr, k-2 Y1,k-2 **° Yn,k-2 P

Aj,k = . . . . . (4.3.2)

“Y1,k=N Yo,k-N " Yp k-N Y1,k-N *°° m, k=N |

C iy e By . ees By ...JT © o (4.3.3)

= T
Y [yj'l P yj,k_N] (4.3.4)

If the residual errors between the measured plant
output and the output predicted by the model are minimized

with respect to the parameter vector ¢j k' @ least-squares
!

L

estimate of %j for large N is given by

'k .
" T -1 T

. = . A, . . 4.3.
o 7 Sl PR PUNS IS (4.3.5)
Equation (4.3.5) involves matrix inversion and is

not suitable for on-line application purposes. A recursive

form of equation (4.3.5) can be easily derived as follows:

Ps k= Py oy *E (4.3.6)

~

>

P. . (y. - a T d. )
3.k, k+1 Y9 k+1 T 3 k+1l Y5k
P

_ b )
Skl = 5kt L+ 4 (4.3.7)

T
3.kl T3,k 33, k+l

T
Py k25, k41 Py, k25, k1)

= P - (4.3.8) .

p. A
J,k'*'l J,k > T
L+ 2y a1’ Pyk 35,k41
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where

0

T [Aj,k , (4.3.9)

125 k+1

25 r1 = Y1, Yo,k vt e,k U1,k vt Upx| (4:3-10)

50000 7 Y5,k s . (4.3.11)
Y5, k41
- B - . ‘
Yk T (¥ Y52 0 Vi (4:3.12) ==~

;
- B

& . .
~ ~ /4
The estimate ¢j " is updated for each additional
N f I . R L

set of data received and for fast rate of convergence,| initial

conditions of the algorithm have been specified as” n~$\
. _ :

Pj,O = yI y >> 1 (4.%:13)

t5,0 O (4.3.14)

. In eguation (4.3.86), E is a>§ositiVé definite
matrix,whose elements can be ;pecified experimentally to
offsét the parameter variation between sdmples.  Computationally,
'the E matrix limits the lower bound of the elements of matrix

v

Pj j Such that a’ continuous correction ofﬂ¢j x is possible.
4 4

4.4 - Recursive Generalized Least-square Estimation

It is well known that the leést-Sqdares algqriﬁhm

" only works for noise~free or very little nolse measurements,

For very noisy measureménts, a biased estimate is usually.
obtained because of the correlated residuals. In order to
have an unbiased estimate in noisy;environments, a geneyalized

t
—

-

-

=
)a
A

. N
. €, ™ L.t - . M
, IR LA
. et - . £

R :
N8 e e m - gpmiy p rw o AR En P
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least-squares algorithm proposed by Clarke (1967) and later
the recursive form of this algorithm due to Hastings-James
and Sage (1969) has been adapted to estimate the parameters
of each’subsystem. An autoregressive model of the noise
has been developed to filter the input-output data such that
the resulting residuals are uncorrelated with zero mean.

Let the correlated residuals be generated as

T TR 45 (4.4.1)
and approximated to fit an autoregressive model

- . - ~ ~

. = =f, . -f. . R . + W.
e]rk f]ll eJrk"'l 'f‘JIZ eJrk‘z ers eJlk"‘S WJ:k
(4.4.2)
where Wj K is an uncorrelatea zexro mean random sequence and
’
" s is the order of the autoregressive model.
Equation (4.4.2) can be concatenated as
\ v
e. i = G .+ W, : (4.4.3
. ejrk Gjlk ‘lek WJ‘rk' )
where &~ |
. - - - T
. = . L3 . e L] 4.4.4
e,k [ej’l c—zj’2 . eJ:K; ‘ - ( )
~ T
¢ . = . f. PRI . 4.4.5)
Y5,k [fj,l 7342 erS_. (
S .
. = W, W, eos WL R 4.4.6)
W],k [3,1 3.2 3,_k] . (
and
2, , - ey 1od]
AJ'O JI-];}‘. Aj'l""s ' P
. |=-e. ) €, ,_ ) N
o, = | Cin | :}:2.5{ (4.4.7)
3.k . .- : !
-~ . . ~ !
-ej,k'—l . . - - v j,k_sfi

