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Lay Abstract

We looked at computational modelf bacterial interaction involving producers, Aproducers,

and susceptible cell types that -papefsecriascstoerds 0i.n
We determined that the system is stable for the long term for a given set of parametersetherwi
susceptible cells win as not enough antibiotic is being produced, or too much is being produced
significantly inhibitingthe growth of producersMoreover, we found that these systems can

evolve, tending towards one production rate, in order to kattev the system to survive. Non

producers also evolve, tending to low production rates instead. These results have implications in
understanding bacteria that cannot be cultured and perhaps aiding in the discovery of novel

antibiotics.



Abstract

Bacteria occupy a wide range of niches with many different types coexisting. They compete
directly, with some capable of producing antibiotics that kill other members of the niche. Despite
this, long term survival of these ecosystems is possible. Hersynealer a latticdased three
component system with antibiotic producers,pooducers (or cheaters), and susceptible cells
competing.In our system, there is a metabolic cost tied to production rate, resulting in a
decrease in growth rate for the puodrs. Norproducers behave as cheaters that gain the benefit
of an antibiotic without the cost of producing it themselves. The susceptible cells are a faster
growing different species. The mod+pdperbehaves
scissos", because producers beat susceptible cellspramucers beat producers, and

susceptible cells beat ngmoducers. We consider two spatial lattice models, one in which there

is a nearest neighbour interaction between cells, and one in which thelgedliffusion of the
antibiotic is explicitly included. We consider the parameter space in which the three cell types
can coexist (taking into account cost and production rate), and determine the regions in which
production rate is too high or too low tdoaV coexistence. We determine that antibiotic

producers will evolve to an optimal production rate and thatrbiter producers can outcompete
complete cheaters (ngagroducers). We finally illustrate that the introduction of a fourth

Ar esi st an lovs the gdtem totsyrnpve with four members for some parameters. In
other cases, addition of the resistant cells causes the extinction of the producers, which

eventually favours the susceptible cells.
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Chapter 1

The Ecology and Importance of AntibioticProduction and

Bacterial Cooperation

1.1 Motivation : the Importance of Antibiotics Resistance

Antibiotics are undoubtedly one of the most important medical discoveries of'the 20
century. Since the discovery pénicillin in 1928(Fleming 1929) countless lives have been
saved through the use of this class of drugs. They exist in many forms, with many categories but
the general idea is simpleprevention and treatment of bacterial infectibmgeneral, antibiotics
have two modes of action. They coulddaetericidal resulting in death of the target cdlhese
function through methods such as destroying the cell wall or damaging integralesngmthe

other hand, antibiotics can be bacteriostatic, simply arresting cell growth and division.

However, despite the importance of these drugs, new discoveries are not being made very
quickly. Regulations and lack of economic incentives mean thalaj@went by pharmaceutical
companies is quite slow. However, antibiotic resistance iserigh. Overuse, inappropriate
prescribing, and agricultural use ldgadheemergence of novel strains that cannot be targeted by
our present repertoire of antibicg. Therefore, we are seeing more and more species that are
much harder to deal with today than in the past. Of especial clinical relevance are Methicillin
ResistanStaphylococcuaureusand VancomycirResistant Enterococci, which are found

largely in hapitals, where immunocompromised patients may be affé¢esttola 2015)

Most of the antibiotics currently in use are derived from bacteria living in complex

environments in the soil in which many bacterial species are interacting with one another, as will

1
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be described in more detail belovhis raises many interesting problems in ecology and
evolution. How does antibiotic production affect the conditions for survival and coexistence of
diverse communities of bacteria? When is it evolutionary favourabknforganism to pace

an antibiotic? When would @vexpect resistance mechanisms to be selected in competing
species? In this thesiwe turn to computational methods and models to give insights into how
these bacteriaoexist and interaco that we mayddter understand them. Through this
understanding, we may be ablectdture them ouse them to our benefit in the fight against

antibiotic resistance.

1.2 Antibiotic Producers and Sources

The discovery of penicillin in 1928 fromRenicilliumfungus demonstrated that useful
antibiotics can be found imature. Since then many classes and types of these drugs have been
found in plants, animals, and bacteria. In fagt;robes constitutene ofthe largessourcesf
antibiatics in our medical regrtoire Thus, the stugof the ecology and lives of these organisms
can provide incredible utility in combatting antibiotic resistance, as well as finding novel drugs

capable of curing asf-yet incurable illnesses.

The Streptomycess a gram positive geis of bacteria andhe of the most notable
producers of antibioticsSince the discovery of streptothricin and streptomycin in the 1940s,
many groups have increased efforts to find antibiotics from the genus. Consequently, between
1955 and 1962 80% of antibiotics were obtained from actinomycetes, with the plurality coming
from Streptomycesvioreover, modelling based on tB&reptomyceantibiotics discovered
between 1941 and 1997 places conservative estimates at 150,000 uniqaerasmossibly

being produced by the genuwsith the vast majority as of yet undiscove(@datve et al. 2001)
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Thus, many important antibiotics have been contributed 8teptomycesyith a
plethora still in use today. Streptomycin, actinomycin, erythromycin, and vancomycin are widely
popular examplethat come from the actinomycete group in gen@édrdy 2005)
Streptomyan is quite costeffective and appears on the WHO Model List of Essential Medicines,
which describes the minimum medicine needs for a basic heakhsystenfiWwHO 2015)
However, with tle growing dangers of antibiotiesistanceits efficacy and use is at a decline.
Vancomycin is also one of the most important antibactdriads It is used as a ladine
treatment for manynore seriousnfections(Boneca and Chiosis 2003)jowever, with the
appearancef many vancomycin resistant strains as wetho is in danger of losing its utility

(Di Pentima and Chan 2010)

These examples illustrate the need for novel antibiotics soutitksugh actinomycetes
represent a massive source of our antimicrobial compothmasgfficacy has become overall
diminished due to the presence of resistant bacterial stidiasefore, it is important to consider
other bacterial sources that may not be as widely studieéxample othis arethe
microcystinswhich arehepatotoxingproduced by cyanobacteria. These have been demonstrated
effective against a variety of bacter{aurawell et al. 2005; Singh et al. 201However due to
the complexity of culturing cyanobacteria, these products are difficult to work with and result in

very expensive compods (Welker et al. 2012)

Additionally, myxobactea area group of soil bacterithatpresent potential as a source
of antibiotics. Epthilone ispresently the only clinically used compound derived from these
bacteria, although a plethora of secondary metabolites of varying antibaefferady have been

isolated from the groupVenzel and Miuller 2009Bacillushave also been proven to produce
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antibiotics(Chen et al. 2008; Atallah 2012yith surfactin being one of the most widely used

(Baruzzi et al. 2011)

Many of thebacteriadescribedive in niches that are very complex and occupied by
many membersNork from the 1990s demonstrated that 1g of deciduous forest soil contains
~1.5 x 10° bacteria spread across ~4,000 different spéTi@svik et al. 1990)Biogeographical
analysis indicates further biodiversity: communities vary widely based on geographical location
and factors such as plHiererand Jackson 2006Consequently, it is difficult to culture many of
these species lillemselveslet alone recreating the complex multispecies environments found
in nature. While it has been demonstrated that some species can be cultured using older
tedniques, such as solid media and petri digheseph et al. 2003pther methods must be used
to further study these sgsns. In addition to being sources of antibiotics, it is becoming more
evident that soil bacteria may be sources of resistariged Co s t a , tutheradcessit&ifg0 7 )

the study of these environments.

Therefore, it is worth reducing these systems to simpler models, allowing analysis of
interactions botln vivo (with fewer memberggiving a gist of large scale dynamics), and
silico, allowing for consideration of niches that may be completely impossible to grow in culture.
Consequently, this thesis utilizes these computational methods to study the environments

occupied by antibiotic producers and trmmpetitors
1.3The Role of Secreted Molecules in Bacterial Interactions

Ultimately, it is evident thathe study of micrbial ecology is of great importance.
Understanding the niches that these cells live in can help with culturing them, or purifying their

secretions, possibly leading to the discovery of novel drugs. Indeed, while antibiotics are largely
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sourced from bacteaj other drugs such as antifungals and anticancer agents have been
discovered in microbes as wellhus, it is important to consider the dynamics of the secondary
metabolites and enzymes secreted when bacteria int€oatentration and efficacy of these
chemicals are partly governed by diffusion, which has been studied in the context of bacterial

interactions fairly extensively.

A major study byetsigianet al(2011) looked to characterize pairwise interactions
betweerStreptomycestrains. They grew a strain on a medium, and then removed the strain,
being left withconditioned mediunmrhey then grew another strain on the conditioned medium
to determinéhow the secretions from the first strain affected the second. They found thaf 45%
interactionswere inhibitory with 19% inducing growth. It appears that in the matrix they
generatedhe inhibitory interactions were quite broad, with isolates affecting almost everyone or
almostno one It has further been shown that Streptomycetest to antibiotics produced by

others(Vetsigian et al. 2011)

When encountering secretions of other bacteria, antilpodiduction is ramped up
some cases as a defense mechardaaaisome cells begin producing substances that inhibit
production of antibiotics in other cell8brudan et al. 2015)yc et al.(2014)also looked at
production of metalites usingS. aureusndEscherichiacoli as indicator organisms. They
found that antimicrobial activity can occur in both monoculture and mixed cultures of different
species but sometimes the interactions can cause a loss of antimicrobial activity against the
indicator organism. This may be digethe suppressive interactions within the culture. The

opposite was also possible, indicating that signaling to produce antibiotics can also occur.

As antibiotics can diffuse into the surrounding area, resistant species that are close to

antibiotic produers can benefit from the presence of the producers. In this sense, the antibiotics

5
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arepublicgoogwhi ch can be defined as those Awhich al
each individual 6s consumption of bBeanch a good
i ndi vidual 6s ¢ on Sammaldon 1954Assich, it ik difficult posee aviden it

is bendicial to cooperate with the colony and when it is better to become a cheater and gain the
benefit by not producing any public go@cevin 2014) In communal environments where a

mutually beneficial public good is involved, cheaters can arise that gain the group benefit

without paying a cost of contributintn this thesis, the most important kind of cheaters are non
producers i.e.individuals of & antibiotic producing species that stop producing the antibiotic

but retain their intrinsic resistance to the antibiotic produced by their own species. Non

producerf all typescan arise via several means, including deletemouttiors in the gene

responsible for production and secretitwss ofa plasmidcontaining the relevant genes

guantitative changes the production mechanism that lead cells to produceofemsubstance

(Allison et al. 2014Chao and Levin 1991In all these cases, there is expected to be a reduced

metabolic cost in the neproducers that will givéhem an advaage relative to the producers.

