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0.5. This order, however, is a consequence of the specific setting chosen and does 

not necessarily hold for general stress levels. For the example considered here, 

the differences among Tc, Tn and TA. are more pronounced for the simple step-

stress case and they reduce rapidly as the number of stress levels k increases. 
T* T* 

Also, for a given k and p, the ratios ...!2 and _Q seem to remain constant over TD TA 
varying ranges of 81 , and they form a decreasing function of the overall PC 

proportion. 

• The optimal values in Table 3.1 dominate the corresponding values in Table 

3.2. Interestingly, for a fixed k and p, the percentage reduction in the optimal 

values in Table 3.2 with respect to the corresponding ones in Table 3.1 remains 

reasonably constant across the choices of 81 . For k = 2, for instance, the ratio 
T* * 

is roughly stable around 83.23 with p fixed. Asp increases, T 

T C,Table3.l T C,Table3.l 
T* T* 

and decrease slightly for a given k. The dependence on p, 
T D,Table3.l TA,Table3.l 

however, is less noticeable for smaller values of k. These ratios also decrease 

steadily with increasing k. 

• The behavior of the optimal T as a function of the MTTF values is also inter-

esting. For fixed k and p, as 8 1 increases, Tc, Tn and TA. increase in a manner 

such that the ratios Tc/81, T0/81 and TA_/81 are constant across the values of 

8 1. This translates to Tc, Tn and TA. being fixed percentiles from the stage-1 

distribution, irrespective of the value of 81. This feature prevails in both Tables 

3.1 and 3.2. 

• As the shrinkage amount p increases with 8 1 and k fixed, Tc, Tn and TA. all 

increase in such a way that the ratio of the increase is independent of the values 
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of 01 . Intuitively, this means that the more severe the successive stress levels are 

(viz., smaller p), the more likely it is to observe failures in a short time interval. 

Hence, the choice of the optimal r automatically forces the experiment to be 

terminated faster. The only exception is the simple step-stress case where it 

seems that p has very little effect in determining the optimal r, especially Tc· 

• Tc, Tn and rA. decrease quite rapidly as a function of k. In fact, both Tables 

3.1 and 3.2 demonstrate that for k = 4 and small values of p, these optimal 

values are in the lower tail of the stage-1 life distribution. Consequently, it may 

frequently force to terminate the first stage of a life-test even before observing 

any failures. In that case, one practical strategy may be to continue the first­

stage testing beyond Tc, rn or rA.. 

Furthermore, the behavior of the objective functions were consistent for every 

optimality criterion. Figure 3.1 represents these behaviors under the modification 

introduced in Section 3.3. It presents the plots of ¢(r), i5(r) and a(r) for k = 2, 3, 4 

with 01 = 100, p = 0.3, and the expected overall PC proportion 'Tri = 0.1. The 

optimal stress change points are marked by the red dots, and the vertical dotted lines 

indicate the upper bounds of r beyond which it is not possible to make the expected 

overall PC proportion uniform for all stress levels. For k = 2, 3, 4, these bounds are 

230.3, 77.2, 24.5, respectively, and the bound decreases quite rapidly as k increases. 

As depicted in the figure, irrespective of the values of k, ¢( r) is a convex function 

with a unique minimum while i5(r) and a(r) are concave giving a unique maximum. 

As mentioned earlier, Tables 3.3 and 3.4 list the values of 7r; required to 

produce each optimal r in Tables 3.1 and 3.2. We see that these fixed PC proportions 
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Figure 3.1: Plots of the Objective Functions for Each Optimality Criterion 

under the Modification of Ci = (Ni - ni)7r; with el = 100, p = 0.3, 

and the Expected Overall PC Proportion at 103 (viz., 'Tri= 0.1) 
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7r; = 0.1 

Optimality 

p = 0.1 

p = 0.3 

p = 0.5 

7r; = 0.2 

Optimality 

p = 0.1 

p = 0.3 

p = 0.5 

c 

n* 1 

0.25 

0.25 

0.26 

c 

n* 1 

0.43 

0.44 

0.44 

Table 3.3: Fixed PC Proportions under the Modification of ci = (Ni - ni)'Tr; 

for the Expected Overall PC Proportion at 103 with 81 = 100, 300, 500 

k=2 k=3 k=4 

D A c D A c D 

n* 1 n* 1 n* 1 n* 2 n* 1 n* 2 n* 1 n* 2 n* 1 n* 2 n3 n* 1 n* 2 n* 3 

0.18 0.14 0.11 0.34 0.11 0.23 0.10 0.16 0.10 0.12 0.37 0.10 0.12 0.27 

0.21 0.19 0.14 0.45 0.12 0.29 0.12 0.23 0.11 0.17 0.62 0.11 0.15 0.37 

0.23 0.24 0.16 0.47 0.14 0.33 0.14 0.29 0.12 0.22 0.65 0.12 0.18 0.42 

Table 3.4: Fixed PC Proportions under the Modification of ci = (Ni - ni)n; 

for the Expected Overall PC Proportion at 203 with 81 = 100, 300, 500 

k=2 k=3 k=4 

D A c D A c D 

n* 1 n* 1 n* 1 n* 2 n* 1 n* 2 n* 1 n* 2 n* 1 n* 2 n* 3 n* 1 n* 2 n* 3 

0.34 0.27 0.21 0.56 0.21 0.45 0.21 0.34 0.20 0.27 0.65 0.20 0.26 0.56 

0.38 0.36 0.25 0.65 0.24 0.53 0.23 0.47 0.21 0.31 0.80 0.21 0.30 0.69 

0.40 0.44 0.27 0.67 0.26 0.58 0.26 0.58 0.22 0.36 0.85 0.22 0.34 0.75 

A 

n* 1 n* 2 

0.10 0.12 

0.10 0.14 

0.11 0.17 

A 

n* 1 n* 2 

0.20 0.26 

0.21 0.29 

0.22 0.34 

n* 3 

0.18 

0.27 

0.34 

n* 3 

0.46 

0.62 

0.75 

'"1j 
P" 

tJ 

r-3 
P" 
(J) 
Ul ..... 
Ul 

tJ 

~ 
~ :::; 

~ 
(") 

~ 
~ 
M­
(J) 
t-; 

~ 
~ 
P" 
(J) s 
~ ..... 
(") 
Ul 

§ 
0... 
(/) 
M-

~ ..... 
Ul 
M-c;· 
Ul 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

are at least the overall PC proportion specified, and for a fixed k and p, they form 

an increasing sequence (i.e., 7r; < 7r; < · · · < 7rz_1) in order to keep the overall PC 

proportion uniform. In general, 7ri is the highest for the C-optimality and the lowest 

for the A-optimality criterion. Of course, the higher the overall PC proportion is, 

the higher the fixed PC proportions are. One remark to make about these fixed PC 

proportions at the optima is that they do not depend on the value of 81 but slightly 

increase with p. The dependence on p, however, is little for the first stage of the test. 

Similarly, we also constructed the objective function for each optimality cri-

terion, using the conditional distribution results established in Section 3.5. Tables 

3.5 and 3.6 present the results of this numerical study for a simple step-stress case 

with varying sample sizes. Again, to be able to compare the results with those from 

Gouno, Sen and Balakrishnan (2004) as well as the values in Tables 3.1 and 3.2, the 

expected overall PC proportion was kept constant by setting Ec[c1] = n7r1 or simply 

* n7r1 _ 7r1(l - [F1(T)]n) * 
7r1 = E [ ] - S ( ) . Tables 3.7 and 3.8 present these values of 7r1 n - c n 1 1 T 

at each optimal T in Tables 3.5 and 3.6, respectively. From Tables 3.5 and 3.6, it 

is also noted that with the chosen parameters, the sample size required to produce 

the same optimal change points as in Tables 3.1 and 3.2 is at least 20. Intuitively, 

this means that the probability of a simple step-stress test terminating at the second 

stage is effectively 1 if the sample size is 20 or larger. Hence, we have numerically 

shown that the optimal T conditioned on Nk > 0 converges to the unconditional one 

as the sample size increases. 

Unfortunately, for small sample sizes, TA_ does not exist globally since the 

objective function a( T) keeps increasing over the unrestricted range of T. Thus, in the 

case of nonexistent TA_, the choice of the optimal T is completely up to the decision of 
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Table 3.5: Optimal Stress Change Points of the Simple Step-stress Testing (k = 2) 

under the Condition of Nk > 0 with the Expected Overall PC Proportion being 103 

n=5 n = 10 n 2: 20 

1T1 =0.1 T* c T* D 
T* 

A 
T* c T* D T* A T* c T* 

D 
T* 

A 

p = 0.1 119.6 71.2 (31.4)a 93.6 60.8 (30.9) 91.6 60.6 30.9 

B1 = 100 p= 0.3 123.2 90.6 DNEb 95.7 73.3 (64.6) 93.6 72.7 64.1 

p = 0.5 130.5 113.6 DNE 97.7 82.5 (92.8) 95.l 81.2 87.7 

p = 0.1 358.7 213.7 (94.2) 280.7 182.5 (92.8) 274.9 181.7 92.8 

B1 = 300 p = 0.3 369.7 271.7 DNE 287.2 220.0 (193.7) 280.7 218.0 192.4 

p = 0.5 391.6 340.9 DNE 293.l 247.6 (278.4) 285.4 243.5 263.0 

p = 0.1 597.9 356.2 (157.0) 467.9 304.1 (154.7) 458.2 302.9 154.7 

B1 = 500 p = 0.3 616.1 452.9 DNE 478.7 366.7 (322.9) 467.8 363.3 320.6 

p = 0.5 652.6 568.1 DNE 488.5 412.7 ( 463.9) 475.7 405.8 438.3 

adoes not exist globally but locally exists under the constraint of F( T) ::; 0.8 or equivalently 

T ::; B1 log 5 

bdoes not exist globally or locally 
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Table 3.6: Optimal Stress Change Points of the Simple Step-stress Testing (k = 2) 

under the Condition of Nk > 0 with the Expected Overall PC Proportion being 20% 

n=5 n = 10 n;::: 20 

7r1 = 0.2 T* c T* D T* 
A 

T* c T* D T* A T* c T* D T* A 

p = 0.1 87.1 56.9 (29.9) 76.8 52.4 29.5 76.3 52.3 29.5 

B1 = 100 p= 0.3 89.8 71.2 DNE 78.5 63.3 59.4 77.9 63.1 59.1 

p = 0.5 91.9 81.8 DNE 79.1 69.8 81.3 78.4 69.3 79.0 

p = 0.1 261.3 170.8 (89.6) 230.4 157.1 88.4 228.8 156.9 88.4 

B1 = 300 p = 0.3 269.3 213.6 DNE 235.5 189.9 178.1 233.6 189.2 177.3 

p= 0.5 275.8 245.3 DNE 237.4 209.3 243.8 235.3 207.9 237.0 

p = 0.1 435.5 284.6 (149.3) 384.0 261.9 147.4 381.3 261.5 147.4 

B1 = 500 p = 0.3 448.8 356.0 DNE 392.5 316.5 296.8 389.4 315.3 295.5 

p= 0.5 459.6 408.8 DNE 395.7 348.8 406.3 392.2 346.6 395.0 
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a practitioner. In some cases, a(T) exhibits a local maximum, and in order to capture 

this, we have imposed a constraint upon the search region for TA. that the probability 

of observing a failure at the first stage should be at most 80%. That is, F( T) ::::; 0.8 

or equivalently T ::::; 81 log 5. A summary of the findings from Tables 3.5 and 3.6 is as 

follows: 

• The order of Tc > Tv > TA. is again maintained except for the cases of p = 0.5, 

but this is merely an outcome of the specific setting chosen. For a given n and 
T* T* 

p, the ratios _Q and ....12. seem to remain constant irrespective of the value of 81 . TD TA 
• The optimal values in Table 3.5 are larger than the corresponding values in 

Table 3.6. For a fixed n and p, the ratios of the optimal values in Table 3.6 to 

the corresponding values in Table 3.5 remain nearly constant across the choices 
* 

f 8 F 1 h 5 h . TC Table3.6 hl bl d o 1 . or examp e, w en n = , t e ratio *, is roug y sta e aroun 
Tc,Table3.5 

T* * T* w C,Table3.6 T D,Table3.6 A,Table3.6 d 72.0 /O for fixed p. As p increases, * , * and * ecrease 
T C,Table3.5 T D,Table3.5 T A,Table3.5 

slightly for fixed n. These ratios also form an increasing convergent sequence 

as n increases. 

• With n and p fixed, T(:;, Tv and TA. increase as 81 increases in such a way that 

the ratios Tc/81, Tf.;/8 1 and TA_/81 are invariant no matter what the value of 81 

is. This is interpreted as T(:, Tv and TA. being fixed percentiles from the stage-1 

distribution, irrespective of 81 . This characteristic is persistent in both Tables 

3.1 and 3.2. 

• With 81 and n given, as p increases, T(;, Tv and TA. all increase in such a way 

that the ratio of the increase is independent of the choice of 81 . Nevertheless, 

the effect of p appears to be slight in determining the optimal T, especially T(:;. 
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• As n increases, T(;, T}J and TA_ all decrease but converge to their respective 

unconditional ones. 

Figure 3.2 describes the behavior of the objective functions under each opti­

mality criterion. The plots of ¢(T), b(T) and a(T) are shown fork= 2 with n = 5, 

Bi = 300, and the expected overall PC proportion 7ri = 0.2. The optimal stress 

change points are marked by the red dots. The figure reveals that independent of the 

value of p, rp(T) is convex with a unique minimum and b(T) yields a unique maximum 

with a horizontal asymptote at 0. Under the chosen setting, on the other hand, a( T) 

yields a constrained local maximum only when p = 0.1 and it decreases asp increases. 