’ i 7
T rrt ot

_ W Sl T

R

. W“*‘““'W‘l—hﬁbﬁ%\m.l e P =
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A least-squares estimate of the auxiliary parameter

vector Wj X is given by . )
! . 1 . :
o N T © '
Y., = (G, G. . y
i,k ( i,k j,k) ?j,k ej’k . (4.4.8)

The noisy input and output data can then be

filtered to be

s .
* =
P B A R (4.4.9)

"

s
R £. . ye 4.4.10
i,k z£1 Jo2 Y3,k-2 . ( )

¥

*

yj,k

After substituting these corrected data in equations
(4.3.6) to (4.3.8), an unbiased estimate of the system para-
meter vector will be obtaineé. The entire procedure may
have to be repeated many times in order that the residuals

may be uncorrelated with zero mean.
. l -

To make the algorithm more adaptive and suitable

~for on-line applications, the estimation of the system

parameters and auxiliary parameters can be both carried out

L

recursively. The following equations are easily derived

for the recursive generalized least-squares algorithm:

) * kpo o~ . .
:1; C_ ‘; + Pj K aj yk+1 (Yj ,k'*;l..aj ,k+1 ¢-J l,k) (4.4.11)
S0kl T T3k 1+a, Tp L * '
1 g jrk+l jlk Jlk:'-l
p = p + B (4.4.12)

. j'k .j,k-l‘ 'V

T e e b o g n e o
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* * T
. P, a. (P, a. )
= - _J:k J.k+1 X k+1
Pike1 = By, . *ij L : (4.4.13)
jok+tl T3,k 35, k+1 N ‘
) i
: R ey Gy g T !
Y. =y + .k 73, k+l Jok+1 Jok+l Jek (4.4 ‘4 s
Jlk+l ],k 1+ TR . -l)
95,k+1 5,k 95,k
R. . gu (Ri vog. v.q)T
R. el R. _ 3.k 79,k+1 j,k 79,.k+1 (4.4.15)
3 J. T - U
49y k1 Ry,k 94, k41
where
* * * * * * ;
3041 T [‘Yl_,k - Y2,x vt T ¥rx Y1,k v Um,k] (4.4.16)
T _ “*_~ o . o -
9 ka1 = [-ey « =5 01 -0 ej'k_é] (4.4.17)
the initial conditions are:
=al @ >> 1 ' (4.4.18)
=0 (4.4.19)
0 < B<< 1 (4.4.20)
- Sufficient numbers of terms have to be included ‘
in the residual autoregressivg model such that an unbiased 3
system parameter estimation is obtained: Estimation 6f the §
1
!

auxiliary parametefs can be started after sufficient
residuals have been generated by using an ordinary recursive
least-squares algorithm.

Although the forementioned algorithm was primarily

e

devgioped for single-input single-output systems and the

convergence has not yet been proved, all experiments have
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been successful. Stable and consistent estimates haye been
obtained in all cases of simulations.

In the modelling of the uncorrelated residuals,
several independent random processes have been combined to
form a single random process. A brief proof of this theorem

has been included in the appendix for reference.

4.5 From Input-output to State-space Model

;;Eer the system has been identified in the input-
output,.difference c;n;nical form (equation (2.4.16)), an
equivalent state-space model of the form (eguation (2.4.3) -
(2.4,6)) can be easily derived. Because of the special structure
of this kind of state-space model, the resultant system is
completely observable. The state-space model can be
constructed by the following ﬁfocedures.

Matrix C can be constructed from tﬁé knowledge
of the structural indices Vir eeer Vi Matrix A can be
obtained directly from P {z) since the elements of A are the
Coeffigients~°f the polynomials in P (z) (equation (2.4.19) 5N
(2.4.20)). To compute matrix B, transformation matrix M
has fo be constrﬁcted ac;;rding to equation (2.4.23) after

A is known. Matrix B is obtained from Q(z) since the elements

of B are the coefficients of the polynomials in Q

(equation "12.6.21)). Matrix B is then, given by
B=nu1l5 (4.5.1)

The‘resultant triangle (A, B, C) is in the
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. t
Luenberger's observable state-space canonical form and has
the same external behaviour as the input-output canonical
description.
[
! '
- * ‘ ’
» ‘
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&
!
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CHAPTER 5