This difference in metabolic cost between fpyoducers and producers has been
demonstrated well by Drescher et(@014) They looked at produceasnd norproducers of
chitinase, a secreted enzyme that breaks down chitin, allowing uptake of its monomers for use
within the cell. These authors found that cells deficient in production of this public good enzyme
had a higher basal growth rate (~0.5% kighhan the producers. When grown in chitin with
knockout mutants, it was found that producers decreased in frequency if they were seeded at high
frequencies to begin with. Increasing biofilm productiyrintroducing a genehereby limiting

public goodaccess only to producers, allowed the producers to outcompete the chsdters
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diffusion of the liberated chitin monomers was limited and more accessible to the producers than

non-producers.

Allison et al.(2014)demonstratethe specific advantage thabnproducershave over
producers when a public good is involvétiey looked at a protease producing strain of
Psuelomonas fluorescenmder wellmixed and spatially structured conditiofrs well-mixed
experiments when starting with both producing andmaaucing strains in equal
concentrations, cheaters eventually took over the sysiemever, when starting in Sjsl
conditions with equal distributions of both, it was fodhdt both cell types were maintained,
although producers at lower concentrations. They also found that cheaters emerged
spontaneously and through different pathways. These results indicdtntadiffusion
benefits producers more than cheaters, as the resource is more available to the organism

incurring the cost.

Dobay et al(2014)considered cheaters and cooperators benefitting from some generic
Apublic good. 06 This simulation utilized cell s
molecule taken up generates a benefit to any cells that utilizes it. The production of each
molecuk has a cost. Cells were allowed to move, as well as grow and die. The model also took
into account durability and diffusion of the beneficial molecule. They found that lower diffusion
resultedn less cooperation.e. cheaters have less access to thefieand grow slower.

However, at higher diffusion rates cooperation was favoured only with cell diffusion occurring

as well. High public goods durability also negatively affected the cheaters.

Borenstein et al2013)looked at diffusion of a molecule produced by cooperators with
cheaters in the system. They used a computer model witleallogicupied, with cells replacing

other cells. It was found that these two species systems could not exist indefinitely, as there was

7
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no selection bias when a species became rarer. Instead, there was a critical value of diffusion and
cost at which the cimee of each species reaching fixation was equal. Moreover, they found that
similar to other studies, long diffusion favoured the cheater, while limiting diffusion to short

distances favoured the produce

One thing that distinguishes antibiotic productimmm some other kinds of public good
scenarios is that the antibiotic is only of benefit when there are sensitive cells present. Thus the
study of the evolutionary interaction between producers angramucers only makes sense in
the presence of a thitglpe of cell that is sensitive. Other kinds of molecules secreted by bacteria
do have a direct benefit, such as proteéatison et al. 2014 andchitinase(Drescher et al.
2014)(described in the models abgwand these cases do not depend on the existence of a third
species. Most of the above models considered this sort of public good, and while different from
the producesusceptiblenonproducer case, they provided excellent insights into cooperation
and difusion of moleculedn this thesisve are specifically interested in the interaction of
antibiotic producers and nggroducers in the presence of sensitive cells. This problem involves
(at least) three species, as described above. Therefore, we wikwview studies and models of

three species interactions.

1.4 Three-Species Interactions

Many types of three species interacticas be described byrack-paperscissors model
thatmimicst he ¢ hi | dhwhkiahi@ck begta suissors, scissors beat paper, and paper beats
rock, creating a cyclic hierarchy. It has long been established that such systems can be used to
model ecological interactions, including liza@nervo and Lively 1996)almon(Guill et al.

2011) and bacteria, such &s colibacteria(Durrett and Levin 1997; Kerr, M. a. Riley, et al.
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2002) Over the years a variety of these misdeave been established, with differing degrees of

complexity and biological relevance.

The simplest possible rogdaperscissors model involves cyclic interaction between
three cell types. In such a case, Species A beats Species B; Species B besg<Spad
Species C beats Species@ften times interaction occurs in a neamsighbour fashion, where
cells kill each other on a grid with a given probability depending on the defined cycle. Such a
model was described Beichenbaclt2007) This model opts fothe simplest case of these
dynamicswith each cell having identical growth and death.rAtkey observation in this model
is that, in the wellmixed case, a mixture with equal concentrations of the three species is
unstable. Large oscillations in the three concentrations build up, until ¢imne tiree becomes
extinct by chance. After this, erof the remaining two species outcompetes the other. In a spatial
model, however, where interactions only occur between close neighbours, it is possible for all
three species to coexist due to the presence of spiral wave patterns. The spiral wavekbscome
stable when the diffusion rate of cells is increa3éuls, the conclusion was that maintaining

spatial structure is important to allow these sorts of systems to thrive.

Systemsf these typegenerally behaveei t h what i s often describ
domi nanceo. T hesdtin periods vehera ané spexiassdominates the system for
short cycles before being brought down by another, as each of the three has a weakness and
advantage. One group demonstrated that this is possible with a simplencgearsing model,
wherein bacterigecretea repressive molecule thagats a different bacteligype. They
consideedthree species with three suppressors, creating apapirscissors gamen this
case, each molecule occupmte site and a certain number negh surround a cell to affect it

(Goémez Esteban arRiodriguezPaton 2011)This model was in the same vein as the
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Reichenbach model as cells impacted each other directly and were identical aside from the target

of their effect.

Another model considered an approach with a rock paper scissors effeatlinsathat
also included secretion of a breakdown enzyraéso in a radius. They found that intrinsic
resistance with cell diffusion (i.e. well mixed) resulted in collapse of the system. However, in a
breakdown model, the systamasmaintained even withiffusion of cells. Introduction of
cheaters also resulted in a stable system. When a cheater of their fastest growing strain was
introduced (with small fithess advantage), it replaced the parent stably. The slower growing
cheaters could not invade excepthahigh growth advantage, resulting in dominating the
community or generating a four species community. They were also able to stabilize their system

with more species producing more antibio(iéglsic et al. 2015)

Othergroups looked at variants of these symmetrical Huaerscissors models. Kerr et
al. (2002)considered a model with actual toxins, rather than just cyclic kilfigure 1.1a).
They created a nearest neighbour model to study intemadticcolicinogenic bacteria, which
have been widely used as a model system for studying bacterial interactions. Their model was
composed of three cell types: colicin sensitive, colicin resistant, and colicin producing. Thus,
sensitive displaced resistahie to difference in growth rate; resistant displaced colicinogenic
due to difference in growth rate; and coliciongenic displaced sensitive via killing. Consequently
the system functioned due to differences in growth rather than just Reeigtgbour kiling,

creating anodeldistinct from the simple case described by Reichenbach.

10
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Figure 1.1: Threemodels of threspecies beterial competition. A) Our model and the colicin model,

where the advantage between P and S is the production of antibiotics, causing detriment to S. B) The
symmetric model of competition, where species beat each other based on inherent advantage. Every cell
type has the same level of advantage as every tihieaffecting a differenépecies. C) The introduction

of the resistant cell typas a mutant of the susceptible type

o
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They found that diversity is maintained for a large amount of parameter space in non
mixed systems, and that the system is not stableell mixed conditions. Of note was the fact
that the producer species was not maintained at lower concentrations. They also grew bacterial
colonies of the same types as in the simulations on a single plate and found that diversity was
maintained under memixed conditions. If the growth conditions were perturbed through
mixing, one species always won out, as in their computational réiselts M.A. Riley, et al.

2002)

More complicated models were also often considered. Ced@nlooked at many
different sensitive, resistant, and producer colonies, with different interactions possible. At each
time point a cell could mutate to any of the three states, or combine with a neighbouring cell to
obtain all of its resistance anakin genes, or simply kill the neighbouring cell (based on its own
state rather than probability; the model allows for no empty sites). This model resulted in
eventual equilibriunfCzaran et al. 20027 complex model proposed by AllisgAllison 2005)

took into account the cost of extracellular enzyme production via uptake of carbon and nitrogen

11
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(for aminoacids), diffusion of broken down resource, and abundance of products in the
environment (in which case resources were spent on growth instead of foraging). The model
accounted for diffusion of enzymes and diffusion of resources (enzyme products). lunas fo
once again that large diffusion rates favoured cheaters and also that higher production rate (in
this model higher production hadhigher cost) favoured cheaters as well. Stability was possible
over a wide range of parameters. In most cases cheasrsnvaintained at higher levels than

producers.

Interestingly, very fewgroups considered models with diffusiohmoleculesvhen
considering rockpaperscissors systermandantibiotics One group considered a model of
colicin-producing bacteriasimilarto that of Kerr(20(2), but allowing the colicin molecule to
diffuse. They found that stability was maintained for larger lattice di@esot for smaller ones,
in which case the resistant strain dominated the system. They argued thainigagliffusion
causes an effesimilar to mixing and that in larger lattices the sensitive strains had more room
to escape from the diffusing molecul@sacMartin and Rychtar 200.7Pn the other hand,
introduction of diffusion to a colicin model by another group did not allow for-tenm stability

whereas a neareseighbour model didAristotelous and Durrett 2014)

Similarly, there appears to be a dearth of literature on mutations ipapaéscissors
models. A more recent paper Nghumet al.(2011)looked at the evolution of resistance in a
well-based model that was similar to nearest neighbour interactions. They allowed for a certain
volume of bacteria to be transferred to a well of the nearest neighbour and allowed resistant cells
to mutate in gravth rate.They found that the resistant cells tended towards the lowest possible
growth rate, as this allowed producers to thrive and protect them. Moreover, stability was

maintainedn the long term

12
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1.5Aims

Ultimately, three componesistens have beestudied in considerable depth usegact
rock-paperscissors models, and variations theréaf such, a variety of things are cladth
regards to these systems that seem to be true in almost all cases. The first is the necessity of
spatial structure. Indeed, almost universally it seems that without structure and in cases where
mixing is allowed it is almost impossible to maintaimedsity. Further, it appears that these
systems are generally stapith cyclic dominanceccurring in local patches, but all three

species being present in the long term when averaged over large areas.