The value of 7l'r for each optimal T in Tables 3.5 and 3.6 are tabulated in 

Tables 3.7 and 3.8, respectively. Again, these fixed PC proportions are greater than 

the specified overall PC proportion. We also observe that 7l'r is generally the highest 

for the C-optimality and the lowest for the A-optimality criterion under the chosen 

setting. Moreover, the fixed PC proportions get higher if the overall PC proportion 

increases, just like in Tables 3.3 and 3.4. What is interesting about these fixed PC 

proportions is that they are not dependent on Bi but exhibit a very slight increment 

with p. As expected, they form a decreasing convergent sequence to the unconditional 

7!'~ as n increases. 

In an attempt to assess the efficiencies of the different approaches to the op­

timization problem and to contrast the results obtained here, pairwise ratios of the 

optima under each criterion were calculated based on the optimal stress change points 

determined by Gouno, Sen and Balakrishnan (2004) and by the results developed 

here. Since Tables 3.1 and 3.2 yield not only the identical stress change points but 
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Figure 3.2: Plots of the Objective Functions for Each Optimality Criterion 

of the Simple Step-stress Testing (k = 2) under the Condition of Nk > 0 

with n = 5, 81 = 300, and the Expected Overall PC Proportion n1 = 0.2 
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Table 3.7: Fixed PC Proportions 7ri of the Simple Step-stress Testing (k = 2) 

under the Condition of Nk > 0 for the Expected Overall 

PC Proportion at 103 with B1 = 100, 300, 500 

71"1 = 0.1 n=5 n = 10 n ?: 20 

Optimality c D A c D A c D A 

p = 0.1 0.28 0.20 (0.14) 0.25 0.18 (0.14) 0.25 0.18 0.14 

p = 0.3 0.28 0.23 DNE 0.26 0.21 (0.19) 0.25 0.21 0.19 

p= 0.5 0.29 0.27 DNE 0.26 0.23 (0.25) 0.26 0.23 0.24 

Table 3.8: Fixed PC Proportions 7ri of the Simple Step-stress Testing (k = 2) 

under the Condition of Nk > 0 for the Expected Overall 

PC Proportion at 203 with B1 = 100, 300, 500 

71"1 = 0.2 n=5 n = 10 n ?: 20 

Optimality c D A c D A c D A 

p = 0.1 0.45 0.35 (0.27) 0.43 0.34 0.27 0.43 0.34 0.27 

p = 0.3 0.46 0.39 DNE 0.44 0.38 0.36 0.44 0.38 0.36 

p = 0.5 0.46 0.43 DNE 0.44 0.40 0.45 0.44 0.40 0.44 
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also exactly the same optima compared to the results in Gouno, Sen and Balakrish­

nan (2004), the efficiency between the modified (unconditional) model and the large 

sample model is not different with respect to the matched overall PC proportions. On 

the other hand, the efficiency of the conditional method relies upon the sample size 

n. Table 3.9 presents the ratios of the conditional optima to the unconditional ones 

for the simple step-stress case with varying sample sizes. Although these ratios are 

invariant across the values of 81 , how they change with respect to other parameters 

is noticeable. vVith small n, large p and small 7r1 , we find that the efficiency of the 

conditional approach is higher for both C-optimality and D-optimality. For both op­

timality criteria, however, the differences become negligible as n gets larger since the 

conditional optima eventually converge to the unconditional ones obtained from the 

modified model. Another interesting observation is that irrespective of the sample 

size, the constrained TA_ presented in Tables 3.5 and 3.6 attains the local optimum that 

is identical to the global maximum attained by TA_ from the modified (unconditional) 

model. Therefore, one can always choose to increase the efficiency of the conditional 

approach under the A-optimality criterion by selecting an arbitrary T which bears 

a higher optimum than the one achieved by TA_ from the unconditional model. For 

boosting the efficiency, however, one must be prepared to take a drastic increase in 

the whole test duration, too. 
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Table 3.9: Efficiency of the Simple Step-stress Testing (k = 2) 

under the Condition of Nk > 0 for the Expected Overall 

PC Proportion at 103 & 203 with 01 = 100, 300, 500 

Optimality 

p = 0.1 1.09 1.04 (1.00) 1.00 1.00 (1.00) 1.00 1.00 

71"1 = 0.1 p = 0.3 1.10 1.09 DNE 1.01 1.00 (1.00) 1.00 1.00 

p = 0.5 1.10 1.16 DNE 1.00 1.03 (1.00) 1.00 1.00 

p = 0.1 1.05 1.02 (1.00) 1.01 1.00 1.00 1.00 1.00 

71"1 = 0.2 p = 0.3 1.05 1.06 DNE 1.01 1.00 1.00 1.00 1.00 

p = 0.5 1.06 1.11 DNE 1.00 1.00 1.00 1.00 1.00 
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Chapter 4 

Exact Inf ere nee for a 

Simple Step-stress Model 

with Competing Risks for Failure 

from Exponential Distribution 

under Type-II Censoring 

4.1 Introduction and motivation 

As mentioned in Section 1.1, the step-stress ALT allows gradual increase of the 

stress levels at some pre-fixed time points during the experiment. This testing method 

has attracted great attention in the reliability literature. Sedyakin (1966) proposed 
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one of the fundamental models in this area, known as the cumulative damage or 

cumulative exposure model. Recently, Balakrishnan et al. (2007), Balakrishnan and 

Xie ( 2007 a, b), and Balakrishnan et al. ( 2008) have all discussed different inferential 

issues regarding the ALT under the assumption of this cumulative exposure model. 

Furthermore, in reliability analysis, it is common that a failure is associated 

with one of several fatal risk factors the test unit is exposed to. Since it is not usually 

possible to study the test units with an isolated risk factor, it becomes necessary 

to assess each risk factor in the presence of other risk factors. In order to analyze 

such a competing risks model, each failure observation must come in a bivariate 

form composed of a failure time and the cause of failure. It is also assumed here 

that these competing risk factors are independent in the absence of covariates. Cox 

(1959), David and Moeschberger (1978), Klein and Basu (1981, 1982), and Crowder 

(2001) have all investigated the competing risks models and considered some specific 

parametric lifetime distributions for each risk factor. In addition to multiple causes 

of failure, censoring is also common in reliability experiments for various reasons as 

discussed in Section 1.2. Among different censoring schemes, the conventional Type­

II right censoring corresponds to the situation when the experiment gets terminated 

once a pre-specified number of failures are observed. 

In this chapter, we consider the simple step-stress model (i.e., two stress levels) 

under Type-II censoring when the lifetime distributions of the different risk factors 

are independently exponentially distributed. In Section 4.2, we present the MLEs 

of the mean parameters of the different risk factors and show that these MLEs do 

not always exist. The conditional MLEs are therefore proposed and the exact con­

ditional distributions of these MLEs are derived in Section 4.3. Based on the exact 
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distributions of the MLEs, we propose exact confidence intervals for the unknown 

mean parameters in Section 4.4. We also present the asymptotic distributions of the 

MLEs and the corresponding asymptotic confidence intervals as well as the confi­

dence intervals from a parametric bootstrap method. In Section 4.5, the performance 

of these confidence intervals is evaluated in terms of probability coverages via Monte 

Carlo simulations. In Section 4.6, we present a numerical example to illustrate all 

the methods of inference developed in this chapter, and some concluding remarks are 

finally made in Section 4. 7. 

4.2 Model description and MLEs 

A random sample of n identical units is placed on a life test under the initial 

stress level s 1 . The successive failure times are then recorded along with the infor­

mation about which risk factor caused each failure. At a pre-fixed time T, the stress 

level is increased to s2 and the life test continues until a pre-specified r (::; n) number 

of failures are observed. When r is taken to be n, then a complete set of failure 

observations would result for this simple step-stress test (i.e., no censoring). Suppose 

each unit fails by one of two fatal risk factors and the time-to-failure by each com­

peting risk has an independent exponential distribution which obeys the cumulative 

exposure model. Let eij be the mean time-to-failure of a test unit at the stress level 

si by the risk factor j for i, j = 1, 2. Then, the CDF of the lifetime Tj due to the risk 

78 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

factor j is given by 

G;(t) = G;(t;81;,82;) = { 
1 - exp { - e~i t} 
1 - exp { - -1 T - - 1 (t - T)} 

B1j B2j 

ifO<t<T 

if T :'.St< 00 

for j = 1, 2, and the corresponding PDF of Tj is given by 

{ 

- 1 exp { - _1_ t} if 0 < t < T 
9j(t) = gj(t; B1j, B2j) = Bij Bij 

- 1 exp { - _l_T - - 1 (t - T)} if T :::; t < 00 
B2j B1j B2j 

for j = 1, 2. Since we will observe only the smaller of T1 and T2 , let T =min {Ti, T2} 

denote the overall failure time of a test unit. Then, its CDF and PDF are readily 

obtained to be 

F(t) = F(t; 8) = 1 - (1 - G1 (t)) (1 - G2 (t)) 

{ 
1 - exp { - ( e~ 1 + e~J t} 
1-exp{ - (e~ 1 + e~2 )T- (e!1 + e~ 2 )(t-T)} 

if 0 < t < T 

if T :'.S t < 00 

(4.2.1) 

j(t) 

if Q < t < T 

if T :'.S t < 00 

(4.2.2) 

respectively, where(}= (81,82 ) with (Ji= (Bi1,Bi2 ) for i = 1,2. Furthermore, let C 

denote the indicator for the cause of failure. Then, under the assumptions specified 

earlier, the joint PDF of (T, C) is given by 

if Q < t < T 

if T :'.S t < 00 

(4.2.3) 
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for j, j' = 1, 2 and j' =f:. j. We also denote the relative risk imposed on a test unit 

before r due to the risk factor j by 

e-1 
7r1i = Pr[C = jlO < T < r] = 0_1 li 0_1 , 

11 + 12 
j = 1, 2. 

Similarly, the relative risk after T due to the factor j is denoted by 

e-1 
7r2j = Pr[C = jlT 2: r] = 0-1 2i 0-1 • 

21 + 22 
j = 1,2. 

( 4.2.4) 

(4.2.5) 

They are simply the proportion of failure rates in the given time frame. One can then 

easily see from ( 4.2.3)-( 4.2.5) that T and C are independent given the time frame in 

which a failure has occurred. 

Let us now define 

N1i the number of units that fail before r due to the risk factor j, 

N 2i the number of units that fail after T due to the risk factor j 

for j = 1, 2. If we let N1. denote the total number of failures before T and N2 . 

the total number of failures after T, then according to the testing scheme, we have 

N 1. = N 11 + N12 and N2. = N21 + N22 with N1. + N2. = r :Sn. With the life-testing 

scheme described above, the following ordered failure times will then be observed: 

where n 1 . denotes the observed value of N1 .. For notational simplicity, let us express 

N = (N1 , N 2) with Ni= (Ni1 , Ni2) for i = 1, 2, and let n denote the observed integer 

vector of N. 

Since each failure time is also accompanied by the corresponding cause of 

failure, let c = ( ci, c2 , ... , Cr) be the observed sequence of the cause of failure cor-

responding to the observed failure times t = (ti:n, hn, ... , tr:n)· Then, under the 
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assumption of the cumulative exposure model, we formulate the likelihood function 

of (} based on this Type-II censored data as 

for 0 < t1:n < · · · < tn1 .:n < T ~ tn1.+l:n < · · · < tr:n < 00, where 

ni. 

L ti:n + ( n - ni-)T, (4.2.7) 
i=l 

r 

U2 = L (ti:n - T) + (n - r)(tr:n - T). (4.2.8) 
i=n1.+l 

Note that ui is precisely the Total Time on Test statistic at the stress level Si. From 

the likelihood function in (4.2.6), one can easily see that the MLE of Bij does not exist 

if nij = 0 for any i, j = 1, 2. That is, at least one failure caused by each risk factor 

must be observed at each stress level in order to estimate (} simultaneously. This 

imposes the condition that Nii 2: 1 for all i, j = 1, 2 and consequently, we have to 

ensure 4 ~ r ~ n in the planning stage of the experiment. In general, r has to be at 

least the product of the number of stress levels implemented and the number of fatal 

risk factors under consideration. Once this condition is fulfilled, the log-likelihood 

function of(} is readily obtained from ( 4.2.6) as 

t(e) t(eJ(t,c)) =logL(e) 

- log n! - ~ nii log Bii - (2- + 2-) U1 - (2- + 2-) U2 
(n - r)! .~1 Bu 012 B21 B22 

i,J-
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from which the MLE of ()ii is readily obtained as 

i,j = 1,2. (4.2.9) 

Remark 4.2.1. In the model considered above, we have not assumed any relationships 

among the mean failure times by the two risk factors under the two stress levels. In 

some situations, we may know that some particular relationships hold among them; 

for instance, ()2j = Pi()lj with known Pi (0 < Pi < l} for j = 1, 2. In that case, the 

MLE of (} exists whenever at least one failure occurs by each risk factor, and their 

exact distributions can be derived explicitly. One can also use the likelihood ratio test 

statistic to test the multiple hypotheses H0 : ()2j = Pi()li for specified Pi 's. 