RESULTS OF SIMULATIONS

5.1 Introduction

In this chapter, algorithms described in Chapter 3
for structural identification and in Chapter 4 for parametric
estimation have been applied to simulated examples, For the
purposes of simplicity and generality, a fairly generql class
of two-input two-output systems as shown in Figﬁre 5.1.1
has been investigated. Disturbances and measurement noises
are lumped together and modelled as additive noises to the
outputs of the system. Computer’programs have been written

to estimate the structural indices and the system parameters

. ¥+ LY
separately., The structural indices of the system are- first

determined off-line from simulated data and the system

parameters are then, estimated subsequently using the same

"input—outpug sequences. The original multivariable system

has been first decomposed into its subsystems and each of
these subsystems has been identified separately. Recursive

least-squares algorithm has been used successfully to give

. an accurate estimate in the case of low no{se—corrupted

measurements; while in the case of noisy measurements,

recursive -generalized -least-squares algorithm has been

2y
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‘adapted to give a consistent and unbiased estimate.

In the following sections, three examples have
been included. Both structural and parametric estimation
have been performed on the first two examples while the

. ,

third example has been used exclusively to illustrate the

usefulness of the parametric estimation algorithms.

5.2 Examole l--A Third Order System

The system used for simulation is deéscribed.by the

following transfer function matrix

i 2-0.5 z-0.25

H(z) = 2 . (5.2.1)
) . 2 0 !

h |
1_2—0.25 ’ J
Alternatively, the system can be. expressed in the

input-output difference canonical form

12%-0.752 + 0.125 0 ! 22-0.5  2z-0.5

= ¥ U (k)
0 z-O.2§J L 2 0

poo—

(5.2.2)

By inspection of equation (5f2.2), the structural
indices of the two~outputs'of the system can be deduced
immediateiy to be é and 1, respectively; Hence the order of
the system is 3,

.Due to imperfect meésurements, the outputgndf the
system are corrupted b? additive noise sequences such that

‘the measured outpﬂts"of the system become

39
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"

vy (K)

Y, (k)

Xl(k) + dle(k) (5.2.3a)

Xz(k) + dze(k) (5.2.3b)

In order to observe all the modes of the system,
uncorrelated unit-variance zero-mean white-noise sequences
{Ul(k)} and {Uz(k)} have been used to excite the system.
The additive output noise sequences {§)(k)}and (£, (k) }

are coloured and are generated as the outputs of the

following eguations:

]

£y (k)
g, (k]

where {w; (k) }and {w, (k) } are unit-variance zero-mean

0.70w1(k-1) + o0 (k) (5.2.4a)

0.85¢,(k-1) +w; (k) (5.2.4Db)

sequences uncorrelated with hﬁ}k)}and {u20ﬂ } , as well as
with each other, ‘

Addition of different levels of noise to the system
has been accomplished by adjusting dl and d2 of equation

'
(5.2.3) for each case. '

In order .to reduce the émount of storage required
in the structural identification, only 100 sets of input-
output data have been'uséd. In the absence of noise results
of the structﬁral identification are given in Figure 5.2.1,

The structural indices of the outputs of the system have

been determined, &S;quely, to be vy = 2 and“v2 = 1. Results

of structural ident fication of this example are tabled in
Table 5.2.1 for different levels of noise. Experimental
results indicate that no compensation to the product-mpment

matrices is necessary in the case of noise-free data. The

o
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Figure 5.2.1 Results of structural identification of

an

example 1 in the absence of noisc.



Noise level

Noise level

= 10% = 20%
Description Qutput | Output | Output | Output
1 2 1 2
Under-
compensation
: 3 2 3 -
Correct-
compensation
2 1 2 1
Over-
compensation
p 1 1 1 1

.
Table §.2.1 Results of structural identification of

example 1.
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structural indices have been determined uniquely and
consistently. As the 1ev®1s of the additive noise increased,
interdependences betwe;n the input-output sequences are
deterioraéed and difficulties have been encountered during
the determination of the structural indices without any
compensation to the product-moment matrices at all. The
problem had been solved by including suitable amount of
compensation to the product-moment matrices. Experience
shows that an overestimate of the structural indices was
obtained in the case of undercompensation, while an under-
estimate of the structural indices resulted in the case of
overcompensation. Therefore, when the amount of additive
noise to the system is not known in advance, compensation
should be allowed to cover a wide predetermined range in the
first run. In the subsequent runs, the range should be
adjusted accordingly until the best compensation has been
found. ‘

After the structural indices have been determined,
the order of the system as well as the number of parameters
to be estimated in each subsystem can be calculated easily.
For example, the structural indices-of this example are 2
and 1, respectively. The order of the system will be 3 and
the number of parameters to be estimated in each subsystem

will be 7 and 5 accoxdingly.