However, we daot know everything there is to knpaspecially in certain biologically
relevant case$Vhile we do know thadiffusion of a common googenerallyfavours cheaters in
common goods simulations, onlfeaw casa has been found wherein a model implements
diffusion in a rockpaperscissors modef bacterial competition. Also, evolution has been sorely
neglected in this field, with a limited number of studies considering the evolution of resistance,

but as far asve can tell no one has studied the evolution of production and its correlatiostto ¢
As such, the aims of this thesis are as follows:

1. Construction of a rockaperscissors model of bacterial interaction with diffusion of
antibiotics with members being producers, Aamoducers, and susceptible cellsis
will allow the study of these systems under more physically real conditions, allowing us
to gain insight into the biological workings of these niches.

2. Consider the correlation between cost and productiorarateletermine the range of
production rates under which thgstem can survivéVhen producing antibiotics there is

an inherent metabolic cost associatéth the actual construction of the molecules. This

13
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will provide understanding of parameters and circumstances under which these
environments might thrive, die, bang on by a hair. It will provide idepth
understanding about what might happen to particular strains.

3. Study the evolution of production rates through mutafidns will provide
understanding of the evolution of these systems. Where mutations arechtieav
producer cell types should move towards an optimal production rate. This would give
insight into the sorts of environments possibly required to culture these cells or why
certain functions disappear in cultured producers.

4. Implement a fourth, resigtacell typein these systems. The resistant type functions
similarly to a cheating neproducer but is biologically distinct. This cell type is a
susceptible cell that gains resistant, rather than an inherently resistant cell that loses
antibiotic produabn ability. This will demonstrate whether feommember systems are

viable and what the effect of an emerging resistant bacteria might be.

Thus, the ultimate point of this thesis is to create a model that is closer to biological reality
than previously studd. This will help with understanding these bacterial niches, including
physical dynamics and effects of change and perturbation. While the model consists of only three
or four cell types compared to the thousands found in these niches in the envirdneneope
is that valuable insight can be gleaned in this field. In this way perhaps we can better understand
microbial ecology, necessities for successful culture, and use this knowledge in the discovery of

novel drugs.
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Chapter 2

Mathematical Models ofInteracting Bacterial Species

2.1 Mathematical Modelling of Interacting Species

Previously, | described many of the spatial models that have been used to study bacterial
interactiongn silico. However, they draw much of their basis from the work of earli
mathematiciasthat used ordinary differential equations (ODES) to describemigid systems.

In this section | describe two historical models. The first is a symmetrical model, wherein each
species affects another in a simple rpelperscissas cyck. The second describes a system
closer to what is found in nature, @sscribed by authors studying colicin. Finally, | describe our

model thadrawsinspirationfrom the colicin mode{Figure 1.1).

One of the earliest papers describing interactions between three competing species comes

from May and Leonard@1975) The most general equati@overingn speciesan be written
—— 10 0p B | 0 O (1)

Here,0 0 is thedensity umber of individualper unit areadf species at timet, i is the
growth rate of species i, and is the coefficient describing the detriment species j has on the
growth rate of specieskor threeequivalentspeciesn a rockpaperscissors arrangemetibe

equation set is as follows:
— U0 p O | 0 T O (2)

— O p 170 06 |0 ©)
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— U p |0 O O (4)

The following assumptionsave beemade:

1 all three have equ growth rates which can therefore be reducedttwdugh scaling
by t;

1 all species affect themselves vicarying capacity =| = =1;

1 all three species affect one another in a cyclic fashion=| = = ta=

a =a = b).

Three different outcomese possible for this systemegjuilibrium according to the values af

andb:

1. if| T ¢, thereis a stable equilibrium solution with all three species coexisting;

2. if| T ¢, buteithema <1 orb <1, there is a stable limit cycle with all species
present;

3. if a>1 andb > 1, there are noperiodic cycles with ever increasing cytime (May

and Leonard 1975)

To understand these three cases, it should be remembered that the strength of inhibition of each
species on itself isii = 1. This represents a carrying capacity, or limitation of space/resources. If
there were three independapiecies that did not interact in any way other than through the
carrying capacity, we would hage= b = 1. Thefirst two outcomes require at least oneaand

b to be less than 1e.the effect of one species on another is less than the effect dnimtsel

the systems that we will study in this thesis, there is a space limitation that gives a carrying
capacity for the total population, for example in lattice models, there can be at most one

individual per site, so the total density of all speca®ot be greater than 1. Given this

16



MSc Thesis Jakub Kosakowski McMaster University- Biology

constraint, the only way to haweor b less than 1 is to have some beneficial interactions

between species in addition to the unavoidable inhibitory interaction that simply comes from
competition for spacén this thesis, we will be considering cases where there are additional
inhibitory interactions between some of the species on top of the competition for space, and we
will not consider cases with beneficial interactions. Hence it is the third outcome ldiaty

Leonard model that is most relevant here.

The third outcome involves a heteroclinic cycle that moves around the boundaries of the
phase spacdurther describeth Zeeman(1993) and Wolkowicz(2006). The systenspends
mostof its time very close to one or other of singlgecies equilibrium points, and very
occasionally switches from one equilibrium to the next. This is only possible because the model
is deterministic and allows arbitrarily small densities of each epégirecover and become large
again. In finite size populations, this cannot occur because there can never be fewer than one
individual in a population, and once a species is extinct it cannot reappear. In finite populations,
the heteroclinic orbit cannatccur, and the system is bound to go to one or other of the three

singlespecies equilibrium states.

We thus conclude that deterministic, welixed models will be insufficient to describe the
phenomena that we are interested in tiesisand that it will be necessary to study models with
stochastic fluctuations due finite population sizes argpatial effectsOne weltstudied model
that does this is that of Reichenbathal. (2007, 2008)rhe ODEs for this model may be written

asbelow (changing some symbols to facilitate comparisons with other models in this chapter):

dN, _ N T -
0t rN,(1- T)- sN;N, (5)
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dNtz =rN,(@- T)- sN,N, (6)
dNt?’ =rN;(1- T)- sN,;N, (7)

whereT = N1 + N2 + N3 is the total population density. This model is very similar to the case of
the MayLeonard model with the heteroclinic orbit. By separating out the effect of carrying
capacity in the 4T term, it can be sedahattheterms involvings are further inhibitory

interactions in addition to the effects of carrying capacity. The inhibitions occur in a cyclic
fashion:1 inhibits 2, 2 inhibits 3, and 3 inhibits 1, asHigure 1.1. The outcome is that the
deterministic infinite system will follow a heteroclinic orbit around the boundaries of the phase
space, and that that a finite size population would tend to one or other of the equilibria with only
a single species presemheimportant contribution of Reichenbaehal. (2007)is to develop a
lattice model whose wethixed limit is equivalent to the ODEs of equationg, But which

shows interesting spiral wave solutions in the spatial case. Spiral wave solutions are stable for
long times with finite mean frequencies of each of the three species. This model clearly
demonstrates that in stochastic spatial models, there arelstapterm solutions where three

species in a rockaperscissors arrangement can coexist.

Another case of three species interactisrtbe production of colicin, which has been studied
by Kerret al.(2002)asdescribed in the previous chapt€hat study draws inspiration from the
work of Durrett and Levir§1997) In this case the system is composed of three E. coli types: a
full producer populationP; lowest birth ratep), anonproducingcheater gopulationN;

intermediate birth ratey), and a susceptible typpdpulationS, highest birth rates). P andN
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are both resistant to the colicifhe symbols have again been changed to facilitate comparison

within this chapterThe wellmixed system cahe described by a set of ODEs:

dP

=T =r,P(l-T)- P 8
ot »P(1-T) (8)
dN

=~ =r ,N(-T)- N 9
g —N@-T) ©)
‘Zl—fz r.S(1- T)- S- sSSP (10)

T =P + N + Sis the total population density, as with equatiot¥s | 810 it is important that
re<rn<rs, and that only th&species is inhibited by the colicin productionRfwhereas all

the growth rates are the same iii,5and each species is inhibited by the next species in the
cycle.Additionally, there is a linear death rate for each specieslih(Be. the-P term in 8,

etc). This is essential in this model because otherWissds to 1 (or the lattice becomes
completely full when we do the spatial simulation) and no further growth is possible. The
equivalent term was not essential #7 Because there were inhibitory terms causing death in all
three speciedn 8-10, the deatlates have been set to 1, and the time is scaled relative to the
death rates, as we do in all the models in this thesis. The version of thedisodsted by

Durrett and Levin(1997)alsoallows for different éath ratesn each species, but this is not

essential if the three growth rates are different.

The essential property ofB) is that if we begin from any state with rogro densities
of all three species, the system converges to aysgtai with onlySpresent. The presencedf
initially is important for the aboveonclusionpecausé can sometimes be&if N is not present

and if there is sufficier® initially to have a significant detrimental effect 8nif we begin with
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a mixture ofP andSonly, the system tends either to a state with &ty a state with onl,
depending on how mudis initially present. Howeveif there is even a small amountdf
present initially, themN always outgrow® whenP reaches a high densjtgnd the syem moves
towards a state with high. However, he state with a higN density is itself not stable, because
it is outgrown byS. Hence, the only stable state, if we begin with all three present, is the state
with only S A specific numerical example diis will be given in the following section for the
model used in this thesis, which behaves simil@rithe Durrett and Levi(il997)model in
equations 80 in this respect. The important conclusi®thatantibiotic producers will always

be destroyed bthe evolution of nofproducing cheats according to well mixed models.

Durrett and Levin1997 have shown that in a spaltversion of the colicin model, it is
possible for all three species to coexatdertain ranges of the rate parameters. In the spatial
model, cyclic dominance occurs locally, wRttending to bea$, which tends to bed, which
tends to bed®... etc. Patches of the three species move across the lattice and replace one another,
but all three remain present in the long term. This result is simithetReichenbac{2007)
model discussed above, in that it is the spatial pattern fanmiat allows the three species to
coexist, and only one species would survive in the-metled case. However, the patteois
spiralwaves that arise with-% are qualitatively different from the patterof random patches
that arise with 8.0. Many &amples of spatial patterns of the randpatch type will be given in

the results of this thesis.
2.2 Three-Species Models tidied in this thesis: ODEs

The three species models we study in this thesis are similar to the model of Durrett and
Levin describd in the previous section. The ODEs for the well mixed model icasecan be

written:
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dP_ (r,- aQP(-T)- P (11)
dt

dN _ .

pr rN(E-T)- N (12)
das =(r,- ASA-T)- S (13)
dt

9A_ ap- bA (14)
dt

Here we are explicitly assuming tiaandN belong to the same species, which has a
growth rater1. The growth rate d® relative toN is reduced by the cost of antibiotic production
ac, wherea is the rate of antibiotic production IB/cells, andc is the metabolic cost per unit of
production. We count these two factors as separate parameters because we are interested in
studying the evolution of the rate of antibiotic product®mells areable to adjust the rate of
production,a, in order to balancéé metabolic cost to themselves with the strength of the effect
on sensitive species. It is assumed thata fixed property of the metabolic pathway for the
antibiotic that cannot be adjustedByunless it evolves a completely different antibiotic
molecule).