Remark 4.2.2. The model proposed above can be easily extended and generalized to 

accommodate multiple stress levels and multiple competing risks. In fact, the model 

under consideration is also general in the sense that it includes its marginal models as 

special cases. For instance, when en, ()21 ---+ oo or ()12 , ()22 ---+ oo, the limiting case of 

the above model is the simple step-stress model without the competing risk structure. 

If we rather let T ---+ oo, then the model conve.rges to the ordinary single stress model 

(i.e., one stress level only) with two competing risks. 

4.3 Conditional distributions of MLEs 

To find the exact distributions of {)ii, we first derive the conditional moment 

generating function (CMGF) of {)ii, conditioned on { Ni'i' 2: 1 for i', j' = 1, 2 and 

I::i',i'=l Ni'i' = r }. Let 6 be the set of positive integer vectors that N can take on 
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satisfying this condition. That is, 

6 {n nij 2: 1 for i,j = 1,2 and t nij = r}. 
2,J=l 

Then, the given condition is equivalent to N E 6. For notational convenience, we 

denote Mij(t) for the CMGF of eij, i,j = 1, 2. We can then write 

Mij(t) - E[ete;1 1N E 6] 
LE[eteijlNi = ni] x Pr[N = nJN E 6] (4.3.1) 
nE6 

for i, j = 1, 2. Using the lemmas presented in Appendix C, the joint probability mass 

function ( JPMF) of N is given by 

for n = (n11,n12,n21,n22) E 6, where rrij are as defined in (4.2.4) and (4.2.5) and 

F( T) = 1 - exp { - (~ + _l ) T}. 
Bu B12 

( 4.3.2) 

We then simply have 

[ I ] Pr [N = n] 
Pr N = n N E 6 = '"" [ = J , 

L...mE 6 Pr N m 
n E 6. (4.3.3) 

Subsequently, E [ et8;1 I Ni = ni J (for i, j = 1, 2) can be derived using the lemmas 

presented in Appendix C. Then, by inverting Mij(t), the CMGF of eij, we can estab­

lish the following theorems regarding the conditional distribution of eij' the proofs of 

which are presented in Appendix C. 

Theorem 4.3.1. The conditional PDF of B1j, given NE 6, is 
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for j = 1, 2, where 

c[1J 
n,jk 

(4.3.6) 

'Y(Y ; a,,\) { 

_\Cl! a-1 ->..y 
r(a) y e 

0 otherwise 

,y>O 
for a,,\> 0. (4.3.7) 

Corollary 4.3.1. The first two raw moments of B1i are 

and 

~ ~ c[l] { nl.(n1. + 1) (~ ~)-2 2 
- ~ ~ n,jk n2 () + () + Tljk 

nE6 k=O lj 11 12 

2n1. ( 1 1 )-l } +- -+- T1jk , 
nli ()11 e12 

respectively, for j = 1, 2. 

Proof. These expressions follow readily from ( 4.3.4). D 

Theorem 4.3.2. The conditional PDF of B2j, given NE 6, is 

(4.3.8) 
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for j = 1, 2, where 

(4.3.9) 

and 1(· ; a, A) is as defined in (4.3. 7). 

Corollary 4.3.2. The first two raw moments of ()2j are 

and 

respectively, for j = 1, 2. 

Proof. These expressions follow readily from ( 4.3.8). D 

For j = 1, 2, the distribution of B1j, conditioned on N E 6, is a generalized 

mixture of gamma distributions while the conditional distribution of ()2j is a true 

mixture of gamma distributions since c~l in (4.3.9) is the conditional JPMF of N, 

given N E 6. The expressions for the expected values clearly reveal that ()ij is 

a biased estimator of ()ij for all i, j = 1, 2. The expressions for the first two raw 

moments given in Corollaries 4.3.1 and 4.3.2 can be used to calculate the standard 
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errors of the estimates. We can also derive the expressions for the tail probabilities 

by integrating the conditional PDFs of fjij given above. These expressions, presented 

in the following corollary, are used to construct exact confidence intervals for ()ij later 

in Section 4.4. 

Corollary 4.3.3. The tail probabilities of fjij (for i, j = 1, 2) are given by 

and 

- L C~2l r (n2j (f- + f-) f, ; n2·), 
nECS 21 22 

where 

max{O, c}, 

{ foo 'Y(Y; <>, l)dy ~loo f(~)ya-le-•dy , t>O 

4.4 Confidence intervals 

Different methods of constructing confidence intervals ( Cls) for the unknown 

parameters ()ii are discussed in this section. Based on the exact conditional distribu-

tions of the MLEs from Theorems 4.3.1 and 4.3.2, we can construct exact Cls for ()ij· 

Due to the complexity of the exact conditional distributions of fJij, we also present 

the approximate Cls for ()ii based on the asymptotic distributions of the estimators 
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for a large sample size. Finally, the parametric bootstrap method is used to construct 

Cis for eij· 

4.4.1 Exact confidence intervals 

In order to ensure the invertibility of the pivotal quantities for the parameters 

eij, we assume that the tail probability of eij presented in Corollary 4.3.3 is mono-

tonically increasing with respect to eij for each i, j = 1, 2. As in Section 2.5, we are 

unable to establish the required monotonicity in an analytical way due to the complex 

structure of the exact distributions of the pivotal quantities. The extensive numerical 

computations, however, seem to support this monotonicity assumption (see Figure 

4.1). 

Let us now construct the exact 100(1-a)% CI for B1j, j = 1, 2. We first denote 

efj and eG for the lower and upper bounds of the two-sided CI for B1j' respectively. 

Then, by the monotonicity assumption, they are the unique solutions of the equations 

and 

[ A Ab] a 
Pr B1j > Bf/ = 2 

[

A A obs] Pr B1j > B1j 
a 

= 1- -
2' 

respectively, where BfJ8 is simply the observed value of the MLE of elj· Since efj and 

BG can not be expressed in an explicit form, they are numerically obtained by solving 

the following two non-linear equations using some iterative techniques such as the 
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bisection method, Newton-Raphson method or Brent's method: 

( 4.4.1) 

(4.4.2) 

for j = 1, 2 with j' =f. j, where Tijk, C~~~k and f(· ; a) are as defined earlier. Note that 

the coefficients C~~~k in the above two equations are functions of 8. Hence, before 

solving for the confidence limits for fixed j' we replace elj in c~~~k in an appropriate 

manner. That is, efj is substituted for B1j in C~~~k of ( 4.1) and likewise Bf; for B1j in 

C~~~k of (4.2). The observed values of the MLEs are also substituted for all the other 

unknown parameters in the expressions given above. 

Using a similar argument, the two-sided 100(1 - a)% CI for B2j, denoted by 

( e~j' e~)' can be numerically obtained as the unique solution of the following two 

non-linear equations: 

2 

a 
1- -

2 

~ cr2J r( . (2- _1 )e'abs. ) L.....t n n2J eL. + e I 2j ' n2. ' 
nE6 2J 21 

(4.4.3) 

- ~ cr2J r ( . (2- _1 ) e'abs . ) - L.....t n n2J eu + e ., 2j ' n2. 
nE6 2J 21 

( 4.4.4) 

for j = 1, 2 with j' =f. j where e2~s is an observed value of the MLE of e2j, and c~l 

and f(· ; a) are as defined earlier. In the above two equations, the coefficients cl2l 
are functions of () and thus, for fixed j, e~j is substituted for e2j in c~l of ( 4. 3) and 

likewise e~ for e2j in cl2l of ( 4.4) before solving the equations. Again, the other 

unknown parameters are replaced by the observed values of their respective "YILEs in 

the above expressions. 
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4.4.2 Approximate confidence intervals 

As discussed in Section 2.5.2, the MLEs exhibit asymptotically optimal char-

acteristics when the sample size grows. Under certain regularity conditions, the MLEs 

are asymptotically unbiased and efficient. That is, their bias tends to zero and their 

variances achieve the Cramer-Rao lower bounds as the sample size grows to infin-

ity. Furthermore, their distribution approaches normal with the variance-covariance 

matrix given by the inverse of the Fisher information matrix; see Silvey ( 1975), and 

Casella and Berger (2002) for details. Hence, inference about the unknown param-

eters can be based on the asymptotic normality of the MLEs. In this subsection, 

we present an approximate method to construct Cis for ()ij using these properties 

of the MLEs for large sample sizes. Although the exact method described in the 

preceding subsection is preferable, its computation encounters some difficulties for 

large samples. On the other hand, the approximate method provides not only the 

computational ease but also a good probability coverage (close to the nominal level) 

when the sample size gets large. This finding is further discussed in Section 4.5. 

Let us first denote the (expected) Fisher information matrix of () by 

where 

Iij:i'j' = -E [ 8l(O) l = { E [ - ~: + ~t' l , i = i' and j = j' 
[J()ij [J()i, j' 

0 otherwise 

with U1 and U2 being as defined in (4.2.7) and (4.2.8), respectively. It is clear that 

IE(O) is a diagonal matrix and by substituting {Jij for ()ij, the observed Fisher infor-
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Table 4. 7: Average Widths of Confidence Intervals based on 1000 Simulations 

with ()11 = 6.0, 012 = 12.0, 021 = 3.0, B22 = 6.0, n = 40, r = 30 and B = 1000 

Nominal CL I 903 953 993 

Parameter T Exact Approx Boot Exact Approx Boot Exact Approx 

1 35.421 12.627 16.093 41.213 15.046 21.041 54.793 19.773 

2 18.864 7.380 9.718 20.447 8.794 13.187 30.406 11.558 

3 8.485 5.818 7.067 13.252 6.933 9.084 18.291 9.111 
811 

4 6.869 5.329 6.000 9.065 6.350 7.535 15.697 8.345 

5 5.901 4.870 5.298 7.225 5.803 6.452 12.023 7.626 

6 5.234 4.649 4.968 6.417 5.539 6.094 11.776 7.280 

1 66.671 38.387 25.034 76.901 45.741 28.688 83.608 60.114 

2 48.090 27.734 33.713 56.240 33.047 42.926 70.153 43.431 

3 32.826 21.038 29.332 42.244 25.068 40.402 65.338 32.945 
812 

4 21.354 17.826 23.415 28.351 21.241 32.684 44.428 27.916 

5 18.070 15.848 20.567 22.859 18.884 30.161 34.862 24.817 

6 15.948 14.360 18.568 20.045 17.111 25.531 30.218 22.488 

1 2.434 2.261 2.338 2.974 2.694 2.824 4.167 3.540 

2 2.864 2.597 2.786 3.537 3.095 3.408 5.095 4.068 

3 3.460 3.023 3.310 4.342 3.602 4.098 6.563 4.734 
821 

4 4.120 3.393 4.137 5.369 4.043 5.280 9.062 5.314 

5 6.454 4.261 5.153 9.323 5.077 6.562 18.807 6.672 

6 10.662 5.299 6.446 15.384 6.314 8.435 35.594 8.298 

1 8.621 7.331 9.028 10.893 8.736 12.081 16.719 11.481 

2 9.999 7.978 11.340 13.005 9.506 15.346 21.553 12.493 

3 17.434 11.099 14.204 22.537 13.225 19.108 38.199 17.381 
822 

4 28.243 13.704 17.190 36.297 16.330 22.580 60.667 21.461 

5 41.147 15. 726 18.583 53.024 18.738 23.147 85.390 24.626 

6 60.692 17.684 18.222 74.906 21.072 22.897 108.851 27.694 

101 

Boot 

29.681 

24.267 

14.990 

11.539 

9.346 

8.650 

32.394 

57.971 

64.914 

56.474 

52.738 

45.642 

3.890 

4.819 

6.123 

8.380 

10.690 

13.424 

21.151 

26.297 

31.251 

34.379 

33.388 

31.464 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

Table 4.8: Average Bounds of 903 Confidence Intervals based on 1000 Simulations 

with e11 = 6.0, e12 = 12.0, e21 = 3.0, e22 = 6.0, n = 40, r = 30 and B = 1000 

Parameter T Exact CI Approximate CI BCa Bootstrap CI 

1 ( 4.628, 40.049) (1.109, 13.736) (4.172, 20.265) 

2 ( 4.446, 23.310) (2.923, 10.304) (4.146, 13.864) 

3 (4.459, 12.944) (3.409, 9.227) (4.234, 11.302) 
en 

4 ( 4.518, 11.387) (3.695, 9.024) ( 4.318, 10.318) 

5 ( 4.586, 10.487) (3.815, 8.685) (4.307, 9.605) 

6 ( 4.633, 9.867) (3.920, 8.569) ( 4.344, 9.312) 

1 (6.718, 73.389) (0.000, 34.771) (8.360, 33.393) 

2 (7.076, 55.166) (1.430, 29.164) (8.135, 41.848) 

3 (8.293, 41.119) (3.699, 24.737) (8.131, 37.464) 
e12 

4 (7.606, 28.960) ( 4.818, 22.644) (7.831, 31.246) 

5 (7.731, 25.801) (5.489, 21.337) (7.952, 28.519) 

6 (7.717, 23.665) (5.860, 20.220) (8.090, 26.658) 

1 (2.172, 4.606) (1.933, 4.194) (2.070, 4.409) 

2 (2.086, 4.950) ( 1. 782, 4.380) (2.000, 4. 786) 

3 (2.004, 5.464) (1.617, 4.640) (1.876, 5.187) 
e21 

4 (1.850, 5.970) (1.378, 4.771) (1.767, 5.904) 

5 (1. 782, 8.236) (1.116, 5.377) (1.645, 6.798) 

6 (1.689, 12.352) (0. 752, 6.050) (1.528, 7.974) 