Using 300 sets of input-output sequences, the
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the parameters of cach subsystem have been identified
independently by the proposed recursive algorithms cited

in section 4.3 and section 4.4. In the case of noise-free

or very low noise data, the recursive least-squares algorithm

has been used to estimate the parameters, wh%;e in the case of
very noisy data, the recursive generalized least-squares
algorithm has been adopted. « Table 5.2.2 shows the final value

of the parameters after 300 sets of input-output sequences for
different levels of noise. As will be seen from Table 5.2.2,
very accurate estimate of the parameters have been obtained in
the case of noise-free data. Less accurate estimates have

been obtained with the levels of the addiéive noises increased.
In all cases, stable and consistent estimates have been obtained,
Furtnhermore, the proposed algdrithms have'&\very fast cénvergence
rate even in the case of high noise. To show the convergence
rate of the recursive generalized least-squares algorithm, the
normalized error (||¢-$||% /||¢II2 of each subsystem has been
plotted against the number of samples used. fgg. 5.2.2.agd Figure
5.2.3 show the convergence rate for—éifferent levels of.noise,
respectively.

With properly defined state vectors, the Luenberger's
canonical state-space form of this example can be constructed
after the input-output difference canonical form has béen
identified. The following state-space equations can be éaéily

-

derived:

ay
«

Prer

——

e o v



e

Noise True ‘Noise y1=12% y1=52%
Level Value Free Y2=25%"8 ¥o850%
Parameters
a1 1 ~0.7500 _0.7500° | -0.6856 ~0.6704
“11 2 0.1250 . 0.1250 0.1291 0:1293
! ‘ey9.1° 0 0 0.0060 -0.0415
", 2.0000 2.0000 k. 2.0230 2.0080
B ) ~0.5000 -0.5000 \X~lk33§9 ~0.4622
By 1 1.0000 1.0000 0.9854 0.9;77
By 1 ~0.5000 ~0.5000 -0.3386 | -0/4389
G211 o 0 0.0797 0.0753
€21 2 0 0 -0.0259 ~0.0555
2 A -0.250) ~0.2500 ~0.3556 -0.3462
52’2 2.0090 2.0000 2.0130 2.0330
. 0 0 -0.0248 0.0107

-

Table 5.2.2% Results of parametric estimation of example 1.
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Figure 5.2.2 Convergence rate of enxamplc 1 with
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’ Figure 5.2.3 Convergence rate of example 1 with
y1=5295, y4=50% noise levels, .
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T 1 o_§ fz 1 |
X(k+l) = ~0.125  0.75 0 -X(k) + |1 0.25 U(k)
X , : i
0 0 0.25 ' 8 0 |
(5.2.5a)
T 0 ol
v o= X (k) (5.2.5b)
0 0 1
L -
where

X(k) is the state vector,
U (k) is the input vector,

Y(k) is the output vector,

»’

5.3 Exanple 2--A Fifth Order System

As another illustration of the suggested algorithm
the following system with structural indices vy = 2 and v,= 3

has beem simulated on a digitai computer:

' 1 2
(2z-0.5) (z-0.25)

(5.3.1)

P2 4
. 2-0.25 (z -0.5)2
L. » [ ] .

-

After a few algebraical manipulations, the system
can be transformed to the folloWing,input—ouipqt difference

canonical form

.
— ) . Y

22-0.752z + 0.125 | 0 N
g .2 '! X{k) =
i 0 . « 23-1.252 + 0.52-0,0625{ -
ré - 0.25 ,21 . .
L Lux) (5.3.2)

{ ‘
[2z°-2z # 0.5 4z-1} -

.‘.



can be calculated from equafion (4.2.4) and is
respectively in this case. Excitation and noise sequences’
added to the system were rthe same as described in the previous
example. Simulated input-output sequences have been generat-
ed using equation (5.3.2) and have been used for structural

identification and parametric estimation.