The parameten: is the growth ratef sensitive cells (species 2) in absence of the
antibiotic. The effect of the antibiotic is to reduce the growth rag&improportion to the
antibiotic concentratioA. We thus model a bacteriostatic case (where antibiotic reduces growth
rate), rather than a bacteriocidal case (where antibiotic increases death rate). The antibiotic is
produced by at ratea, and breaks down chemically at rateas described by equatid4. In
the spatial version of the models, described below, we will model the diffusion of the antibiotic

from theP cells into the surroundings. Therefore it will be important gaath individuaScell is
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affected by the antibiotic concentration atatgn spatial position. Initially, however, we can
consider the welimixed case in which the antibiotic concentration is equal everywhere. We will
further assume that production and breakdown of antibiotic is rapid in csopés cell growth
and death,sthat equation 14 comes to equilibriul=aP/b. If this is the case, 13 and 14 can

be replaced by a single equation

ds_

T 1-T)- S (15)

72

O aﬁ)o
I 8_)01

_ap
b -

The three equations 11,4Rd 15 describe a three species model that is rather similar to the
Durrett and Levin(1997)model, but which includes parametardandc, whichdescibe the

properties of the antibiotic more explicitly.

We will now consider the dynamical behaviouregiations 11,12 and 15 in the well
mixed case in order to show that there is no stable state where all three species are present, and
that the system converges to a state with &mgesent, if we begin from any initial state with all

three present.

Firstly, it is clear from equations 11,12 and 15 that there are stable equilibrium solutions
for each of the three species when there is only one species present. For examplB,ig only

present, thefl = P, and the equilibrium density &f (from 11) is:

p=g. _* (16)
r - ac
Similarly, the one species equilibria fdrandSare
N=1- * (17)

1
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S=1- = (18)

Secondly, we consider what happens when only two species present.RfaordiN are preset)

the two growth rates are constant, &hgrows faster thaR. Therefore the system converges to
the equilibrium with onlyN (equation 17). Ibnly N andSare present, there is no antibiotic, so
the growth rate o$is justrz, which is faster than.. Therefore, the system converges to the state
with only S(equation 18). IP andSare present, there is a particular densit? f Po where the

growth rates oP andSare equal:

r,-ac=r,- aR/b, (29)
from which
P, =b32 1 1cf, (20)
¢ a =

The corresponding densi§/= S at this point can be found fromation 11:

1
T=P.+S. =1- , 21
o+ S =1 (21)
— 1 é-r2' n Q
S =1- - bae=—= +co. (22)

n-ac ¢ a +

The pointPo, S is an unstabléxed point Trajectories in th®,Splane (withN = 0) are shown
in Figure 2.1 The two stable singlspeciedixed points(equations 16 and 18) are shown as
black circles, and the unstalfieed pointis shown as a star. All trajectories lead to one of the

two stablepoints A very similar result is seemithe model of Durrett and Levin (1997).
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Figure 2.1 Trajectories of the welnixed model in P,S space with N =Rable singlespecies fixed
pointsshown as black circles, unstable fixed point shown as a&Psteametersr; = 2.0,r, = 2.5,a= 50,
b=10,c=0.001

The unstable fixed point only exists3f > 0 (in equation 22). This condition is true for
values ofa betweenramin andamax Whereamin andamaxare the two roots of equation 22. Wteen
approaches either of these two limits, the position of the unstable point approaches tlie stable
fixed point, and the fixed point fé* then becomes unstable. The behaviour as a functiaisof
summarized irFigure 2.2 The fixed point foiSexists forall a and is independent af(equation
18). The fixed point foP exists foramin < @ < amax and is a decreasing functionanii this
range (eqgatioan 16). The reason th&tcan only outcompet8in the intermediate range is that if
ais too low, the there is too little antibiotic to inhibit the growttsaind ifa is too high, the

metabolic cost t® outweighs the benefit of inhibitin§ Note that in the intermediate range,
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both solutions are stable and #esolution will only ari® if there is sufficienP present initially.

A small amount oP cannot invade a population 8in the weltmixed case.
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Figure 2.2 Stable fixed points foBandP in the weltmixed model withiN = 0 Paramaters; = 2.0,r2 =
2.5,b =10,c = 0.001. For these parameters, = 10.26 anthmnax= 984.69

The dynamics of the well mixed model when all three populations are present initially is
substantially different from the case when oRlgndSare present. It is convenient to consider
scaled variable$#'=P/(P+N+S)and N'=N(P+N+S). This reduces the three dimensional
phase space to a tvedmensional diagrapwith the three singlspecies fixed points at the
corners of a triarlg (Figure 2.3). The fixed point for onh& (equation 18) is at the origin in this
diagram. The unstable fixed point is on the boundary betSeadP (shown by a star). The

only-Spoint is the only stable fixed point whéhis present. The ol point is stable in
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absence oN but is unstable to invasion I The onlyN point is unstable to invasion I8/
Trajectories starting close to the unstaPdey fixed point are shown ifigure 2.3 These either
approach the oni point directly, or thg follow a circuit that passes close to the eRlgnd

only-N fixed points but eventually ends up at the e8lyoint.

The conclusion is thantibiotic production should not be evolutionarily stable according
to this weltmixed model because the prodigcare always invaded by ngmoducing cheats,
and these are themselves then outcompeted by the susceptible species. Understanding the
evolution of antibiotic production therefore requires us to account for spatial interactions. This is
the main focus ofhis thesis. The spatial version of tBeN, Smodel will be described in the
following section.

Only N
1

0.8 =

N/(P+N+S)
e
o
|

o
»~
|

0 03 0.4 0.6 08 1
Only S P/(P+N+S) Only P

Figure 2.3 Trajectories of the welinixed model with all three species pres@&drameters; = 2.0,r; =
2.5,a=50,b =10,c =0.001.
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2.3 Lattice Models Studied in this Thesis

For our diffusion model & consider a square lattice in which each site can either be
occupied by a cell or vacant. Cells may be either of two possible species, and each species has

two possible cell types, making fotypes in al(Figure 1.19.

Species 1 is either a producer (P) or a-pmducer (N). The growth rate of a nproducer is

IN=T1

whereas the growth rate of a producer is reduced due to the cost of antibiotic production:

rp=ri1-ac

The nonproduce is a cheaterthat gairs the benefit of the antibiotic but pays no cost of

production. The noproducer is intrinsically resistant to the antibiotic, as it belongs to Species 1.

Species 2 is a competitor species whihusceptible (Sjo antibiotics The growth rate
of the susceptible in absence of the antibiotic2jswherer, > ri. The growth rate of the

susceptible is reduced in proportion to the local concentratjaf, antibiotic

Frs=ro-A.

The resistant cell type will be considered laterin the thesis. It is a mutant of species 2 and has

a lower growth rate due to the cost of resistance. Its growth rate is

rR=r2- Cg,

whereCr is the cost of resistancéhe death rate, is the same for of all cell types, and we may

takev =1, as a definition of the time scale of the modibkrefore, 1 time unit is the mean
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lifetime of a cell. Throughout this thesi® 18t pas such, 1 time unit is equal to 100

increments otH8

The parameted controls the diffusion rate of the antibiotic and the parantetemtrols
antibiotic breakdown. The model proceeds in time stepSBirth and death of cells are dealt

with as stochastic events. Diffusion of antibiotic is treated determirigtica
Thesimulation occurs algorithmically as follows:
Initially, the lattice is populated randomly with each of the three cell types, until it is ~15% full.

1. Each site on the lattice is visited in a pseudorandom sequeak@g sure each site is
visited once. lft is not empty, cells reproduce with probabilitgt, wherei is the type of
cell being considered.

a. A site is chosen at random from the eight surrounding neighbours
b. If the site is empty and the reproduction check is passed, the selected site is filled
with the type of the parernif.the site is not emptyell division does not occur.

2. Each site is visited in sequentiamanner. If the cell type is a producer, the amount of
antibiotic at that sitei\(x,y),is increased bgd.

3. Each site is visited in sequentiamanner If it contains antibiotic, the amount that will
diffuse is calculatednd storedThis is equivalent té cafto Qub. This amount is
subtracted from the site.

4. Eachsite is visited in @equentiamannerand 1/8 of the previously calculated amount is
then added to each of the sites in the Moore neighbourfibalallows fordiffusion to

occur all at once throughout the lattice.

28



MSc Thesis Jakub Kosakowski McMaster University- Biology

5. Eachsite is visited in aequentiamanner. The amount of antibiotic at eze is
reduced by an amourA(X, y)bd due to chemical breakdown.
6. Eachsite is visitedn a pseudorandom sequenoeking sure each site is visited once

Each cell has a probabilityet to die, and thus beconaa emptysite.

We also looked at a nearest neighbour model as computational limitations caused the
diffusion model to take too long to rufihe nearesheighbour model behaves similattythe
diffusion model However, one main difference is a change in how suscepéllgrowth is
treated. |l nstead of being i mpacted by antibio

affected by the Moore neighbourhgathich are the eight surrounding cells

In this casea is the production ratep is the number of producers in the Moore neighbourhood,

b is the breakdown rate. Thus, a susceptible cell has a decreased growth rate for each producer in
its vicinity. In this way the model behaves as the diffusion model did with the antibiotics limited

to ony the sites nearest to the producdisis allows for two fewer iterations over the lattice,

resulting in a much faster run time for the simulations.

The models were designed in this way to correspond to thenisadld case described
above.If mixing were introduced into either model, the fully wellxed case would behave
exactly as describdaly the ODEsIn that case every cell is presumed to be interacting with every

other cell and antibiotics homogenously occupy the system.
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Chapter 3

Results fa Two and Three-Member Interactions
3.1 Minimum Growth Rate for a Single Cell Type

We began analysis of the spatial diffusion system using just the producers, in order to
determine the minimum possible growth rate of the producer, and thus the maximum production
rate. We ran simulations for production rates starting at 0, increasingrémients of 10 until
the system could no longer survive. Each simulation was initialized on a 252x252 lattice, with
cost penalty = 0.001 and allowed to run for 100 timagits. At a production rate of
approximately 650the system could no longer survijlggure 3, dashedred line).