1 (3.928, 12.549) (2.905, 10.236) (3.908, 12.936) 

2 (3.601, 13.600) (2.392, 10.370) (3.710, 15.050) 

3 (3.572, 21.006) (1.528, 12.627) (3.611, 17.816) 
e22 

4 (3.387, 31.630) (0.550, 14.255) (3.630, 20.820) 

5 (3.180, 44.327) (0.000, 15.315) (3.654, 22.237) 

6 (2.993, 63.685) (0.000, 16.248) (3.357, 21.579) 
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Table 4.9: Average Bounds of 953 Confidence Intervals based on 1000 Simulations 

with B11 = 6.0, B12 = 12.0, B21 = 3.0, B22 = 6.0, n = 40, r = 30 and B = 1000 

Parameter T Exact CI Approximate CI BCa Bootstrap CI 

1 ( 4.278, 45.491) (0.000, 14.946) (3.826, 24.867) 

2 ( 4.354, 24.801) (2.216, 11.011) (3.850, 17.036) 

3 (4.467, 17.719) (2.852, 9. 785) (3.94 7, 13.031) 
en 

4 (4.573, 13.638) (3.184, 9.534) (4.032, 11.566) 

5 (4.599, 11.824) (3.349, 9.151) (4.005, 10.457) 

6 (4.664, 11.081) (3.475, 9.014) (4.065, 10.159) 

1 (5.958, 82.859) (0.000, 38.448) (7.437, 36.125) 

2 (6.536, 62.776) (0.000, 31.820) (7.422, 50.348) 

3 (7.613, 49.857) (1.684, 26.752) (7.500, 47.902) 
812 

4 (6.907, 35.258) (3.111, 24.352) (7.238, 39.921) 

5 (7.057, 29.916) (3.971, 22.855) (7.559, 37.720) 

6 (7.072, 27.117) ( 4.484, 21.596) (7.488, 33.019) 

1 (2.038, 5.012) (1.716, 4.410) (1.906, 4.730) 

2 (1.940, 5.477) (1.534, 4.629) (1.818, 5.226) 

3 (1.844, 6.186) (1.328, 4.930) (1.678, 5. 776) 
821 

4 (1.683, 7.052) (1.053, 5.096) (1.553, 6.833) 

5 (1.592, 10.915) (0.708, 5.785) (1.408, 7.970) 

6 (1.479, 16.862) (0.244, 6.558) (1.280, 9.715) 

1 (3.590, 14.483) (2.203, 10.938) (3.572, 15.653) 

2 (3.258, 16.263) (1.628, 11.134) (3.360, 18.706) 

3 (3.169, 25.706) (0.465, 13.690) (3.223, 22.331) 
822 

4 (2.947, 39.245) (0.000, 15.568) (3.171, 25.751) 

5 (2. 714, 55. 738) (0.000, 16.821) (2.988, 26.135) 

6 (2.509, 77.414) (0.000, 17.942) (2.773, 25.670) 
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Table 4.10: Average Bounds of 99% Confidence Intervals based on 1000 Simulations 

with Bu = 6.0, 012 = 12.0, B21 = 3.0, B22 = 6.0, n = 40, r = 30 and B = 1000 

Parameter 7 Exact CI Approximate CI BCa Bootstrap CI 

1 (3.149, 57.942) (0.000, 17.309) (3.247, 32.928) 

2 (3.590, 33.996) (0.835, 12.393) (3.343, 27.610) 

3 (3.733, 22.024) (1.762, 10.874) (3.440, 18.430) 
811 

4 (3.822, 19.519) (2.187, 10.532) (3.512, 15.051) 

5 (3.857, 15.880) (2.437, 10.063) (3.488, 12.834) 

6 (3.930, 15. 706) (2.604, 9.884) (3.541, 12.190) 

1 (4.148, 87.756) (0.000, 45.634) (6.171, 38.565) 

2 (5.359, 75.512) (0.000, 37.012) (6.290, 64.261) 

3 (6.548, 71.886) (0.000, 30.690) (6.416, 71.330) 
812 

4 (5.777, 50.205) (0.000, 27.689) ( 6.233, 62. 707) 

5 (5.952, 40.813) (1.004, 25.822) (6.499, 59.237) 

6 (6.001, 36.219) (1. 796, 24.284) (6.448, 52.090) 

1 (1.804, 5.970) (1.293, 4.834) (1.568, 5.458) 

2 (1.687, 6.782) (1.047, 5.115) (1.432, 6.250) 

3 (1.568, 8.131) (0. 762, 5.496) (1.263, 7.386) 
821 

4 (1.395, 10.457) (0.418, 5.731) (1.103, 9.483) 

5 (1.269, 20.075) (0.000, 6.583) (0.928, 11.618) 

6 (1.129, 36.723) (0.000, 7.550) (0.795, 14.219) 

1 (3.026, 19.745) (0.830, 12.311) (2.976, 24.127) 

2 (2.690, 24.244) (0.134, 12.627) (2.750, 29.047) 

3 (2.522, 40.721) (0.000, 15. 768) (2.559, 33.810) 
822 

4 (2.261, 62.927) (0.000, 18.133) (2.423, 36.801) 

5 (2.014, 87.404) (0.000, 19.765) (2.144, 35.532) 

6 (1.802, 110.652) (0.000, 21.253) (1.845, 33.309) 
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observation is apparent for the exact Cls and the approximate Cls. This is not 

surprising because when Tis small, the number of failures before Twill be fewer than 

those after T and so inference for 01j will not be very precise requiring much wider 

intervals than 02j for a fixed level of confidence. However, as T increases, the situation 

is reversed providing more information about 01j as compared to 02j and in turn, the 

width of the interval is shortened for 01j while it is lengthened for 02j. 

As the sample size grows, the larger computational time as well as the unstable 

precision (especially for 01j, j = 1, 2) becomes a problematic issue for constructing Cls 

by the exact method. Hence, based on the simulation study, we recommend the use 

of the bootstrap approach to construct Cls for Oij when r and n are considerably large 

since it offers computational feasibility and also performs reasonably well in terms of 

probability coverages and widths for large sample sizes. But, for small sample sizes 

(say, r ::; n ::; 40), the exact method developed here is the one that is recommended. 

4.6 Illustrative example 

We have simulated a Type-II censored sample from a simple step-stress test 

with two competing risks in order to illustrate the methods of inference described in 

the preceding sections. The dataset was generated with the following choices of the 

parameters: 

Bu = 8.96, 012 = 12.18, 021 = 4.48, 022 = 4.06 

along with the stress change time point T = 3. In this setup, when the stress level 

increases, there is a 503 decrease in the mean time to failure caused by the risk factor 

105 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

1 and a 673 decrease in the mean time to failure caused by the risk factor 2. Also, at 

the initial stress level, there is a 583 chance for a test unit to fail by the risk factor 

1 but it drops to 4 73 after the increment of the stress level at T. From the initial 

sample size of n = 25 with r = 20 for 203 right censoring, the observed times to 

failure are presented in Table 4.11 below. 

From this dataset, we have nn = 7, n 12 = 5, n21 = 4, n22 = 4 and hence, the 

observed MLEs of Bii are found from ( 4.2.9) to be 

A A A A 

en = 7.510, B12 = 10.514, B21 = 4.128, B22 = 4.128. 

The Cis for eii are also presented in Table 4.12 using all three methods described in 

Section 4.4. Since the exact Cis for eij require the monotonicity of the tail probability 

functions of {)ij, we provide the numerical justification of this assumption by plotting 

the tail probabilities with the observed values of the MLEs from the sample. From 

Figure 4.1, it is evident that all the plots show the monotonically increasing behavior 

of the tail probabilities with respect to the unknown parameter eij for each i, j = 1, 2. 

In addition, the two horizontal lines corresponding to the values of a/2 and 1 - a/2 

for a = 0.10 are overlaid in each plot of Figure 4.1 to illustrate how the exact Cis are 

constructed by inverting the tail probabilities of {)ii· In the first plot of Figure 4.1, for 

example, the values of Bn from the two intersecting points are the unique solutions 

of Eqs. ( 4.4.1) and ( 4.4.2), respectively, and together they provide the exact 903 CI 

for Bn. 

From Table 4.12, we observe that the exact Cis are always wider than the other 

two intervals. The approximate method provides the narrowest Cis in general while 

the BCa bootstrap Cis are sometimes narrower and at other times wider than the 
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Table 4.11: Type-II Censored Sample from n = 25 units on a Simple 

Step-stress Test with Two Competing Risks, T = 3 and r = 20 

Stress Level 1 Stress Level 2 

(before T = 3) (after T = 3) 

Failure Time Failure Cause Failure Time Failure Cause 

0.145 1 3.105 1 

0.289 1 3.537 2 

0.345 2 3.608 2 

0.382 1 3.621 1 

0.575 2 3.640 2 

0.577 1 3.814 1 

1.126 1 4.514 2 

1.588 1 4.946 1 

1.597 2 

1.772 1 

2.428 2 

2.744 2 
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Table 4.12: Interval Estimation based on the Type-II Censored 

Step-stress Data in Table 4.11 with B = 1000 

Parameter CL Exact CI Approximate CI BCa Bootstrap CI 

90% ( 4.065, 14.534) (2.841, 12.178) (4.253, 13.572) 

Ou = 8.96 95% (3.647, 16.912) (1.947, 13.073) (3.906, 15.606) 

99% (3.031, 23.207) (0.198, 14.821) (3.375, 22.179) 

90% (5.213, 23.442) (2.780, 18.247) (5.691, 20.453) 

812 = 12.18 95% ( 4.635, 28.457) (1.298, 19. 729) (5.216, 24.401) 

99% (3.755, 43.314) (0.000, 22.625) ( 4.534, 34.546) 

90% (1.902, 13.310) (0. 733, 7.524) (1.706, 10.861) 

821 = 4.48 95% (1.633, 19.177) (0.083, 8.174) (1.412, 14.185) 

99% (1.162, 83.142) (0.000, 9.445) (1.097, 26.105) 

90% (1.902, 13.310) (0.733, 7.524) (1.956, 12.303) 

822 = 4.06 95% (1.633, 19.177) (0.083, 8.174) (1.637, 18.534) 

99% ( 1.162, 83.142) (0.000, 9.445) (1.263, 30.015) 
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Figure 4.1: Plots of Tail Probabilities of iJiJ, Pr [ iJiJ > iJ7Js J , with respect to eiJ and 

Exact 903 Confidence Intervals for eiJ from the Step-stress Data in Table 4.11 
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approximate ones. This is so since the coverage probabilities for the approximate Cls 

and the bootstrap Cis are significantly lower than the nominal levels (see Tables 4.1 

and 4.6). vVe also note from Table 4.12 that the Cis for B11 are consistently narrower 

than those for B12 . The primary reason for this is that when B11 is smaller than B12 , 

we expect a relatively large number of failures to occur before T by the risk factor 1 

than by the risk factor 2, resulting in lower variability in the estimation of Bu than 

B12 , and vice versa. It is also interesting to observe from Table 4.12 that the exact Cls 

for B21 and B22 are identical as well as their approximate Cls. This is to be expected 

because the exact method and the approximate method both depend on the observed 

values of the MLEs and the MLEs are sensitive to the number of failures caused by 

each risk factor before and after T. Since n 21 = n 22 = 4 in this example, the realized 

' ' 
values of B21 and B22 happen to be equal and this in turn yields the same estimates 

for the tail probabilities of fJ21 and fJ22 (see Figure 4.1). Consequently, the inference 

regarding B21 and B22 comes out be identical in this case. 

4. 7 Summary and conclusions 

In this chapter, we have discussed the simple step-stress model under Type-II 

censoring when the lifetimes corresponding to different risk factors have indepen-

dent exponential distributions. We have derived the MLEs of the unknown mean 

parameters Bij under the assumption of a cumulative exposure model and their ex-

act conditional distributions through the use of the CMGF. We have also proposed 

several different procedures for constructing Cis for Bij· We have then conducted a 

simulation study to assess the performance of all these procedures and a numerical 

110 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

example has been presented to illustrate all the methods of inference developed in 

this chapter. Based on the results of the simulation study, our recommendation for 

constructing Cls for ()ij is to apply the exact method whenever possible, especially 

in the case of small sample sizes (e.g., r :::; n:::; 40) since the other two methods are 

unsatisfactory in terms of probability coverages. For larger sample sizes, however, the 

BCa percentile bootstrap method is more appropriate because of its computational 

ease as well as for its improved probability coverages being close to the nominal levels. 
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Chapter 5 

Exact Inference for a 

Simple Step-stress Model 

with Competing Risks for Failure 

from Exponential Distribution 

under Time Constraint 

5.1 Introduction and motivation 

In Chapter 4, we have developed the method of the exact inference for the 

simple step-stress model under Type-II censoring. In this chapter, we consider the 

simple step-stress model under time constraint (i.e., Type-I censoring) when the life-
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time distributions of the different risk factors are independently exponentially dis­

tributed. Type-I right censoring corresponds to the situation when the experiment 

gets terminated at a pre-fixed time point. Compared to the Type-II censoring, it 

has the clear advantage of the known termination time for the test, which makes it 

more appealing for the actual implementation in the test design. In Section 5.2, we 

present the MLEs of the mean parameters of the different risk factors and show that 

these MLEs do not always exist. The conditional MLEs are therefore proposed and 

the exact conditional distributions of these MLEs are derived in Section 5.3. Based 

on the exact distributions of the MLEs, we propose exact confidence intervals for the 

unknown mean parameters in Section 5.4 along with the confidence intervals from 

the asymptotic distributions of the MLEs and the parametric bootstrap method. In 

Section 5.5, the performance of these confidence intervals is evaluated in terms of 

probability coverages via Monte Carlo simulations. In Section 5.6, we present a nu­

merical example to illustrate the methods of inference developed in this chapter, and 

some concluding remarks are finally made in Section 5. 7. 