Ve

s

v In the presence of noise, the structural indices of
\ngaﬁﬁstem have been identified to be 2 and 3 respectively
as given in Figure 5.3.1. Results of structural identificat-
ion are shown in Table S.é.l‘for different levels qf noise.
Once again, unique and consistent determination of the
structural indice$ had bgen obtained by the proposed method.
Results of parametric estimation after 400 sets of input-
output sequences are shown in Table Sf3'2 for differgnt

levels of noise. Rates‘of éonvergence for the two subsystems
are shown in Figure 5.3.2 and Figure 5.3.3 respectively for
different levels of noise. Experimental results éndicate that
in the presence of noise more data is required for the algor-
ithm to‘converge to thg.neighbourhoodnof the true values of
éhe system parameters in this examplé. This is'due to ﬁﬁe'
fact éhat.more parameters have to.be estimated in this case.
Tﬁe Luenberger's observable canonical state-space

-

‘form for this example is , : -
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Noise level Noise lcvel
= 10% = 20%
Description .
Output | Output j Output | Cutput
1 2 1 2
Undex-
compensation 3 4 3 5
Correct-
compensation
2 3 2. 3
Over-
compensation 1 2 1 2

Table 5.3.1 Results of structural igentification of

example 2.
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\\'oise [ True loise esy1 = 42.5% Yy = 85.
p.xr‘.,,‘.etm-:v“ Value Fr%‘c . Yo = 29.2% Yo = 35.4°
11 -0.7500 -0.7500 -0.7194 -0.7322
11,2 0.1250 0.1250 0.1871 0.2258
ay2,1 0o 0 -0.0557 -0.0328
“12,2 0 0 -0.013} -0.0004
12,3 0 o . -0.0543 -0.1304
2% 1.0000 1.0000 | 1.0110 1.0010
) -0.2500 ~0.2500 -0.1864 -0.1125
B 1 0 0o . -0.0297 ~0.0921
B5 1 2.0000 2.0000 2.0240 2.0220
01,1 0 - 0 -0.0284 -0.0429-
01,0 0 0 0.0773 0.0856
@22,1 | -1.2500 ~1,2500 '~1.1280 -1.0590
52,2 0.5090 0.5000 0.3781 0.3141
22,3 ~0.0625 ~0.0625 ~0.0380 ~0.0453
55, 2.0000 2.0000 1.9960 2.0440
£, , -2..G000 ~2.0000 -1.7640 | -1.5510
81:2 0.5000 0.5000 0.3581 0.3088
fg 0 0 ' 0.0476 0.1775
b 4.0000 * | 4.0000 4.0430 4.1710
b ~1.0000 ~1.0000 ~0.7385 -0.6225
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Figure 5.3.2 Convergence rate of example 2 with
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- - ol -
0 1 0 0 0 1 0
-0.125 0.75 0 0 0 10.5 2
X(k+l) = 0 0 0 1 0 X(k) +' 2 0 Uk)
0 0 0 0 1 0.5 4
0 0 0.0625 -0.5 1.25 0.125 4
- i} L. —
(5,3.3a)
T o o o o
Y¢) = 0 0 1 0 0 X(k) (5.3.3Db)

where X(k), U(k), Y(k) are the same as defined in last section.

5.4 Example 3--A Fourth Order System

s

To further the testing of the parameter estimation

algorithm, the following system has been considered. -
r - i -
'22-0.752 + 0.125 . 2-0.25 ! !z -0.2 0.1
2 PX(k) = U (k)
0.5z - 0.6 z°-z + 0.24, 0.3 z -0.5§
L. P - e

Noise is added to the digitally simulated (5.4.1)
input-output data and the noise was generated as the output

of the following system, with white noise excitation.
i3 (}:)“i 0.70 o Tg 01 Ly 001
Po= ; i + \ (5.4.2)

|
< ' .80, k-1 k)
RIACNE LO 08&'.F2( L l

w&(

Parametric estimation has been performed for dif-
ferent cases of‘noise levels. Fxperimental results are
shown in Table 5.4,1. It is evident that unbiased and consistent
estimates have been obtained in 311 cases. Figure 5.4,1 and
Figpre 5.4,2 show the convergence rates of this example with
different levels of.noise.