Continuation past this point may have allowed survival in the short term, but the stochastic
nature of the simulation meant that for extended runs the system may have died by Thance.
placed the minimum growth rate recadrfor a cell type to survive alonerad 1. In@iibvely

one might assume that any number above 1 would allow the cells to thrive as the death rate is
overcome by the birth rate. However, the spatial nature of the simulation prevents this. Instead,
there is a competition for space between members of the same species. Therefore, at low growth
rates being next to an occupied site increased the chances that a cell might be dead by the time
the next cycle of reproduction occurrdalthe weltmixed case, anrp> 1.0 would be viable for

producers alone to survive.

In addition to this, equilibrium concentration of producers decreaghdntibiotic
production ratelntuitively, if growth rate is lower compared to death reg&gtivelyfewer cells
are borrnthan die, thus leaving more empty space within the lattice. At 0 antibiotic production the

lattice was the most full but only at a concentration of approximately 0.43.
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Figure 3.1 Outcomes of competition between susceptible cells and producers ohaajiweSimulation
began with random configuration of equal concentration of both types andtieequilibrium was
reached, with surviving cells depicted at each production rate. Pararbetel®;c = 0.001,d =50, pt=
0.01, lattice 256x256

3.2Interactions with Two Cell Types

Next, we considered interactions of two cell types in our spatial diffusion model. The

outcomes of most of the combinations could be deduced intuitively:

1 Producers competing with cheaters would result in the cheaters winning, as long as the
producersare producing a nonzero amount of antibiotics and the production penalty is
above 0

1 Susceptible cells competing witlorrproducersvould result in susceptibleginning due

to the inherent higher growth rate

Consequently, the only interaction of note was the competition of the producers and the

susceptible cell type. The outcome of this interaction is not immediately obvious as the
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production of antibiotics resislin an unknown that could have different outcomes. As such, we
ran simulations on a 256x256 size lattice for 5000 timiés each, increasing the production rate
from O to 700 by increments of 10 and keepirrg0.001 throughout the simulation. We found
that coexistence was not possible for any production Fagerre 3, solid red and green lines
Instead, the graph was split into three distinct regions corresponding to low, intermediate, and

high production rates.

In the low production rate range, fabetween 0 and 30, only the susceptible cells
survived. The existence of this region can be attributed simply to insufficient production of
antibiotics. While the detriment due to production was fairly low, the aatnalint of molecules
wasunable to overzome the difference in growth between the producer and susceptible cell type.

As such, the producer was unable to compete and ended up going extinct.

Following this, there existeal region between production rates of 30 and 510 where the
producersverecapable of overcoming the susceptible cétighis region the production rate
washigh enough to decrease the susceptible growth rate to daHavallowedthe producers to
competeAs such, sitesverecleared out to allow the producers to move ingaarpreviously
occupied by the susceptible cdliBgure 3.2). While cells began in a random configuration,
clustering quickly occurred, with the clusters growing and destroying patches of susceptible
cells.However, increasing production rate of antilietresulted in decreasing equilibrium
concentration of producerAt the lowest survivable production rate the produsersealready
winning. As such, any increase in productlmdno benefit aside from perhaps speed of
reaching equilibriumConsequentlyincreases in production rate resulted in a detriment to
growth exclusivelyi whether the production rate was 30 or 500, the susceptible cells were

equally dead. On the other hand, producer growth rate was decreased, preventing the lattice from
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filling up (Figure 3.1).
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Figure 3.2: Progression of susceptigfgoducer competition over time. Clustering of like cells initially
occured, resulting in producers growing out and destroying patches of susceptible cells. This simulation
occurred in the intermediate region where producers could actually win. Paramet2,b =10,c =

0.001,d =50.

As the starting production rate ingbimulationswas increased past ate of 510, the

susceptible cells once agaook overthe system. Here, the production rate was so high that the
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penalty for the producers brought the growth rate below what was required to $uheve

penaltyac wastoo high for the producers to benefit from the effect of the antibibiias,

despite incredibly high production rates that significantly decdtadee s uscepti bl e ce
ratesto a manageable level, the difference in growth once agaamigetoo ligh as the

producer s o gegavely affected ds evelhteeestingly, this third region occurred

much earlier than when the producers were allowed to exist alone. This is attributable to the
existence of the susceptible cell, which occupied¢spa well. Consequently, while production

rates of up to 700 allowed for the producers to survive alone, when susceptible cells were

present, the decrease in growth rate brought on by production rates above 510 prevented the

producers from competing fopace with the fastegrowing susceptible cells.

The range in which the producer wins is narrower than in thenag#d case as well.
However, in the welmixed case either the producer or the susceptible cell type can win in the
region depending on theiiial concentration of each cell type. In the lattice model the only
stable outcome for this region is the producer winning, even when starting with very small
starting concentrationn this case the colonies start small and spread outwards as theg@jcre

eventually taking over the systdfigure 3.2).

3.3Interactions with Three Cell Types

After understanding the dynamics in interactions between two cell types, we expanded
our diffusion model t@onsider the full threg¢ype system. To do this watroduced a non
producer to the previously mentioned tgpecies systepas described abovd/e began in the
same way as in the tweell type simulations, measuring equilibrium concentrations of all three

cell types at increasing production rategy(re 3.3). Simulations were rufor 5,000 timeunits
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on a 1024x1024 lattice, whiakaslarger than the twaell typesystem; production rate was

incremented by 10 as before.
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Figure 3.3: Outcomes of competitiobetween susceptible cells, produagra given rateand non
producersSimulation began with random configuration of equal concentration of both types dad ran
5000 timeunits or untilequilibrium was reachedith one cell type leftDepicted are equilibrium
concentrations for single e or average over time for cases where all three surviteede distinct

regions emerge 1) Susceptibles win due to low production rates Il) All three types coexist Ill) Region of
stochastimutcomes in which the producer usually wihg Susceptibles wi due to high penalty for

high production rateParametersh = 10,¢ = 0.001,d = 50, gp = 0.0, lattice1024x1024

In this case we see the formation of the same three distinct regions as befotge with t
addition of a fourth regiofRegion 1ll) hatis unstableand did not previously exisFigure 3.3).
Region | corresponded to the first region in the-ted type simulation. Here, production rate
was too low to overcome the difference in growth rate between the producer and susceptible cell
type. As sch, the producers were unable to survive, despite the fact that there was only a low
decrease in growth rate. Region IV was also the same as in Heeliveomulation, with the

susceptible cell types winning. Indeed, production was very high but ddspjttheé decrease in

35



MSc Thesis Jakub Kosakowski McMaster University- Biology

producer growth rate was too much for the producers to win. Interestingly, the addition of the
nonproducer increased the size of the regions where the susceptible cells wevaakdever
thesystem. This was due to increased cetition for the producer§ he addition of th@on
producersadded a competitor for space, limiting the total number or producers in the system.
This decrease in producers resulted in a lower antibiotic concentration throughout theAsittice.
a result, tle susceptible cells were able to better competking the range in which producers
survivedwith nonproducergFigure 3.3) narrower than when ngoroducers weraot present

(Figure 2.1, solid red and green lings

The other two regions were differdmtween the two types of simulations. Region I
corresponded approximately to the region where the producers hgalkiamugh due to the
presence of neproducers was narrowet) this case the ngproducers created a system that
allowed all three cellypes to coexist. Region Il occurréalvards the endf this region of
coexistence. Here, producers had a chance to win, due to stochasticity of the system. As such, in

this region either producers or susceptible cells had the chance to win.

Equilibrium cancentrations of the three cell types also varied extensively with the
production rate. In a similar fashion to the teall system, the producer decreased in
concentration with increasing production rate. The reason for this was similar toib#fere
lowest production rate was already low enoughitooverthe susceptible cells. As a result, any
increase in production rate simply served to penalize the producers. Howevprodoocers saw
an initial increase in equilibrium concentration until productite 110, before beginning to
drop. At this point the neproducer equilibrium concentration also started being higher than the
producer equilibrium concentration and remained as such almost until the end of Reg II.

follows logically asnon-produ@rs cheat they benefit from high production rates that detriment
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the producersThe initially increasing concentration of the Apducers corresponds to a low
benefit to these cheaters, allowing the producers to remain relatively competitive in sompari
As production rate increased, more antibiotics were allowed to difftessting a larger buffer
zone for thenon-produces to exist in. Thus, they only &é¢o compete with the producers in
these areas and higher production rates deheedual purpose of decreasing producer growth
(thereby allowing easier competition) and increlasaibition zone area (allowing for more real

estate free of susceptible cells).

The susceptible cells benefiteven more than theon-produces. While theother two
cell types decreaden concentration with increasing productiaie susceptible cells shada
constant increase. Thigasagain due to the detriment of high production ratgzroducersThe
decrease in producer growth cadisedecrease irheir concentration. This caustewer
producers to exist in the system, thus decreasing the amount of antibiotic produced on a whole,

despite increased production rates.

We further analyzed the dynamics within the three regions by looking at timeaferies
individual runs Figure 3.4). For the initial region, it is apparent ththe barrier to survivability
wastoo low of a production ratd-{gure 3.4a). In this case the susceptible cells simpigng
without hindranceas if the producers were not thefae other two cell types hadslight spike
in growth due to the empty space at the start of the simulation before being outcorepgeted

quickly by the faster growing susceptible cell type.