5.2 Model description and MLEs 

A random sample of n identical units is placed on a life test under the initial 

stress level 8 1. The successive failure times are then recorded along with the infor­

mation about which risk factor caused each failure. At a pre-fixed time T, the stress 

level is increased to 8 2 and the life test continues until a pre-specified censoring time 

Tc (> T). When all n units fail before Tc, then a complete set of failure observations 

would result for this simple step-stress test (i.e., no censoring). Suppose each unit 
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fails by one of two fatal risk factors and the time-to-failure by each competing risk 

has an independent exponential distribution which obeys the cumulative exposure 

model. Let eij be the mean time-to-failure of a test unit at the stress level si by the 

risk factor j for i, j = 1, 2. Then, as in Section 4.2, the CDF of the lifetime Tj due to 

the risk factor j is given by 

G;(t) = G;(t; e,;, e2j) = { 
if Q < t < T 

if T:::; t < 00 

for j = 1, 2, and the corresponding PDF of Tj is given by 

{ 
- 1 exp { - -1 t} if 0 < t < r 

gj(t) = gj(t; e1j, B2j) = 111
j 111 j 

- 1 exp { - -1 T - - 1 (t - r)} if T :::; t < oo 
f!2i 81i 821 

for j = 1, 2. Since we will observe only the smaller of T1 and T2 , let T =min {T1 , T2 } 

denote the overall failure time of a test unit. Then, its CDF and PDF are readily 

obtained to be 

F(t) = F(t; 0) = 1 - (1 - G1(t)) (1 - G2(t)) 

{ 
1 - exp { - ( 11 ~ 1 + 8~J t} 
1 - exp { - ( 8 ~ 1 + 8 ~2 ) T - ( 11!1 + 8!2 ) ( t - T)} 

if 0 < t < T 

if T ::; t < 00 

(5.2.1) 

f (t) 

ifO<t<r 

if T :S t < 00 

(5.2.2) 

respectively, where 0 = (01,02 ) with Oi = (Bii,ei2 ) for i = 1,2. Furthermore, let C 

denote the indicator for the cause of failure. Then, the joint PDF of (T, C) is given 
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by 

gj(t)(l - Gj'(t)) 

{ 
_1 ex { _ (-1 + _1 ) t} 
01j p 011 012 

_1 exp { _ (-1 + _1 ) T _ (-1 + _1 ) ( t _ T)} 
02j 011 012 021 022 

if Q < t < T 

if T :::; t < 00 

(5.2.3) 

for j, j' = 1, 2 and j' -=/- j. We also denote the relative risk imposed on a test unit 

before T due to the risk factor j by 

e-1 
rr1j=Pr[C=jf0<T<T] = _ 1 lj _ 1 , 

()11 + ()12 
j = 1, 2. 

Similarly, the relative risk after T due to the factor j is denoted by 

e-1 
rr2j = Pr[C = jfT 2:: T] = _ 1 

2j _ 1 , 
()21 + 822 

j = 1, 2. 

(5.2.4) 

(5.2.5) 

They are simply the proportion of failure rates in the given time frame. One can then 

easily see from (5.2.3)-(5.2.5) that T and C are independent given the time frame in 

which a failure has occurred. 

\Nith the life-testing scheme described above, the following ordered failure 

times will be observed: 

where n 1 . denotes the observed value of N 1 ., the total number of failures before T. 

Similarly, n .. denotes the observed value of N .. , the accumulated number of failures 

until Tc according to the testing scheme. If we let N 2 . denote the total number of 

failures between T and Tc so that N1 . + N 2 . = N .. :::; n, then we can express 

Nij the number of units that fail between 0 and T due to the risk factor j, 

N 2j the number of units that fail between T and Tc due to the risk factor j 

115 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

for j = 1, 2 such that N1 . = Nu+ N12 and N2. = N21 + N22 . Let us denote N = 

(N1 , N 2 ) with Ni = (Ni 1 , Ni2 ) for i = 1, 2, and let n denote the observed integer 

vector of N. 

Since each failure time is also accompanied by the corresponding cause of 

failure, let c = (c1 , c2 , ... , en .. ) be the observed sequence of the cause of failure cor-

responding to the observed failure times t = (ti:n, hn, ... , tn .. :n)· Then, under the 

assumption of the cumulative exposure model, we formulate the likelihood function 

of e based on this Type-I censored data as 

L(8) = L(Bi(t,c)) 

(n :~ .. )! {IT fr,c (ti:n, ci)} { . ft fr,c (ti:n, ci)} { 1 - F(Tc)} n-n .. 
i=l i=n1.+l 

e .. '1 exp - - + - U1 - - + - U2 n! { rr2 -n·.} { ( 1 1 ) ( 1 1 ) } 
( n - n .. ) ! i,j=l iJ Bu B12 B21 822 

(5.2.6) 

for Q < t1:n < · · · < in1 .:n < T ~ in1 .+l:n < · · · < tn .. :n < Tc, where 

n .. n1. + n2. = (nu+ n12) + (n21 + n22), 
n1. 

U1 L ti:n + (n - ni-)T, (5.2.7) 
i=l 

n .. 

U2 - 2= (ti:n - T) + (n - n .. )(Tc - T). (5.2.8) 
i=n1.+l 

Note that Ui is the Total Time on Test statistic at the stress level si· From the 

likelihood function in (5.2.6), one can easily see that the MLE of eij does not exist if 

nij = 0 for any i, j = 1, 2. That is, at least one failure caused by each risk factor must 

be observed at each stress level in order to estimate e simultaneously. This imposes 

the condition that Nij 2:: 1 for all i, j = 1, 2 and consequently, the acceptable sample 
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size needs to be much larger than 4 in the planning stage of the experiment. In 

general, n has to be at least the product of the number of stress levels implemented 

and the number of fatal risk factors under consideration. Once this condition is 

fulfilled, the log-likelihood function of e is readily obtained from (5.2.6) as 

l(8) l(81(t,c)) = logL(8) 

log n! - ~ niJ log eiJ - (2- + 2-) U1 - (2- + 2-) U2 
(n - n .. )! _6 ell e12 e21 e22 

2,J=l 

from which the MLE of eiJ is readily obtained as 

i,j = 1,2. (5.2.9) 

Remark 5.2.1. Again, in the model considered above, we have not assumed any 

relationships among the mean failure times by the two risk factors under the two 

stress levels. In some situations, we may know that some particular relationships 

hold among them; for instance, e2J = PJelJ with known PJ (0 < PJ < l) for j = 1, 2. 

In that case, the MLE of 8 exists whenever at least one failure occurs by each risk 

factor, and their exact distributions can be derived explicitly. One can also use the 

likelihood ratio test statistic to test the multiple hypotheses H 0 : e2J = PJelJ for 

specified PJ 's. 

5.3 Conditional distributions of MLEs 

To find the exact distribution of eiJ, we first derive the CMGF of eiJ, con­

ditioned on {Ni'J' 2: 1 for i',j' = 1,2 and L~',J'=lNi'J'::; n}. Let 6 be the set of 
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positive integer vectors that N can take on satisfying this condition. That is, 

6 = {n nij ~ 1 for i,j = 1, 2 and .t nij::;; n}. 
i,J=l 

Then, the given condition is equivalent to N E 6. For notational convenience, we 

denote Mij(t) for the CMGF of {Jij, i, j = 1, 2. We can then write 

M1i(t) - E [ et9ij IN E 6 J 

L E [ et9ij IN 1 = n 1 J x Pr [ N = n IN E 6 J (5.3.1) 
nE6 

and 

M 2i(t) - E [ et92 j IN E 6 J 

- LE [ et02 j IN1. = n1., N2 = n 2 J x Pr [N = nlN E 6 J (5.3.2) 
nE6 

for j = 1, 2. From the lemmas presented in Appendix D, we find that N has a 

multinomial distribution with its JPMF as 

for n = (nu, n12, n21, n22) E 6, where 1rij are as defined in (5.2.4) and (5.2.5) and 

F(t) is as given in (5.2.1). Hence, we simply obtain 

Pr[N~njNE6] ~ L Pr[N[n2 r 
mE 6 Pr N m 

nE 6. (5.3.3) 

Subsequently, E[et9ijlN1 = n 1] and E[et92jlN1. = n1., N2 = n2] (for j = 1,2) can 

be derived using the lemmas presented in Appendix D. Then, by inverting lVlij(t), 

the CMGF of {Jij, we can establish the following theorems regarding the conditional 

distribution of {Jij, the proofs of which are presented in Appendix D. 
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Theorem 5.3.1. The conditional PDF of B1j, given NE 6, is 

for j = 1, 2, where 

c[1J 
n,jk 

and 1(· ; o:, .\) is as defined in (4.3. 7). 

Corollary 5.3.1. The first two raw moments of B1j are 

and 

~ ~ d1J { nl.(n1. + 1) (-1 _l )-2 
2 

- ~ ~ n,jk n2 e + e + Tljk 
nE6 k=O lj 11 12 

( )
-1 } 2n1. 1 1 + -- -- + - T1jk , 

nlj Bu 812 

respectively, for j = 1, 2. 

Proof. These expressions follow readily from (5.3.4). D 
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Theorem 5.3.2. The conditional PDF of 82j, given NE 6, is 

for j = 1, 2, where 

c[2J 
n,jk 

and 1(· ; a,>-) is as defined in (4.3. 7). 

Corollary 5.3.2. The first two raw moments of B2j are 

and 

respectively, for j = 1, 2. 

Proof. These expressions follow readily from ( 5.3. 7). D 

As presented above, for i, j = 1, 2, the conditional distribution of {Jij, given 

N E 6, is a generalized mixture of gamma distributions. The expressions for the 
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expected values clearly reveal that eij is a biased estimator of eij for all i, j = 1, 2. 

The expressions for the first two raw moments given in Corollaries 3.1 and 3.2 can 

be used to calculate the standard errors of the estimates. We can also derive the 

expressions for the tail probabilities by integrating the conditional PDFs of {Jij given 

above. These expressions, presented in the following corollary, are used to construct 

exact confidence intervals for eij later in Section 5.4. 

Corollary 5.3.3. The tail probability of eij is given by 

for i, j = 1, 2, where 

max {O, E }, 

f(c ; a) { 100 
i(Y; a, l)dy = 100 

-
1-yo.-le-Ydy 

E E f(a) 

1 

t:>O 

Remark 5.3.1. The model proposed in Section 5.2 and the distributional results 

obtained above can be easily extended and generalized to accommodate multiple stress 

levels and multiple competing risks. In fact, the model under consideration is also 

general in the sense that it includes its marginal models as special cases. For instance, 

when eu, e21 ___, 00 or e12, e22 ___, oo, the failure of a test unit will be caused by a single 

risk factor with probability 1. Hence, the limiting case of the proposed model is the 

simple step-stress model under Type-I censoring without the competing risk structure, 

which was considered by Balakrishnan et al. (2008 ). Consequently, the distributional 

results derived above simply reduce to those obtained by Balakrishnan et al. ( 2008) 

when ell) e21 ___, 00 or e12, e22 ___, 00. On the other hand, if we rather let T ___, 00' then 
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the model developed here converges to the ordinary single stress model (i.e., one stress 

level only) with two competing risks. 

5 .4 Confidence intervals 

In this section, we discuss different methods of constructing Cis for the un­

known parameters eiJ. Based on the exact conditional distributions of the MLEs from 

Theorems 5.3.l and 5.3.2, we can construct exact Cis for eij· Since the exact condi­

tional distributions of {)ij are quite complicated, we also present the approximate Cis 

for eij based on the asymptotic distributions of the estimators for a large sample size. 

Finally, the parametric bootstrap method is used to construct Cis for eiJ. 

5 .4.1 Exact confidence intervals 

As in Section 4.4.1, in order to guarantee the invertibility of the pivotal 

quantities for the parameters eij' we assume that the tail probability of {)ij presented 

in Corollary 5.3.3 is a monotonically increasing function of eiJ for each i, j = 1, 2. 

Although this assumption can not be verified in an analytical way due to the complex 

structure of the exact distributions of the pivotal quantities, extensive numerical 

computations seem to support this monotonicity assumption (see Figure 5.1). 

Let us now construct the exact 100(1 - a)% CI for ()ij, i, j = 1, 2. We first 

denote et and e~ for the lower and upper bounds of the two-sided CI for eiJ, respec­

tively. Then, by the monotonicity assumption, they are the unique solutions of the 
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equations 

and 

[

A Ab] a 
Pr Bii >Bf/ = 1 - 2' 

respectively, where Bfj8 is simply the observed value of the MLE of eii in this case. 