The Luenberger'g.bbsérvable canonical form of this

- v
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Hoise
Level Truc Noisec y1=9.81 y1=29.4$
Parameters Value Free y,=10.2% y,=30.0%
11,1 -0.7500 -0.7500 -0.7257 -0.7004
@y 9 0.1250 0.1250 0.1058 U.094o
PR 0.5000 0.5000 0.4704 0.3492
%1y 9 -0.2500 -0.2500 -0.2177 -0.1310
82 ) 1.0000 1.0000 0.9962 0.9751
81 1 -0.2000 -0.2000 -0.1790 ~0.1556
00U -0, 00
84,1 0 0 0.00v9 (1.0091
53 1 0.1000 0.1000 0.0593 -0.0643
%) 1 0.5000 0.5000 0.3916 0.1759
%y -0.6000 -0.6000 -0.5394 -0.4035
a5 1 g -1.0000 -1.0000 -1.0220 -1.0200
d

u22’2 0.2400 0.2400 0.227% 0.1736
82 9 0 0 0.0009 0.0096
81 5 0.3000 0.3000 0.1983 -0.0180

?
84 ) 1.0000 1.0000 0.9961 0.9851

‘
83 5 -0.5000 -0.5000 -0.5159 -0.4987
e

>

hg

Table 5.4.1 Results of paramctric estimation of cxample 3.
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example“is ' ' A
\ - - . —‘
00 0 0 1. 0
X041) = -0.125 0.75 0.25 -1 --X(k) + 0.55 ~0.9. U(K)
. 0 0 0o 1. 0 1
. 0.6 0.5 -0.24 1.0] 0.2 .- 0.5
= : : = . - (5.4,3a)
Y(k) = .1- 0 0 0 X(k)
0o 0 1 0 , (5.4.3b)

I} -

Where X(k) is the state ygector at the k-th sampling instant,
U(k) is the'ingut vector at the k-th sampling'instant,

Y(k) is the(output,vector at the k-th sampling instant.

.

5.5 Summ S o - _
' ______Ji ’ '

As will be seen from the results of these smmulated
examples, stable and ﬂonslstent estlmates of the sfructural
lndlces and the systeni parameters have been obtalned by the
progosed method In the jgase, of low MSe data, rrearly exact )

estlmates of the strﬁctural and system parameters have been

obtained. - Fast convergence rate for parametrlc estlmatlon

N .,
~

has been attained by us1ng the ‘proposed recursive generallzed

on - 2

1east~squares algormthm. In the case of hlgh n01se, the

ptgposed method also glves unblased estlmates Wlth a fast rate

.of convergence. o B ' ‘ '

-

It is fair to note that, as far -as parametrlc L

[

K estlmatlon is concerned, the suggested algorlthm seems to .

o

'1 and 2: where the'Off d1ag5hal eIements of the. P(Z)Amatilces

are zero) Por other genenal systems (éxample 3), the alaorlthm

. works up to—certain crltlcal llmxt of nomse to 51gnal ratlo.

o
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This phenomenbn has not been completely understood and will

be under further investigation.
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fore, beVidenﬁified independently.

¢ )
, )
CHAPtI‘ER 6
CONCLUSIONS
In‘thisAfhesis a method to solve the identification
problem- for genérél multivaraible linear discrete-time dynamic
systems has been suggested. A unified approach has been
aEOptéd“for estimating the system structure as weli as the
system‘ﬁarameters. The suggested iaénﬁification procedure

P

starts from normal operating records which may contain additive

" zero-mean measurement noise.’ A Systematic and computationally

efficient algorithm has been suggested for estimating the
system structure off-line, while éystem parameters havq been
estimated by recursive algorithms.

Linear discrete-time 'multivariable systems have been

‘

. described in the input-output difference canonical form. This
'canohical form has a unique equivalencé.with the block—éompanion.,‘
' . state-space representation and is completely observable and

contrellable. Systems described ih this canonical'fcfm'haﬁe the

unique advantage of being conveniently decomposed into sﬁb~’-
sfstems.t Eacﬁ of these subsyétems is observable .and can, there-

. A §tatisticél;al§oxithm has been developed to deter-

. mirie' a set.of structural indices, which completely define the -

P
)