37



MSc Thesis Jakub Kosakowski McMaster University- Biology

06 . e . B B e e 0'22
A B o.z-ﬁ
0.5 R
08/ | 1 .
| \ s AV NaTAN /
< 04 0.6 | (AN A AN BN s A N W
S ‘ | I’\; /‘]\\ \ ft\_.‘ W”Q" /\.'I i ""-"w’:a‘gm-' A
© | 1 W) N R . \,)(// Mo
£ 0.14( | [ L TRV AN AR A W
g 03
§ 0.12 ! | A
8 02 : 01"
0.08
0.1 .
/\\ 0.06
S
0Op 20 B M) 50 100 120 40 0.04g 1000 2000 3000 4000 5000
0.6 . I - 0.6
0.5 0.5
5 04 5 04
B £
£ ' =
g 03 N g 03y
S 7 5 A
c / S (1
8oz / 8 oz | R
! ‘ \ NJ,,—J
/ | .
0.1/ - 0.1
. ~ k \ T
. - e — Y \ » I
O 204 0 80 100 20 40 09— 3H0— 200500 AU0 500600 70 8U0 900
Time Time

Figure 3.4: Single outcomes for different production rates in a three cell type syStemlation began
with random configuration of equal concentration of both types anfbr&®00 timeunits or until
equilibrium was reachedith one cell type left. Depicted ariene courses of the different runs. A)
Outcome in region A with low production rates, resulting in producer victory20) B) Long term
stability with three cell type coexistence in regionaB-(100) C) Outcome in region C with high
production rate andgmalty resulting in susceptible victorg £ 500) D) Outcome in region C with
producer victory due to stochastindlattice Parameterdy = 10,¢ =0.001,d = 50,pt= 0.01, lattice
1024x1024

The dynamics of the intermediate region were the mosestiag(Figure 3.4b). Here,
we see the aforementioned cyclic dominance and interaction in-papekscissors fashion.
Each of the three cell typegereseen dominatig the system as time progressad cyclic
manner Howeve, the increase in thosesultedn nonproduces to begin actinglmost
uncontested. As those increds® concentration, producers decregsslowing susceptible cells
to begin taking over as there waaower concentration of antibioticstine system. This cycling

occurredndefinitelyand is shown on the lattice modelRigure 3.5
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Figure 3.5: Demonstration of cyclic dominance in space and time. The graph shows a time course for the
stable region. Lower panels correspond to regions where the different cell types are the most numerous.
A) Susceptible cells dominating (t = 2295) B) Nemoducers dminating (t = 2810) C) Producers
dominating (t = 4345). Simulations were started with random starting conditions with each cell occupying
~5% of the lattice. Parametees= 100,b = 10,d = 50, lattice: 256x256

RegionlV had susceptible cells fixing within the system. Once again the production rate
decreasethe producer growth by too much to overcome the susceptible growth, despite high

antibiotic concentrationRigure 3.4c). In this case the produagnitially inhibitedthe

susceptible cell growth with high production, allowing tioe-produces to spike in
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corcentration. However, this allowelde susceptible type to compete, causing it to ultimately

win out asthe producers hit zero concentration.

Region Il occurred immdiately following the region of stability. This area was a sort of
unstable region wherein either the producers or susceptible cells couldiguire(3.4d). This
occurred because of stochastic effects due to the finite size of the lattitis.case producers
were capable of winning if the ngagroducers were the first cell type to go extinct. Being left
with no competition, they were capable of rebounding and taking over the system. On the other
hand, there was a chance for the produttege extinct first. In this case, the outcome was

entirely identical to Region IV.

3.4 Analysis of Parameter Space: Costs. Production Rate

Eventuallyour diffusion modebecame limited by our computing power. The actual
simulation of diffusion requikadditional iterations over the lattice, causing a very large amount
of time to be required for larger lattices. Consequently, we switched to a nearest neighbour
model. This prevented the extra computation required for the diffusion of molecules. Instead,
susceptible cells were affected by their Moore neighbourhood. Production rate determined the
effect that each producer in the neighbourhood had on a central susceptible cell. This greatly

sped up the simulations, allowing many runs to be conducted ort@isperiod of time.

The increase in computational power allowed us to consider many runs for a given set of
parameters. Whereas in the diffusion model 24 hours would allow us one run on a 256x256
lattice for 2000 timeunits, the nearest neighbour model allowed approximately 100 runs on a
1024x1024 lattice in the same span of time. We used this massive speed up to consider a wide

range of parameter space and create a phase diagram illustrating the outcomes at various regions
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comparing production cost penalty and production rate. Each coordirfagine 3.6 represents

the most likely outcome after 100 runs.

Cost
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Figure 3.6 Phase diagram illustrating the outcomes qOQO iterations for givencost and production
rate. Simiations were started with random configurations consisting of 15% of each cell type.
Equilibrium outcomes key: Green is susceptible, red producernbluproducer grey stable region,
yellow producer plus susceptible. Parameters10, lattice size 1024x102dyt= 0.01

The results here were largely as expected. Low production rates created regions where

susceptible cells dominated the system, as the amount of antibiotics was not able to overcome the

difference in growth rateAt higher costs, these regions widenktbreover, past a cost of

0.0013, only one outcome was possible: susceptible cells winning. This, again, followed

logically, as here the inherent cost was simply too high, regardless of production rate to have any

effed on the system. Consequently, the producers simply died allowing the susceptible cells to

take over thdattice

A wide range of parameter space also allowed for coexistence of all three cell types. This

was generally flanked by regions of producers wigror ambiguous outcomes. On both the

higher and lower production rate sides of the stable region, this was due to the same reason
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(Figure 3.7a and b). The combination of production rate and cost allowed the producers to
almost go extinct, causing a spikenon-producers. This allowed the susceptibles to compete
easily, causing the ngoroducers to go extinct. Following this, the producers had free reign. The
results were very similar to the stochastic Region Il seen in the diffusion niogietd 3.4d).

This demonstrates that this region is not necessarily stochastic. It lends credence to the fact that it
wasnot alwaysobservediue to the small number of runs in the diffusion modiee continuous
persistence of this region across a wide rangemaimeter space and many runs indicates that
this is in fact a true regiofowever somestochasticitywas observed even across 100 rass

the lattice is still finite in sizé/Nhile producers winning was the most likely outcome in these
regions by a larg margin, there were some cases where susceptible cells werewinieTtbere

were also many places where the outcomes were ambiguous at first glance, resulting in the
persistence of both producers and susceptible cells over the course of the ruas. Furth
consideration of theseinsdemonstrated a similar curve shape to that of producers winning. The
trajectory of the producexgasup, while susceptilel cells down. This indicatetiat given more

time these ambiguous regions would end up with producensing.
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Figure 3.7: Unusual regions in phase space. A) Producers winning wirefe0011 anda = 100B)
Producers winning where ¢ = 0.04nd a =210 C)Three cell stability where = 0.0QL anda = 150D)
Cheaters winning where= 0.0002 and = 90. Parameters:.= 10, lattice size 1024x1024

The stable region behaved similarly to the stable region in the diffusion model. The
system was stable in the long term, with all three cell types increasing and decreasing in
concentration depending d¢ime concentration of the opponent céligure 3.79. However, in
this case the fluctuations were not as pronounced, owing largilgleck of diffusion This
made all interactions local, preventitiglong distance effects responsible for the large
fluctuations in the previous modehis caused there to be little change in the most dominant cell
at any given time. Instead, all three were maintained at relastedbjeconcentrations
throughout with susceptibles having the highest concentratiomgi@d by producers, then non
producers. This was a reasonable outcome apramucers did not benefit from long range

diffusion protecting them from susceptible cells. Consequently they were kept down throughout

the run of the simulation
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The most unexpeéed outcome was of ngproducers being able to win, which was
unobserved in the smaller parameter space of the previous raailek(3.7d). Here, the time
course showed a similar curve to the previous ones, although with the opposite outcome. The
production coshere was so low that a fairly logroduction rate allowed for the producers to
compete very well with the susceptible cells. Consequently, the producers spiked while the
susceptible cells went extinct. The roroducers meanwhile approachesto. When the

susceptible cells disappeared, the cheaters rebounded as they still had a slight growth advantage.

3.5 Analysis of Equilibrium Concentrations for a Given Cost

We next conducted an experiment identical to the one for the diffusion model,
considering production rates across a given cost. We looked at a cost of 0.001 and again
incremented production rates by 10, measuring the equilibrium concentrations of each cell type
(Figure 3.8). The main difference was the highly decreased concentratimoniproducers. For
all parameters neproducers existed at a much lower concentration than the other cell types.
This followed logically for this model as the lack of diffusion decreased the benefit to the non
producers; when diffusion is limited the ledihis concentrated locally and as such, the
producers gain more benefit than the 4poaducers. Aside from that, thejectory of the cell
types wassimilar as well. Producers and nproducers decrease steadily, while susceptible cell
types increase iaquilibrium concentration. Other regions are similar as well: low and high

production regions have susceptible cells coming out on top. Region Il also appears present, but
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as previously discussed appears to be a real region rather than stochastic.
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Figure 3.8 Outcomes of competitiobetween susceptible cells, produagra given rateand non

producers in the nearest neighbour mo8é@hulation began with random configuration of equal
concentration of both types and ifan 10,000time units oruntil equilibrium was reachedith one cell

type left.Depicted are equilibrium concentrations for single type or average over time for cases where all
three survivedFourdistinct regions emerge, similarly to the diffusion moéerameterdr = 10,c =

0.001,pt= 0.01, lattice 1024x1024.

Generating the phase diagram gave a considerable amount of data that further allowed us
to look into probabilities of given outcomes. We looked at specific outcomes across a cost of
0.001 and determined each of firebabilities across 100 runBigure 3.9). The results
demonstrate the probabilities of given outcomes, corresponding to the four regions. Production
rates initially have 100% susceptible outcomes. Following this, there is a transition region
allowing producers to succeed, followed by a region where all three exist 100% of the time. This
was followed by another transition region and a region wherein the susceptible cells win 100%

of the time. Evidentially, some stochasticity still exists as the lagtisgll limited in size.
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Figure 3.9: Probabilities of given outcomes after 10,000 tiuméts in a nearest neighboomodel
Simulation began with random configuration of equal concentratipnooiucers, nofproducers, and
susceptible cells. Each simtitm was repeated 100 timdzarametersd = 10,c = 0.001,qpt= 0.01
Producers in red, cheaters in blue, susceptibles in green, triple coexistence in grey, {suehaible
coexistence in yellow.