Since Bfj and eg can not be expressed in an explicit form, they are numerically 

obtained by solving the following two non-linear equations using some iterative tech-

niques such as the bisection method, Newton-Raphson method or Brent's method: 

2 

a 
1- -

2 

" ~ c[i] r ( ( 1 1 ) leAobs > • ) - LL n,jk nij e~ + ei '/ \ ij - Tijk ' ni. ' 
nES k=O tJ J 

(5.4.1) 

- " ~ c[i] r ( ( 1 1 ) leAobs \ o ) - LL n,jk nii eu. + ei ., \ ii - riik/ , ni· 
nES k=O tJ J 

(5.4.2) 

for i,j = 1,2 with j' =I- j, where Tijk, c~:ik and r(· ;a) are as defined earlier. Note 

that the coefficients C~!ik in the above two equations are functions of fJ. Hence, 

before solving for the confidence limits for fixed i and j' we replace eij in c~:jk in an 

appropriate manner. That is, Bfj is substituted for eii in c~:ik of (5.4.1) and likewise 

eg for eii in C~!ik of (5.4.2). The observed values of the MLEs are also substituted 

for all the other unknown parameters in the expressions given above. 

5.4.2 Approximate confidence intervals 

In this subsection, we present an approximate method to construct Cis for 

eij using the asymptotically optimal properties of the MLEs for large sample sizes. 

Although the exact method described in the preceding subsection is preferable, its 
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computation again encounters some difficulties for large samples. On the other hand, 

the approximate method provides not only the computational ease but also a good 

probability coverage (close to the nominal level) when the sample size is large. This 

finding is further discussed in Section 5.5. 

Let us first denote the (expected) Fisher information matrix of (} by 

IE ( 0) = [ Iij:i'j'] ... , ., ' 
i,J,i ,J =1,2 

where 

, i = i' and j = j' 

otherwise 

with U1 and U2 being as defined in (5.2.7) and (5.2.8), respectively. It is clear that 

Is(O) is a diagonal matrix and by substituting fJij for ()ij, the observed Fisher infor-

mation matrix of (J is simply 

I 0 (fJ) = diag -A-, . (nu 
er1 

Upon inverting this matrix, we obtain the asymptotic variance of fJij as 
A2 
()" 

Vij = ....2..., i,j = 1, 2. 
nij 

Since fJij is asymptotically unbiased for ()ij, we can then use 

{Jij - ()ij 

y'v0 ' i,j=l,2 

as a pivotal quantity for ()ij to construct two-sided 100(1 - a)% approximate CI for 

()ij, which is given by 

(max { 0, {Jij - Za/2~}, {Jij + Za/2~), i,j = 1,2, 

where za;2 is the (1 - a/2)-th quantile of a standard normal distribution. 
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5.4.3 Bootstrap confidence intervals 

We also construct the Cis for ()ij using the bias-corrected and accelerated 

(BCa) percentile bootstrap method. Before we obtain the BCa percentile bootstrap 

Cis for ()ij, the following algorithm is implemented to generate the bootstrap sample 

of size B based on the original Type-I censored sample of size n .. : 

Step 1 Given the stress change time point T, the right censoring time point Tc, the 

initial sample size n and the original Type-I censored sample of size n .. , calculate 

fJij, the MLEs of ()ii for i, j = 1, 2, from (5.2.9). 

Step 2 Generate a random sample of (Tu, T12 ) of size n, where Tn and T12 are 

independently from exponential distributions with mean parameters en and 

012 , respectively. For each pair of (Tu, T12 ), take the minimum of the two 

values as well as the corresponding index of the minimum (e.g., record 1 if Tu 

is smaller than T12 , else record 2). Let T 1 be the vector of the minima and C 1 

be the vector of the indices. 

Step 3 Sort the elements of T 1 in an ascending order and permute the elements 

of C 1 in a corresponding manner. Let Vi:n < · · · < Vn:n denote the ordered 

elements of T 1 . 

Step 4 Find nr. such that Vni.:n < T:::; Vni.+l:n· Then, for 1:::; k:::; nr., set tk:n to be 

the value of Vk:n and set nij to be the number of j's in the first nr. elements of 

the permuted C 1 for j = 1, 2 (viz., ni1 + ni2 = ni.). 

Step 5 Generate a random sample of (T21 , T22 ) of size 'r/ = n - ni., where T21 and 

T22 are independently from exponential distributions with mean parameters ()21 

125 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

and ()22 , respectively. Again, for each pair of (T21 , T22), take the minimum of 

the two values as well as the corresponding index of the minimum. Let T 2 be 

the vector of the minima and C 2 be the vector of the indices. 

Step 6 Sort the elements of T 2 in an ascending order and permute the elements of 

C2 correspondingly. Let w1:11 < · · · < w11:11 denote the ordered elements of T 2. 

Step 7 Find n;. such that Wn2.: 11 < (Tc - T) :'.S: Wn2.+l:7J· Then, for 1 :'.S: k :'.S: n2., set 

t~i.+k:n to be the value of (wk: 11 + T). Also, set n2i to be the number of j's in 

the first n;. elements of the permuted C2 for j = 1, 2 (viz., n21 + n22 = n;.). 

Step 8 Based on T, Tc, n, n;j and the ordered observations t* = (ti:n• ... , t~~.:n), 

calculate the new MLEs of ()ii• denoted by Bii for i, j = 1, 2, from (5.2.9). 

Step 9 Repeat Steps 2-8 B times. Then, for fixed i and j, arrange all the values of 

e;j in an ascending order to obtain the bootstrap sample 

{{J*[lJ < {J*[2] < ... < {J:[BJ} 
lJ lJ lJ ' 

i,j = 1, 2. 

With the bootstrap samples generated as above, we now obtain the two-sided 

100(1 - a)% BCa percentile bootstrap CI for ()ii as 

i,j = 1, 2, 

where 

( A zo;ij - Zo./2 ) 
aii = <I> Zo·ij + __ A_(_A ____ ) 

' 1 - aij Zo;ij - Zo./2 

and 

f3 ( A zo;ij + Zo./2 ) 
ii = <I> zo;ij + A A ; 

1 - aij ( zo;ij + zo.;2) 
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see Efron and Tibshirani (1993). As usual, <I>(·) denotes the CDF of the standard 

normal distribution and the value of the bias-correction zo;ij is given by 

"B ( A*[k] A ) 
A - -1 (L..,k=l J eij < eij ) 
zo;ij - <I> B , i,j = 1,2, 

where <I>- 1(-) denotes the inverse of the standard normal CDF and J(-) is an indicator 

function that takes on the value of 1 if the argument is true and 0 otherwise. A good 

estimate of the acceleration factor aij is suggested to be 

i,j = 1,2, 

where e~l is the MLE of eij based on the original Type-I censored sample with the 

k-th observation deleted from the failures that occurred at the stress level Si by the 

risk factor j (i.e., the jackknife estimate) fork= 1, 2, ... , nij, and 

i,j = 1,2. 

5.5 Numerical study 

In order to evaluate the performance of all the different methods of construct-

ing Cis discussed in Section 5.4, a Monte Carlo simulation study was conducted and 

the results are presented in this section. As in Section 4.5, the values of the param-

eters were chosen to be 811 = 6.0, 812 = 12.0, 821 = 3.0, and B22 = 6.0 to illustrate a 

particular scenario under which the increased stress level causes 503 loss of the mean 

time to failure by any single risk factor and the chance of a test unit to fail by the 

127 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

risk factor 1 is twice as high as the chance to fail by the risk factor 2 before or after 

the change in the stress levels. The initial sample size n was chosen to be 15 and 30, 

and several different choices were made for the stress change time point r while the 

censoring time point Tc was fixed at 6. Based on 1000 Monte Carlo simulations with 

B = 1000 bootstrap replications, the true coverage probabilities of the 903, 953 and 

993 Cis for f)ij were determined. The results are presented in Tables 5.1-5.10 along 

with the estimated mean bounds and widths of the Cls from this simulation. 

Again, it was observed that the lower bounds of the approximate Cis frequently 

hit below zero for small sample sizes or for high levels of confidence even though the 

parameters f)ij can take only positive values in this setting. In order to make such 

intervals sensible ones, the negative lower bounds were all replaced by zero in Tables 

5.3-5.5 and 5.8-5.10. 

From Table 5.1, we clearly see that overall the exact method performs the 

best as its Cls possess the actual coverage probabilities to be much closer to the 

nominal levels than the other Cis based on different methods. On the other hand, 

the performance of the approximate Cis and the BCa bootstrap Cis is unsatisfactory 

for a small sample size as their actual coverage probabilities are quite below the 

specified nominal levels in most cases. A possible explanation for this may be due to 

the high degree of skewness in the exact distributions of eij and hence, a much larger 

sample size is required to justify the use of the asymptotic approach to construct 

Cls. Moreover, from Table 5.2, we observe that the widths of the Cis obtained from 

the approximate method and the parametric bootstrap method are unduly narrow 

compared to those of the exact Cls in general. Serious underestimation of the interval 

width again provides a reason for the poor probability coverages of the approximate 
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Table 5.1: Estimated Coverage Probabilities (in%) based on 1000 Simulations 

with Bu = 6.0, 6112 = 12.0, 6121 = 3.0, 6122 = 6.0, n = 15, Tc= 6 and B = 1000 

Nominal CL I 903 953 993 

Parameter T Exact Approx Boot Exact Approx Boot Exact Approx 

1 92.0 84.0 74.1 95.2 89.6 79.7 98.8 94.2 

2 91.5 88.7 85.6 95.3 91.6 91.0 98.5 95.9 

Bu 3 90.8 88.6 88.1 95.2 90.8 92.5 98.7 95.3 

4 91.6 88.7 88.3 95.4 92.l 92.7 99.l 95.4 

5 90.9 90.5 84.3 96.0 94.7 90.1 99.0 97.4 

1 88.2 85.3 80.4 90.3 85.4 85.4 97.9 85.7 

2 88.9 85.3 81.0 93.3 86.9 87.9 98.5 93.0 

812 3 89.3 87.0 80.6 94.l 90.3 86.3 98.0 93.9 

4 89.9 87.6 84.3 95.0 90.6 88.2 98.7 94.7 

5 90.5 90.8 84.0 95.4 92.9 88.3 99.3 96.5 

1 91.5 86.6 88.9 95.9 93.4 94.0 99.7 95.6 

2 94.l 87.8 90.9 98.3 91.9 94.7 99.9 94.9 

821 3 95.3 86.7 86.2 98.4 89.5 90.8 99.6 93.9 

4 95.8 87.5 77.2 97.5 90.2 84.3 99.8 94.0 

5 91.0 76.0 80.l 95.5 80.2 86.3 99.5 87.1 

1 93.l 86.5 85.l 95.6 89.6 89.5 99.4 93.6 

2 92.6 86.l 82.2 95.9 89.2 88.l 99.1 93.1 

822 3 91.8 83.4 78.3 95.1 85.9 86.7 99.2 90.0 

4 89.9 76.8 80.5 94.3 80.0 88.2 98.6 85.8 

5 89.4 53.8 54.3 94.0 58.9 60.8 98.6 69.6 
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Table 5.2: Average Widths of Confidence Intervals based on 1000 Simulations 

with eu = 6.0, e12 = 12.0, e21 = 3.0, e22 = 6.0, n = 15, Tc= 6 and B = 1000 

Nominal CL I 903 953 993 

Parameter T Exact Approx Boot Exact Approx Boot Exact Approx Boot 

1 30.868 16.815 8.945 26.505 19.275 9.986 34.080 23.054 11.521 

2 17.356 15.729 15.198 19.795 17.838 18.194 31.710 21.264 23.288 

en 3 13.040 12.214 15.504 17.232 14.143 19.700 24.743 17.079 28.907 

4 11.954 10.359 13.233 15.046 12.170 17.622 21.694 15.020 28.635 

5 10.507 9.405 11.667 14.149 11.137 15.624 19.328 14.042 26.536 

1 42.403 24.880 8.360 41.416 27.551 9.313 40.139 33.122 10.843 

2 34.519 33.558 17.930 29.992 37.505 20.134 51.042 44.897 23.356 

812 3 28.931 34.661 24.861 32.019 38.845 28.748 44.985 46.352 34.330 

4 24.927 32.818 28.028 35.488 36.913 33.337 44.276 43.936 42.032 

5 23.048 32.222 29.640 34.237 36.427 36.230 45.010 43.335 47.546 

1 6.084 4.653 6.550 7.936 5.583 8.889 13.399 7.006 15.605 

2 9.240 5.651 7.709 11.006 6.570 10.274 18.334 7.959 16.401 

821 3 13.451 7.629 8.574 14. 726 8.652 10.746 24.477 10.314 15.168 

4 17.170 8.669 7.468 18.735 9.700 8.885 28.966 11.593 11.332 

5 19.711 5.953 4.470 24.289 6.649 5.126 30.654 7.997 6.050 

1 20.265 15.135 16.793 23.941 17.377 20.594 32.537 20.691 27.735 

2 25.123 16.330 15.236 24.050 18.307 18.283 35.825 21.818 23.488 

822 3 28.526 15.136 12.829 24.525 16.917 14.965 39.752 20.245 18.351 

4 27.973 12.642 9.071 27.958 14.120 10.417 41.897 16.969 12.339 

5 23.034 7.040 4.700 29.391 7.869 5.312 35.902 9.488 6.120 
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Table 5.3: Average Bounds of 903 Confidence Intervals based on 1000 Simulations 

with 8n = 6.0, 812 = 12.0, 821 = 3.0, 822 = 6.0, n = 15, Tc= 6 and B = 1000 

Parameter T Exact CI Approximate CI BCa Bootstrap CI 

1 (1.856, 32.725) (0.142, 16.957) ( 4.387, 13.332) 

2 (2.606, 19.962) (0.718, 16.446) (4.137, 19.335) 

811 3 (2.931, 15.971) (1.368, 13.582) (3.916, 19.420) 