B3 . . y
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structure as weli as the order of the system, directly from
input—cutput sequences such that intermediate construction.of
a parametric model is avoided. This structural identification
algorithm is.remarkable efficient because a well-defined '
model ‘among many -possible structure is selected. Triai and
erroxr, based on the optimality tegt of an assumed order or
structure, which requires thegperametric estimation of a iarge
number of\models, is avoided.
‘The problem of parametrlc estimation has been solved
by identifying each of the subsystems, whlch is a decomposxtlcn
}of the main system,.independently. A recursive least-squares
algorithm has been used to estimate the systemvpafameters in
the case of lcw‘noisé data, and a recursive generalized least-
squares algorifhm has been adapted in the case of noisy data.
Realistic gigital computer simu}atedﬁncise—free and‘
noise-ccrrupted input-output sequences have been generatedAand'
used to test the merité of the propoéed.aigoritbm;, The results
of experiments indicate‘that in the absence cf noise nearly
- exact estlmates ha@ﬁ been obtalned for structural ldentlflcatzon
and pagametrlc estimation.  In nolsg env1ronment, the problem
"of structcral ideﬂtification has been re301Ved by lncludlng'-
a sultable amount of compensatlon to the algorlthm. The'chief
purpose of this ccmpensatlon is to offset the dlsturbances

.produCed by the noise.’ To reflect the efflclency of the algorlthm

-~

“the computer time sp bn the structural 1dent1f1cat10n cf

example 2 in a noisy ironment has been recordeds. Using a

b
[

I~

her e o e . ‘
LS ¥ M Y A s . .
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CDC 6400 achine‘the computational time, which included the
time spent\on input*output handling, was just under 15
seconds. - far as parametric estimation is concerneg, the
proposed rekursive generallzed least-s quares algorltbm\gtv/
consistent jand unbiased estimates in the presence of noise,
and the a; orithm is computationally efficient. Matrix QJ
inversion is avoided and data storage is saved by using the
recursive algorithm. The number of arithmetic,operations
carried out in each iteration has been kept to a minimum and
the estimate has been updateé sequentially. Because of the
51mp11c1ty of this algorlthm it can ‘be easily, lmplemented on

a mlnl—computer and used for on-line appllcatxons. The actual

\computational.time~for each iteration is highly'depehdenﬁ

'ﬁ_erties of the proposed algorithm has not been in¢luded, all
- mates haVe been obtalned

. ways. For example, a rlgorous proof of the convergence prop-

|

on the order of the parameter vector as well as the particular

machine used. For example, the computational time for each.

. T2

1teratlon Qf example 2 was determmned to be less than 8.05

-
¢ -~ -

second on a CDC. 6400 machlne -

R
ETe e

Althougb a rigorous proof of the convergence#prop-

o

B

experiments have beeﬁ successful. Stable and consistent esti-

- . N

e oage e ot

mm,%,&'_ .

. Further work 1n thls .area can be contlnued in many °

S

ertmes of the propgsed algorlthm has yet<to ‘be establlshed

Furthermore, the algorlthm needs more tests to establlsh itgss '

genexal usefulness 1n realist;c satuatlons. It may be p01nted i

.

out, however, that the norse~model used 1n parametru:estimatmon
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of this work may bhe inadequate or. unrealistic in soﬁe practical
applications, because only additive noise has been considered.
Disturbances and measurement noise hLave been lumped together
and modelled as additive hoise to ﬁhe output of the system. ' 'f
Interaction in the noise at different inputs and outputs has

been ignored. Perhaps it would be more desirable to eonsider .

an interactive noise model, as proposed by Meeroé, Pajziev o

and Rajbman (1969). This is a topic for future investigation.
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APPENDIX

In this appendix, the sum‘of several independent

moving average proc#gses Jhas been shown to be another moving
average pr&bess (Box and\Jenkins, 1970).
consider a stochastic process w(k), which is the
sum of n independent moving' average processes of orders
ql,qzj-. f - respectively, Thet is
¥ ﬂ 1

w(k) —Zlel(z)a (x) " (a-1)
1-‘ B

where ei(z); i#l, . . ., n, are polynomials in z, znl is

“~

the .unit delay operator, and ai(k), i=1, . . ., n, are

mutually independent, zero-mean white noise processes; k

is ‘the sampling instant, -

Suppose g = max (qy3q,, . . )\ 4 )i then it is

-clearxr’ thétjthe Qutocovariance'function v\ for w(k) muet be
+ f N \

zero for j> q. It follows that there exists a representation N

of w(k) as avsinglegmovipg average‘process f order q.
W(k) —-e(z)u(k) \
where 6{(z) is a polynom1a1 1n 2 and u(k) is a Whlte noise
,proceSS.w1th zero mean. ’ |
Thus, the sum oﬁ several lndependent.oov1ng average
'érocesses is another movxng averaqe process, whose order ls
'_,the same as that of the component process of hlghest order.
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