In the unstable region it appeared as ifgheducers could become most populous if the
nontproducers went extinct before them. As such, we wanted to determine what would happen if
a constant supply of ngoroducers was provided to the system. We ran simulations allowing
producers and neproducerdo mutate between one another. This allowed for a small supply of
nonproducers should only producers and susceptible cells remain. The result was a
disappearance of the transition zones where producers are capable of wiiguing .10 and
3.11). Theseare instead replaced by susceptible cells winning or slightly increased regions of
three cell stability. This demonstrated the important effects of theramhucers on this system.
Maintenance of noproducers allowed the system to proceed to its natarallusion, with the

influx of nonproducers limiting the viable range of the producers.
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Figure 3.10: Outcomes of competitiobetween susceptible cells, produasra given rateand non
producers in the nearest neighbour moHelwever, in this case, producers and-pooducers were
allowed to mutate back and fortBimulation began with random configuration of equal concentration of
both types and raior 10,000 timeunits or untilequilibrium was reachedith one cell type laf Depicted
are equilibrium concentrations for single type or average over time for cases where all three.survived
Three distinct regions emerge, similarly to the diffusion mdéaameterdr = 10,c = 0.001,cpt= 0.0],
mutation ate = 0.0001, latticeQR4x1024
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Figure 3.11 probabilities of given outcomes after 10,000 timits in a nearest neighboonodelwith
producemonproducer mutationsSimulation began with random configuration of equal concentration of
producers, noiproducers, and susceptible cells. However, in this case, producers gmedocers were
allowed to mutate back and forth. Each simulation was repeated 100Ranasetersy = 10,¢ = 0.001,

gt 0.01, mutation rate = 0.0001, lattice ¥0A.024. Producers in red, cheaters in blue, susceptibles in
green, triple coexistence in grey, produsesceptible coexistence in yellow
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Chapter 4

Introduction of Mutations that Affect Production Rate

4.1 Mutations in the Diffusion Model

After understanding the dynamics of three interacting cell types, we sought to expand
upon the model by introducing mutations. This seemed like the logical step as in living
organisms functions can be lost, gained or modified. This can occur in a numlzgisah
bacteria, for example nation anchorizontal gene transfean result in a gain of function. On
the other hand deletion or mutation can cause a loss of funEtgurd 1.19. Cansequently, our
model takes into account mutation in order to deteerwhether evolution of production rate
could occur. As previously mentioned, the producer angpnoducer are the same species in
our model the nonproducer is simply a O production rate producer. Therefore, we allow
producers and neproducers to mate in the same wagells have birth occurring the same as
before. If the birth check is passeette is a probabilityp, that a cell will mutate upon
reproductionThis means thathe offspring becomes a producer of any production rate between
Oand® 0, binned into groups of pr dcCdnseguentlp the r at e
new cell is a mutant that is different than its parent. In this waypnatucers and producers
can change between one another. When considering resistant andilsiescelts, those can

change between one another as Wk.first considered the diffusion model.

For these experiments we began with a 256x256 lattice, mutation rate of 0.0001.
Susceptible and-producers were initialized to fill 15% of the latticeoBucers of rates 1200

filled the lattice equally, also summing to 15%. The time course demonstrates the evolution of
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the systemHKigure 4.1). In general, most of the producer categories fluctuated at very low
concentrations. However, intermediate productates between 30 and 50 were maintained at

much higher concentrations.

The susceptible concentrations were maintained at fairly high concentrations, although
fluctuations did occur more erratically and with much greater amplitudes than tmeutatirg
systems described aboWwon-producersccurred in a similar fashion. Ultimately, producers of
rate 50 continued on an upwards trajectory from the start, with fluctuations getting larger as time
progressed. They were maintained at a concentration hitgneother producer types.
Eventually, thenon-producershit a concentration atero, allowing the producers of rate 50 to
spike immensely, resulting in the extinction of the susceptible cells. As soon as the susceptible
cells went extinct, the 50 produsdregan a rapid decline. The lack of susceptible cells meant no
competition for low producers and we saw a spike in producers of rate 10 and 20. However, this
gave the opportunity for cheaters teemerge as there was no point in maintaining any
production rate while with no susceptible ceiezsentindeed, having a nerero production
rate was only detrimental at this point. Every producer went extinct, allowing the O producers to

be only cell type left in the system.
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Figure 4.1 Time course for three cell type simulations with mutati@iswlation began with random
configuration of equal concentrationtbfee celtypes(with the producer category composed of rates
between 0 and 200 in equal proportiang raruntil equilibriumwas reachedr one cell type was left.
Depicted are time courses of the different raith mutations turned orA) Shows all producer

categories B) Removes low concentration producers for visitiflayameters = 10,c = 0.001,d = 50,

pt= 0.0 lattice 256x256m = 0.0001. Vertical line indicates point where susceptible cell concentration
=0.
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This system illustrated evolution of production rate. Over time, the producers of an
optimal production rate (in this case 50) were evolved towards prdasiction rate proved
perhaps too optimél they were capable of causing their opponent to go fully extinct. After this,
we saw a second evolution of production iiatéth no susceptible cell types left, the system
tried low production rates such as I@&0 before simply switching production rate off entirely

as it served no purpose any longeig(re 4.2).

Mean Production Rate

0 2000 4000 6000 8000 10000
Time

Figure 4.2 Time courseshowing mean production rdiar three cell type simulations with mutations.
Simulation began with random configuratidnegual concentration of three cell tyd@sth the producer
category composed of rates between 0 and 200 in pop@drtior) and ran until equilibrium was reached
or one cell typevasleft. Parameterd = 10,c = 0.001,d = 50, pt= 0.01, lattice 256xZ5 m= 0.0001
However, we considered that the erratic fluctuations may have been the result of size
limitations in our lattice. Therefore, we tried running the simulation again on a grid of size
1024x1024, for an extended period of time. The results weoaclusive, although they did

show signs of evolutiorF{gure 4.3). Here, we see evidence of evolution of production rate once

again. However, the system appears to persist in the long term. Insteadpobducersthe role
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appears to be taken by producers of rate 20, which are balanced by producers of rate 70. The
susceptible cells are maintained at a concentration intermediate to the two. The fluctuations in
general appear smaller. It is not clear whether or not the systestabilized and whether or not
the state would have persisted indefinitely. This simulation pushed us close to the limit of our

computational power and caused usginrn tothe faster nearesteighbour model instead.
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Figure 4.3 Time course for thcell type simulations with mutatiorSimulation began with random
configuration of equal concentrationtbfee celtypes(with the producer category composed of rates
between 0 and 200 in equal proportiang raruntil equilibriumfor 40,000 timeunits. Depicted are time
courses of the different runBarametersh = 10,¢ = 0.001,d = 50, gpt= 0.0, lattice1024x1024m =
0.0001.
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4.2 Mutations in the Nearest Neighbour Model

We next wanted to determine the truth behind the evolution we obsertreddiffusion
model. The nearest neighbour model allowed us to look at mutations in ddtiger
(1024x1024¥or a longer timdo limit stochastic effects. We began by looking at whether or not
a different cell type can take the niche of the-pooduer. Thus, we began a simulation starting
with producers of rate 110, in a threell type rearest neighbour system. Afte080 timeunits
we allowed producers to mutate beémeheir initial production ratend a production rate of 50.
After a short time, the neproducers went fully extinct. Instead, the production rate 50 cells
were maintained at a concentration similar to the production rate 110Figilis(4.4). This
demonstrated the ability of membefsthese systems to change in order to fill specific roles. In
this case the neproducers were weaker than the low production rate cells. The lack of
production cost was not able to overcome the benefit obtained by producing a low amount of
antibiotics.Instead, the cells of production ratet60k the role ohonproducerd they
produced a small amount of antibiotics to protect themselves, while still gaining the benefit of

the higher production rate cells. This system was capable of surviving imth&elon as well.
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Figure 4.4: time series of cell concentrations with mutations between producers of rate 110 and 50.
Simulation began with random configuration of equal concentratithveé celtypes and rafor 19,000
time units, with mutationsurned on at ®00 timeunits. Parameterdy = 10,c = 0.001, gpt= 0.0,

mutation rate = 0.0001, lattice size 1024x1024.

After discovering that theonproducemiche can adapt and be replaced, we wanted to
determine if production rate can evolve wheregivnore freedom. Thus, we ran simulations
where producers ambn-produces were allowed to mutate to production rates of multiples of
10, with minimum and maximum production rate being 0 and 200 respectively. For the initial
simulation, we looked at evdlon starting from a low production rate. We initialized a lattice
with producers of rate 0 to actasnproduces as well as susceptible cells and producers of rate
150. After 1000 timeunits, mutations were turned ofhe result was a complete extinetiof
the O production rate cell type. These were replaced by cells within many pradiattgories
between 10 and 90 he highest frequency producer was rate of 110, which was higher than the
next highest category by a large factor. Starting at a productte of 200 also caused similar

results. In this case, rate 110 producers waatained athe highest togFigure 4.5).
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Figure 4.5: Mean frequencies in mutation simulations. For production rates 150 and 200, simulations
were started with neproducers, susceptibles, and producers of the given rate and allowed to mutate after
1000 timeunits. In the random start, the simulation staxgtth nonproducers, susceptibles, and

producers randomly distributed between rates of 0 and 200. Simulations were run for 100,00@dime

and an average was take over the second half of the simuRdi@meters = 10,c = 0.001,qpt= 0.01,
mutationrate = 0.0001, lattice 1024x1024.

We also wanted to determine if random production rates would converge on a single
category if allowed to evolve. Thus, we initialized a lattice with producers of rate 0, susceptible
cells, and producers of random rate categories, in equal proportionysStemsvas allowed to
mutate immediately. The results were similar to the previous startspiddncers went extinct
and were replaced by an aggregate of low producing(efjare 4.5). Most interestingly, the
highest frequency cells were once againrofipction rate 110The time course is shown in
Figure 4.6. As such, it appears that when allowed to evolve, both the producer apdatcer
niches become occupied by more optimal cell types. Indeed, it appears that producing even a
small amount of ariotics is more beneficial than being pure fpynducers. It also appedtsat
the producers have an optimal rate that allows them to survive better than others. This rate is
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likely high enough to keep the susceptible cells at bay, while not incurrinigaimeuch of a

penalty or benefit to neproducers. In this set of experiments, it appears that this rate is
somewhere around 110. This further lends credence to the lattice effects on our diffusion model.
Whenthatmodel was expanded, although the simalatiad not fully taken off, it appeared that

the producers evolved towards and optimal production rate. On the other hand, the cheaters were

also replaced by loyroducers as well.

0.45000 |

0.40000

0.35000 1

c
-_830000

© Non-Producer

+ Total Producers
®.-25000 Low (10-80)

= Intermediate (90:120)

[=} High (130:200) ——
(0.20000 7 Susceptible

o

d.15000

0.10000

0.05000 m\“
P e, e T — 2 St il ndna il

O.DOOOO0 20000 40000 60000
Time

4 Y A
80000 100000

Figure 4.6:time series of cell concentrations with mutations betweedusers all rate categories.
Simulation began with random configuration of equal concentratithveé celtypes and rafor
100,000 timeunits, with mutations turned on from the st&arametersy = 10,c = 0.001,;pt= 0.0%
mutation rate = 0.0001attice 1024x1024.