4 (3.024, 14.978) ( 1.854, 12.213) (3.637, 16.870) 

5 (3.354, 13.861) (2.224, 11.629) (3.764, 15.432) 

1 (2.038, 44.440) (0.036, 24.917) (5.796, 14.156) 

2 (3.121, 37.641) (0.215, 33.773) (7.519, 25.449) 

812 3 (3.757, 32.687) (0.520, 35.181) (7.919, 32.780) 

4 (4.014, 28.941) (0.842, 33.661) (7.464, 35.491) 

5 (4.211, 27.259) (1.184, 33.406) (7.790, 37.429) 

1 (1.712, 7.796) (1.018, 5.670) (1.733, 8.283) 

2 (1.549, 10. 789) (0.695, 6.346) (1.596, 9.304) 

821 3 (1.308, 14.759) (0.322, 7.951) (1.646, 10.220) 

4 (0.980, 18.150) (0.083, 8.752) (1.699, 9.167) 

5 (0.561, 20.272) (0.008, 5.961) (1.267, 5.737) 

1 (2.477, 22.742) (0.540, 15.675) (3.816, 20.610) 

2 (2.066, 27.189) (0.257, 16.587) (3.439, 18.675) 

822 3 (1.653, 30.180) (0.100, 15.235) (3.296, 16.125) 

4 (1.136, 29.109) (0.023, 12.665) (2.639, 11.711) 

5 (0.582, 23.616) (0.001, 7.041) (1.543, 6.242) 
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Table 5.4: Average Bounds of 953 Confidence Intervals based on 1000 Simulations 

with Bu = 6.0, B12 = 12.0, B21 = 3.0, B22 = 6.0, n = 15, Tc = 6 and B = 1000 

Parameter T Exact CI Approximate CI BCa Bootstrap CI 

1 (1.458, 27.963) (0.024, 19.300) (3.890, 13.877) 

2 (2.221, 22.016) (0.242, 18.079) (3.613, 21.808) 

B11 3 (2.591, 19.823) (0.641, 14.784) (3.506, 23.205) 

4 (2.771, 17.817) (l.044, 13.214) (3.284, 20.906) 

5 (2.849, 16.998) (1.396, 12.533) (3.411, 19.036) 

1 (1.585, 43.001) (0.003, 27.554) (5.063, 14.376) 

2 (2.485, 32.477) (0.034, 37.538) (6.463, 26.597) 

B12 3 (3.156, 35.175) (0.117, 38.962) (6.840, 35.588) 

4 (3.649, 39.137) (0.227, 37.140) (6.450, 39.788) 

5 (3. 758, 37.995) (0.343, 36.769) (6.815, 43.045) 

1 (1.518, 9.454) (0.636, 6.219) (1.523, 10.412) 

2 (1.336, 12.342) (0.331, 6.901) (1.366, 11.640) 

B21 3 (l.085, 15.811) (0.100, 8.752) (1.358, 12.103) 

4 (0. 789, 19.524) (0.013, 9.713) (1.376, 10.261) 

5 (0.457, 24.746) (0.001, 6.650) (l.029, 6.155) 

1 (2.108, 26.049) (0.166, 17.543) (3.227, 23.821) 

2 (1.699, 25.749) (0.051, 18.358) (2.862, 21.144) 

B22 3 (l.274, 25.799) (0.014, 16.931) (2. 706, 17.671) 

4 (0.883, 28.841) (0.002, 14.122) (2.144, 12.561) 

5 (0.477, 29.868) (0.000, 7.869) (1.256, 6.568) 
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Table 5.5: Average Bounds of 993 Confidence Intervals based on 1000 Simulations 

with ell = 6.0, e12 = 12.0, e21 = 3.0, e22 = 6.0, n = 15, Tc= 6 and B = 1000 

Parameter T Exact CI Approximate CI BCa Bootstrap CI J 
1 (1.076, 35.156) (0.000, 23.054) (2.952, 14.473) 

2 (1.680, 33.391) (0.007, 21.271) (2.677, 25.965) 

en 3 (1.976, 26.719) (0.053, 17.132) (2.622, 31.529) 

4 (2.024, 23.718) (0.152, 15.172) (2.495, 31.130) 

5 (2.707, 22.035) (0.257, 14.299) (2.521, 29.057) 

1 (1.115, 41.253) (0.000, 33.122) (3.835, 14.678) 

2 (1.859, 52.900) (0.000, 44.897) (4.758, 28.114) 

B12 3 (2.225, 47.210) (0.001, 46.353) ( 4.978, 39.309) 

4 (2.623, 46.899) (0.003, 43.939) ( 4.649, 46.682) 

5 (2.917, 47.927) (0.007, 43.342) ( 4.864, 52 .411) 

1 ( 1.217, 14.616) (0.103, 7.109) (1.152, 16.757) 

2 (1.025, 19.359) (0.027, 7.986) (0.938, 17.339) 

B21 3 (0.817, 25.294) (0.002, 10.316) (0.862, 16.030) 

4 (0.595, 29.562) (0.000, 11.593) (0.853, 12.185) 

5 (0.342, 30.996) (0.000, 7.997) (0.655, 6.705) 

1 (1.473, 34.010) (0.003, 20.694) (2.275, 30.010) 

2 (1.208, 37.032) (0.001, 21.819) (1.942, 25.430) 

B22 3 (0.928, 40.680) (0.000, 20.245) (1.784, 20.135) 

4 (0.675, 42.572) (0.000, 16.969) (1.391, 13.729) 

5 (0.369, 36.271) (0.000, 9.488) (0.812, 6.933) 
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Table 5.6: Estimated Coverage Probabilities (in 3) based on 1000 Simulations 

with Bn = 6.0, 812 = 12.0, 821 = 3.0, 822 = 6.0, n = 30, Tc= 6 and B = 1000 

I Nominal CL I 903 95% 99% 

Parameter T Approx Boot Approx Boot Approx Boot 

1 88.7 88.6 93.2 93.2 96.2 97.5 

2 89.7 91.6 93.5 94.3 95.6 98.4 

Bn 3 91.8 89.6 94.5 94.9 97.6 99.2 

4 90.4 89.l 93.5 94.2 96.6 99.1 

5 89.8 89.4 93.5 94.9 96.6 98.5 

1 87.2 89.l 91.8 92.7 95.3 95.2 

2 87.4 87.9 91.7 93.0 95.6 96.5 

B12 3 89.3 87.6 93.0 93.7 96.3 97.7 

4 88.2 88.8 92.5 94.6 95.8 98.l 

5 89.6 89.6 93.l 94.7 96.2 97.9 

1 88.8 90.8 92.l 95.5 95.9 99.1 

2 89.9 90.9 93.6 95.2 95.8 98.7 

B21 3 88.8 89.9 92.3 95.2 95.2 99.2 

4 89.7 88.5 92.9 92.7 95.7 97.2 

5 87.6 88.5 91.0 89.9 93.5 96.8 

1 89.9 89.9 92.0 94.7 95.6 98.7 

2 89.5 91.2 93.3 95.0 96.l 97.7 

822 3 88.3 86.l 91.8 93.l 95.6 96.9 

4 86.1 88.2 91.9 92.8 94.8 97.4 

5 88.5 85.8 92.0 93.8 93.7 98.6 
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Table 5. 7: Average Widths of Confidence Intervals based on 1000 Simulations 

with Bu = 6.0, B12 = 12.0, B21 = 3.0, B22 = 6.0, n = 30, Tc = 6 and B = 1000 

I Nominal CL I 903 953 993 

Parameter T Approx Boot Approx Boot Approx Boot 

1 15.056 14.909 17.182 18.355 20.577 23.613 

2 8.982 12.057 10.629 16.269 13.482 27.324 

B11 3 7.205 8.598 8.582 11.384 11.178 19.494 

4 6.325 7.381 7.536 9.522 9.885 15.838 

5 5.777 6.529 6.883 8.273 9.038 13.115 

1 34.066 18.522 38.123 20.906 45.590 23.947 

2 30.355 30.016 34.476 36.408 41.188 45. 720 

B12 3 24.681 30.481 28.491 39.138 34.475 56.013 

4 21.937 28.657 25.646 38.754 31.536 59.471 

5 19.326 27.838 22.790 37.332 28.497 60.826 

1 2.830 3.311 3.372 4.208 4.431 6.776 

2 3.627 4.267 4.317 5.647 5.624 10.062 

B21 3 4.424 6.189 5.237 8.359 6.601 14.638 

4 6.887 7.948 7.891 10.245 9.476 15.304 

5 8.280 6.830 9.265 8.068 11.072 10.121 

1 9.613 13.785 11.333 18.765 14.170 32.297 

2 12.389 15.185 14.337 20.206 17.356 31.214 

B22 3 16.001 16.493 18.106 20.360 21.600 27.598 

4 16.415 13.641 18.384 16.190 21.959 20.362 

5 12.224 7.868 13.651 9.042 16.407 10.715 
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Table 5.8: Average Bounds of 90% Confidence Intervals based on 1000 Simulations 

with 8 11 = 6.0, 8 12 = 12.0, 821 = 3.0, 822 = 6.0, n = 30, Tc = 6 and B = 1000 

Parameter T Approximate CI BCa Bootstrap CI 

1 (0.956, 16.012) (4.111, 19.020) 

2 (2.361, 11.343) (3.898, 15.955) 

Bu 3 (2.984, 10.189) (3.950, 12.548) 

4 (3.284, 9.609) (4.080, 11.461) 

5 (3.449, 9.226) (4.156, 10.685) 

1 (0.333, 34.400) (7.588, 26.110) 

2 (1.538, 31.893) (7.765, 37.780) 

812 3 (2.720, 27.400) (7.561, 38.041) 

4 (3.611, 25.548) (7.625, 36.282) 

5 ( 4.239, 23.564) (7 .860, 35.698) 

1 (1.709, 4.539) (2.029, 5.340) 

2 (1.493, 5.120) (1.911, 6.178) 

821 3 (1.103, 5.527) (1.788, 7.978) 

4 (0.538, 7.425) (1.744, 9.692) 

5 (0.080, 8.360) (1.851, 8.681) 

1 (2.113, 11.726) (3.768, 17.553) 

2 (1.392, 13. 781) (3.529, 18.715) 

822 3 (0.643, 16.643) (3.758, 20.251) 

4 (0.204, 16.618) (3.599, 17.241) 

" (0.021, 12.245) (2.782, 10.650) 0 
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Table 5.9: Average Bounds of 953 Confidence Intervals based on 1000 Simulations 

with 811 = 6.0, 812 = 12.0, 821 = 3.0, ()22 = 6.0, n = 30, Tc = 6 and B = 1000 

Parameter T Approximate CI BCa Bootstrap CI 

1 (0.383, 17.566) (3.586, 21.941) 

2 (1.579, 12.208) (3.558, 19.827) 

t911 3 (2.297, 10.879) (3.634, 15.019) 

4 (2.678, 10.215) (3. 77 4, 13.296) 

5 (2.896, 9.779) (3.863, 12.135) 

1 (0.065, 38.188) (6.509, 27.415) 

2 (0.576, 35.052) (6.810, 43.218) 

t912 3 (1.355, 29.846) (6.741, 45.879) 

4 (2.052, 27.698) (6.887, 45.641) 

5 (2.643, 25.433) (7.134, 44.466) 

1 (1.438, 4.810) (1.874, 6.083) 

2 (1.150, 5.467) (1.741, 7.388) 

t921 3 (0.715, 5.952) (1.591, 9.950) 

4 (0.235, 8.127) (1.500, 11.744) 

5 (0.013, 9.278) (1.542, 9.609) 

1 (1.320, 12.654) (3.394, 22.159) 

2 (0.678, 15.015) (3.120, 23.326) 

t922 3 (0.218, 18.324) (3.224, 23.584) 

4 (0.042, 18.426) (3.017, 19.207) 

5 (0.002, 13.653) (2.305, 11.348) 
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Table 5.10: Average Bounds of 993 Confidence Intervals based on 1000 Simulations 

with 811 = 6.0, 812 = 12.0, 821 = 3.0, 822 = 6.0, n = 30, Tc= 6 and B = 1000 

Parameter T Approximate CI BCa Bootstrap CI 

1 (0.025, 20.603) (2.676, 26.289) 

2 (0.417, 13.899) (2.819, 30.142) 

811 3 (1.050, 12.228) (3.048, 22.543) 

4 (1.513, 11.399) (3.217, 19.054) 

5 (1.822, 10.861) (3.332, 16.447) 

1 (0.001, 45.591) ( 4.870, 28.817) 

2 (0.037, 41.226) (5.042, 50.762) 

812 3 (0.152, 34.627) (5.203, 61.216) 

4 (0.363, 31.900) (5.483, 64.954) 

5 (0.589, 29.086) (5.684, 66.510) 

1 (0.909, 5.340) (1.597, 8.373) 

2 (0.522, 6.146) (1.431, 11.493) 

821 3 (0.182, 6.783) (1.219, 15.858) 

4 (0.022, 9.498) (1.036, 16.339) 

5 (0.000, 11.072) (1.033, 11.154) 

1 (0.297, 14.467) (2.730, 35.027) 

2 (0.072, 17.428) (2.395, 33.609) 

822 3 (0.010, 21.610) (2.322, 29.920) 

4 (0.000, 21.959) (2.092, 22.453) 

5 (0.000, 16.407) (1.576, 12.291) 
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Cls and the BCa bootstrap Cls. 