4.3 Introduction of a Resistant Cell Type

Since we characterized the thigmecies system and evolution thereof, we began
expanding our model to include a fourth, resistant cell type. This variant is a mutant of the
susceptible cell gye. It is not susceptible to antibiotics but incurs a penalty, which is the cost of
resistance. Therefore, it functions similarly to the-pooducer. Due to the increased speed of

the nearest neighbour model, we continued using it for the remainderefmarrments.
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We began by testing the survivability of a fa#ll type system. Can such a system even
exist? Intuitively, with no mutations, two cells behaving identically cannot coexist, as the faster
growing one will simply take up the niche. Therefowe began with a three component system
with mutations. We allowed producers and 1ppaducers to mutate between each other, and
resistant and susceptible cells to mutate between each other. We began with only the three
original types and turned mutat®on after 5000 timenits, with mutation rate 0.0001. We
considered the equilibrium concentrations at various growth rates of the resistant cell types,
beginning with producer and ngmmoducer growth rate of 2.0 and susceptible growth rate of 2.5
(Figure 4.7). The remaining parameters were selected based on stability in the three cell type

case.
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Figure 4.7: Equilibrium concentrations of four cell types. Mutations between producepiaoalucer and
susceptible/resistant were turned on after 5000 tinis. Producer and neproducer growth rate = 2.0,
susceptible growth rate = 2&= 110b = 10,¢ = 0.001,pt= 0.01,m= 0.0001, lattice 1024x1024

Growth rates below 2.0 caused a reao equilibrium concentration of the resistant cell type, as

expectedAt this growthrate the new cell type was unable to compete with any of the existing cell types
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and was therefore functionally useless. At growth rate of 2.0 (equal to the chibategsults were

similar to lower growth rated his follows logically ashe nonproducer was well established at this

point. With an identical growth rate, the resistant cell type did not have any advantage to ovetlcome it.
addition to thisthe resistant cells were naturally born into neighbourhoods close to the susaatibl

This meant they had to compete with kgjlowth cells, whereas neproducers were born next to

producers, which had a lower growth rate than tfi€igure 4.8).
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Figure 4.8: A comparison of noproducer and resistant cell growth over time wheosvgr ofrr = ry =

2.0. Left panels show overall progress of the simulation. Right panels show a zoomed in section where A)
Resistant types are born in an environment of susceptible cells and unable to survivepB)dloers

are borrin an environment gbroducersaind are capable of surviving in the same time frawearest

neighbour modeParametersa= 110b = 10,c = 0.001, ¢pt= 0.01,m= 0.0001, lattice 1024x1024
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Changedeganoccurring between production rates 2.1 and 2.3. Steadily, the producer
ends up decreasing in equilibrium concentration with increasing resistant growth rate, while the
susceptible cell type ends up increasing. Interestingly, thgoramucer and resistatypes are
maintained at similar concentratioteseach otherThe cause of this is the decrease in producers
in the lattice. The higher growth rate of the resistans callises a decrease in producer
concentration. This allows the susceptible cells ttheamost dominant by far. This in turn
keeps both cheater and rproducer concentrations low. At a growth rate above 2.3, the system
cannot survive. The susceptible cells simply dominate. Thedrmhthresistantells kill the
nonproducers and producers, resulting in the susceptible cells competing only with the resistant.
Due to difference in growth, the susceptible cells simply win out. At a growth rate of 2.5, where
resistant and susceptible cells are equal, both are eapiadlirviving, with resistant at a higher
concentration. The resistant cells are capable of competing with the producers, hence are capable
of occupying space faster. Therefore by the end of the simulation they overtake the susceptible

cells despite equarowth.
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Chapter 5
Discussionand Future Work

In this thesis we have constructed two models of bacteteahction. Drawing on
previous models of coliciand rockpaperscissors types systems, we have created both a
nearesneighbour and diffusion model that allows for the interaction of producers, susceptible
cells, and notproducers. Therefore, we were able to studsilico systems that aneery
complecin real lifeand possibly those that cannot be cultu&tile we haveeducedhese
environments into just three cell types, we believe thamibha@el can provide insigimto the
nature of these systems. Moreover, we believe we are the first talséueyolution of
production rate under conditions where the cost to the producer is proportional to the production

rate.

Our initial results, looking at three cell types interacting, demonstrate the capabilities of
these biological systems to thrive. Wit may seem intuitive that the producers should simply
win, rather than have environments with many interacting species, we have shown that this is not
necessarily the cask simulations with only ppducers and susceptible cells, as well as in three
cell simulations, we have shown that production can be toodrigho low. In these cases, only
susceptible cells surviyas the producers cannot compete. The lgweduction regions
illustrate thenecessity to produce sufficient amounts of antibidtitsy production rates do not
all ow the producers to overcome the susceptib
producing too much antibiotic causes a massive penalty in growth brought on by higher
metabolic cost or more resources required. thisu s es t he producersoéo gr ow
below what is viable. Hence, while susceptible cells may be negatively affected by high

concentrations of antibiotictye producers are not growing fast enough to take advantage,
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resulting in low absolute numers of producers, and ultimately too little of the substance in the
system to affect the susceptible cells to sigyificantdegreeWhile in vivo experiments need to
be done to verify these results, it seems logical that real bacteria would behaseviewyths

well. We know thabacterial toxingequire a minimum inhibitory concentration to have an
effect, and it is likely that higproduction lowgrowth cells would likely go extinct due to

inability to compete.

The system with only producer and systdde cells had no conditions under which it
was stable. Insteadyeé most biologically relevarsituationoccurs with tle addition of the non
producer, allowing for all three cell types to coexist for long runs of the simulatiiscase is a
demonstration of how these niches can survive in real environments, and suggests two conditions
for these systems to thrive. The first isiatermediatgroductionrateof antibioticsi too high or
low a production rate results in suscbfgicells winning, as discussed previoudlge wide
range of possible production rates demonstrates that this does not need to be exceedingly
specific, allowing some variation between and within systems. The second prerequisite is the
existence of a thirdell type that modulates the system. This allows cyclic dominance to occur,
preventing one cell type from ever taking ov@bologically, it is easy to imagine such a case as
well. We know cheaters arise due to mutation, horizontal gene transfer, cogsmnoss of
functionand such a neproducing cell can easily take up this niche. Moreover, we know that
many cell types coexist in nature and thus a cell of an intermediate growth rate can also take up
this role, even if not from the same specigse rearest neighbour model also allowed us many
runs in order to demonstrate the most probably outcomes over a large sample size. The
occurrence of regions where producers won close to 100% of the time indicates that it is possible

to produce antibioticsingaor t of MfAsweet spot o0 walihoughlnl ow one
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reality this would eventually lead to ngmoducers becoming the dominant stréire to

mutationas they would have no competition.

The decreasing equilibrium condgation of producergvhen running simulations at
increasing production rates foreshadowed that an optimal production rate might exist. While the
diffusion model was limited in demonstrating this duedmputational constraintgtroducing
mutationsinto the nearestaighbour model demonstrated the way that these systems can evolve.
Pure norproducers became replaced by a different kind of cheatstsad becoming producers
of low production rate. In biological systems mutations can cause gain of function or aelecrea
in function. As such, it is possible that a lower production rate creates the benefit of combating
susceptible types to an extent, while still gaining the benefit of increased growth and synergizing

with the higher production rate of na@heaters.

In addition to this, it seems that producers in general will evolve to an optimal production
rate. It was seen that high production was almost entirely elimihgisztiucing too much is too
costly to be maintained even in a mixed pool of produ€gmshe otler hand, those producing
too little took on the role of cheaters, replacing completeproducersinstead, the system
tended to a production rate towards the low end of what is viable for survivdhilily starting
cases the system evolved towards shme production rate that allowed the system to survive
and those producers became the most numeltara be expected that in real environments
something similar may occur, with evolution driving producers to be the most competitive and

allow the niclkes to survive with multiple cell types.

The introduction of the resistant cell type demonstrated that four cell types can survive,
but increasing the growth rate of the resistant type decreases equilibrium concentrations of the

producer. Moreover, for higgrowth rates it appears as if the susceptible cell type is favoured. In
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a biological system this follows logically as well. If a resistant mutant were to evolve, it benefits
the original phenotype in that it is capable of competing with the prodit@sever, the work

on resistant cell types is very preliminary and these fioeimber systems must be considered
more in depth. Many of the experiments done for the thrember systems should be repeated

to better understand the dynamics.

Moreover, there isonsideration to study other types of resistant cell types. Here, we
considered only an intrinsically resistant variant that has a decreased growth rate, and a full
resistance. Other considerations could be made, such as linking resistance to a dlostiagd a
it to operate on gradient similar to what we did in this thesis for production rétditionally,
in biological systems there are other methods of resistance. It is worth studying this cell type also
as a producer that secretes a substancattieatates the effect of the antibiotiabpwing the
diffusion model to be reused with two diffusible substances. There is also the case for intrinsic
degraders, as some cells can take up antibiotics and break them down, such as in tlfee case of
lactamase produceris this way the resistant types act as sinks, removing some of the antibiotics

in the system and likely greatly benefiting the susceptible cells.

It alsoremains to be seen whether or not these models can be generalized to many
spedes Arguably,as long as rockaperscissors interactions are happening the system should
thrive but actually demonstrating this would be useful in expanding the model. Indeed, we know
that millions of cells across thousands of species can occupy thexsdresso expanding the

model would add biological validit

Ultimately, we have demonstrated that bacterial niches compo$edtefia that should
ostensibly kill each other are capable of surviving. It seems as if these systems need to occupy a

specifc range of parameter space but that when this sweet spot is reached, the niche can live
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indefinitely. Moreover, it appears that these systems can evolve to an optimal production and
cheater categorgttenuating some of the effects of unnecessarily higiyztion cost.

Interestingly, cheaters are heavily punished for being completpnoalucers. Instead, the

cheaters produce a small amount of antibiotics to better compete with the susceptible cells.
Hopefully the results contained in this wakl with the understanding of real bacterial systems,
providing insight into the environments in which these organisms live. This can provide utility in
better culturing techniques and can maybe lead to the discovery of novel antibiotics for human

use.
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