Nevertheless, we realize from Table 5.6 that a larger sample size eventually im­

proves the probability coverages for both the approximate Cis and the BCa bootstrap 

Cis. As the sample size grows, the larger computational time as well as the unstable 

precision (especially for B1j, j = 1, 2) becomes a problematic issue for constructing 

Cls by the exact method. Hence, based on the simulation study, we recommend the 

use of the bootstrap approach to construct Cls for eij when the initial sample size 

is considerably large since it offers computational feasibility and also performs quite 

well in terms of probability coverages and widths for large sample sizes (e.g., n ~ 30). 

But, for small sample sizes (say, n up to 30), the exact method developed here is the 

one that is recommended. 

5.6 Illustrative example 

We have simulated a Type-I censored sample from a simple step-stress test 

with two competing risks in order to illustrate the methods of inference described 

in the preceding sections. The dataset was generated with the same choices of the 

parameters as in Section 4.6 as follows: 

011 = 8.96, B12 = 12.18, 021 = 4.48, 022 = 4.06 

along with the stress change time point T = 3 and the censoring time point Tc = 6 for 

an equal step duration. In this setup, when the stress level increases, there is a 503 

decrease in the mean time to failure caused by the risk factor 1 and a 673 decrease in 

the mean time to failure caused by the risk factor 2. Also, at the initial stress level, 
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there is a 583 chance for a test unit to fail by the risk factor 1 but it drops to 4 73 

after the increment of the stress level at T. From the initial sample size of n = 25, 

we observed a total of n .. = 23 failure times (i.e., 83 right censoring) and they are 

presented in Table 5.11. 

From this dataset, we have n 11 = 7, n 12 = 5, n21 = 5, n 22 = 6 and hence, the 

observed MLEs of Oii are found from (5.2.9) to be 

811 = 8.299, 812 = 1i.620, 821 = 3.855, 822 = 3.213. 

The Cis for Oii are also presented in Table 5.12 using all three methods described in 

Section 5.4. Since the exact Cis for Oij require the monotonicity of the tail probability 

functions of Oij, we provide the numerical justification of this assumption by plotting 

the tail probabilities with the observed values of the MLEs from the sample. From 

Figure 5.1, it is evident that all the plots show the monotonically increasing behavior 

of the tail probabilities with respect to the unknown parameter Oij for each i, j = 1, 2. 

In addition, the two horizontal lines corresponding to the values of a./2 and 1 - a./2 

for a. = 0 .10 are over laid in each plot of Figure 5 .1 to illustrate how the exact Cis are 

constructed by inverting the tail probabilities of Bii· In the first plot of Figure 5.1, for 

example, the values of Ou from the two intersecting points are the unique solutions 

of Eqs. (5.4.1) and (5.4.2), respectively, and together they provide the exact 903 CI 

for Ou. 

From Table 5.12, we observe that in comparison to the exact Cis, the ap­

proximate method always provides narrower Cis while the BCa bootstrap Cis are 

sometimes narrower and at other times wider. This is so since the coverage proba­

bilities for the approximate Cis are significantly lower than the nominal levels while 
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Table 5.11: Type-I Censored Sample from n = 25 units on a Simple 

Step-stress Test with Two Competing Risks, T = 3 and Tc = 6 

Stress Level 1 Stress Level 2 

(before r = 3) (after r = 3) 

Failure Time Failure Cause Failure Time Failure Cause 

0.011 1 3.246 2 

0.273 2 3.362 2 

0.395 1 3.498 1 

1.173 1 3.774 2 

1.477 1 3.879 1 

1.608 2 4.024 1 

1.890 1 4.169 2 

2.066 2 4.438 2 

2.133 2 4.882 2 

2.577 1 5.343 1 

2.706 1 5.670 1 

2.787 2 
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Table 5.12: Interval Estimation based on the Type-I Censored 

Step-stress Data in Table 5.11 with B = 1000 

Parameter CL Exact CI Approximate CI BCa Bootstrap CI 

903 (4.619, 16.642) (3.140, 13.460) ( 4.006, 15.052) 

011 = 8.96 953 ( 4.186, 19.482) (2.151, 14.448) (3.539, 18.037) 

993 (3.485, 27.218) (0.219, 16.380) (0.000, 21.909) 

903 (5.870, 27.521) (3.072, 20.167) (6.142, 30.571) 

012 = 12.18 953 (5.250, 33.818) (1.435, 21.805) (5.453, 33.018) 

993 (4.269, 53.014) (0.000, 25.005) ( 4.530, 63.678) 

903 (1.968, 9.215) (1.019, 6.691) (2.089, 11.984) 

021 = 4.48 953 (1.749, 11.435) (0.476, 7.235) (1.889, 20.592) 

993 (1.393, 18.968) (0.000, 8.296) (1.613, 35.663) 

903 (1. 735, 7.000) (1.055, 5.370) (1.663, 7.135) 

022 = 4.06 953 (1.554, 8.424) (0.642, 5. 783) (1.431, 9.482) 

993 (1.257, 12.827) (0.000, 6.591) (1.165, 17.168) 
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Figure 5.1: Plots of Tail Probabilities of eij' Pr [ {Jij > Bfj8 ]' with respect to eij and 

Exact 903 Confidence Intervals for eij from the Step-stress Data in Table 5.11 
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those for the bootstrap Cis seem to fluctuate around the nominal levels (see Tables 

5.1 and 5.6). We also note from Table 5.12 that the Cls for ell are consistently 

narrower than those for e12 . The primary reason for this is that when en is smaller 

than e12 , we expect a relatively large number of failures to occur before T by the risk 

factor 1 than by the risk factor 2, resulting in lower variability in the estimation of 

ell than e 12 , and vice versa. The same intuition also applies to explain the wider Cis 

for e21 compared to those for B22 in Table 5.12 although the differences in this case 

are smaller. 

5. 7 Summary and conclusions 

In this chapter, we have discussed the simple step-stress model under time 

constraint when the lifetimes corresponding to different risk factors have indepen­

dent exponential distributions. We have derived the MLEs of the unknown mean 

parameters eij under the assumption of a cumulative exposure model and their ex­

act conditional distributions through the use of the CMGF. We have also proposed 

several different procedures for constructing Cls for eij· We have then conducted a 

simulation study to assess the performance of all these procedures and a numerical 

example has been presented to illustrate all the methods of inference described in 

this chapter. Based on the results of the simulation study, our recommendation for 

constructing Cls for eij is to use the exact method whenever possible, especially in 

the case of small sample sizes (e.g., n .. ::; n < 30) since the other two methods are 

unsatisfactory in terms of probability coverages. For larger sample sizes, however, the 

BCa percentile bootstrap method is more appropriate because of its computational 
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ease as well as for its improved probability coverages being close to the nominal levels. 
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Chapter 6 

Future Research 

In this chapter, we will outline the directions of some possible future research 

that are currently being considered following the research work presented in this 

thesis. We first describe some of the ways to generalize and extend the models 

considered here. Then, we will discuss further inferential issues which need to be 

investigated for the models considered here as well as for the models from other 

related topics in the context of ALT. 

6.1 Generalizations and extensions 

In Section 3.2, one of the crucial assumptions for constructing the k-level 

step-stress model with the two regression parameters a and f3 is that at each stress 

level, MTTF of a test unit is a log-linear function of stress. Although this log­

linear link function is a simple and reasonable approach based on various empirical 

146 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

models studied in physical acceleration, it is of interest to consider other choices of 

link functions to explore different stress-dependent physical processes causing failure 

of a test unit. It is particularly desired to see how such a modification affects the 

results of the inference on the regression parameters and to search for some robust 

link functions for modeling the stress-response relationships. 

In Chapters 4 and 5, we have developed the exact inference for the simple 

step-stress models under different censoring schemes, in particular, Type-I and Type­

II censoring situations. As noted in Remarks 4.2.2 and 5.3.1, it is of natural interest 

to extend and generalize the proposed models to accommodate multiple stress levels 

(i.e., k > 2) and multiple competing risks, and to develop the inferential methods 

in such situations. For more comprehensive inference under censoring, we are also 

interested in devising the inferential methods for these generalized models under more 

advanced forms of censoring schemes such as progressive Type-I / Type-II censoring 

and Type-I / Type-II hybrid censoring situations. 

We also note that the proposed inference in Chapters 2, 4 and 5 is conditional 

based on the existence of the MLEs and this in turn introduces the complexity to 

the exact conditional distributions of the MLEs in all cases. One possible problem 

of interest is to see how this conditioning will change and improve the precision and 

accuracy of the estimation in the two-sample or multi-sample situations. That is, 

two or more samples are independently obtained from the identically designed simple 

step-stress test with the competing risk structure under some possible censoring, and 

we wish to develop efficient inference for the unknown parameters upon combining 

these samples together. 

In this thesis, we have explored several inferential issues regarding the fail-

147 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

ure data from exponential distribution. Exponential distribution is a simple scale­

parameter distribution which is characterized by its constant hazard rate and lack-of­

memory (memoryless) property. It is thus used to model a long fl.at intrinsic failure 

portion of the bathtub curve where most test units spend most of their lifetimes, and 

it is also used to model the failure time of non-wearing down and non-repairable test 

units. Nevertheless, it lacks some flexibility in fitting a variety of failure time data 

mainly due to its simple structure. Therefore, it is desired to develop inferential meth­

ods for the step-stress models with the competing risk structure when the lifetime 

distributions of the different risk factors are identical or non-identical and when they 

are different from exponential. Some popular choices for the lifetime distributions will 

be Weibull, gamma, lognormal, etc. Due to the added complexity of the distribution 

models, however, it is not possible to devise methods of exact inference in these cases 

and consequently, the inference for the parameters will be done numerically based on 

the asymptotic normality of the MLEs; see, for example, Balakrishnan and Kateri 

(2008). 

6. 2 Related pro bl ems of interest 

In order to construct the exact confidence intervals for the unknown mean 

parameters in Sections 2.5.1, 4.4.l and 5.4.1, we have made a crucial assumption that 

the tail probability of the MLE is a monotonically increasing function of the parameter 

of interest. This is required to guarantee the invertibility of the pivotal quantity of 

the parameter and the same assumption was made by many authors for constructing 

the exact Cis in different contexts. However, the proof of this monotonicity could not 
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be established due to the complicated structure of the pivotal quantities. Recently, 

Balakrishnan and Iliopoulos (2008) have derived a general method which can be 

used to show that the MLE of an exponential mean is stochastically increasing under 

different censoring schemes. Therefore, one of the main research problems which need 

to be solved is to establish the analytical proof of the required monotonicity for the 

simple step-stress models with the competing risk structure under different censoring 

schemes. 

For the simple step-stress models discussed in this thesis, the main objective 

of the inference was the exact point and interval estimation under different censoring 

schemes. Another important topic in inference is the tests of hypotheses on the mean 

parameters. As mentioned in Remarks 4.2.1 and 5.2.1, no assumptions have been 

made about the relationships among the MTTFs of the risk factors at the different 

stress levels. Even for the simple step-stress model with no competing risk structure, 

the problem of testing a hypothesis in an exact way has not been solved yet in 

literature. Hence, we are currently developing the method of testing a hypothesis 

based on the exact conditional distribution of the likelihood ratio test statistic in 

order to test H0 : 81 = 82 against Ha : 81 > 82, where 8i is the MTTF at the stress 

level si for i = 1, 2. 

Since the exponential distribution is the underlying distribution of different 

risk factors in the models considered in Chapters 4 and 5, we are also interested 

in devising a method to test the goodness of fit (GOF) of the distribution from a 

real dataset collected. This is necessary for the model verification and to measure 

the validity of the assumed failure time distribution under the cumulative exposure 

model. In addition, it is also of interest to investigate the optimal censoring schemes 
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and optimal stress change time points for these models using some suitable objective 

functions of choice. 

Moreover, in Chapters 4 and 5, we have assumed the independence of the dif­

ferent risk factors in the simple step-stress models. In reality, however, it is likely that 

these risk factors interact with each other to cause the failure of a test unit and thus, 

to improve the previous models with a practical aspect, we should incorporate some 

sort of dependence or correlation structure among the risk factors into the model. 

One way to accomplish this is via the choice of some multivariate distributions, and 

we are currently in the process of constructing the simple step-stress model under 

the cumulative exposure assumption with the dependent competing risks based on 

the Marshall-Olkin bivariate exponential distribution. Among several multivariate 

exponential distributions, we have specifically selected the Marshall-Olkin multivari­

ate distribution since this is the only distribution which reproduces the CDF for the 

simple exponential step-stress model (with no competing risks) as its marginal; see 

Balakrishnan and Basu (1995) for details. 

For analyzing the failure time data from the step-stress tests, the implicit 

assumption is that the effect of the stress increase is instantaneous to the lifetime of 

a test unit. However, it may not be the case in practice and there may be certain 

amount of time taken until the stress change brings the full effect to the lifetime 

distribution of the test unit. Thus, it is of interest to work on how to model and 

analyze such lagging times of the stress change effect with the current framework of 

the step-stress models. 

Another interesting problem for which the step-stress model gives insight into 

the modeling approach is as follows. We would like to test the reliability of a system 
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which is composed of two components and the system fails only when both compo­

nents fail. In a sense, this is a parallel system since the system failure time is the 

maximum of the component failure times. However, the characteristic feature of this 

system is that the failure of one component increases the stress load to the other 

component of the system. Thus, the surviving component inside the system will ex­

perience the step-stress condition at a random time point of the stress increase. It 

is of interest, therefore, to develop inferential methods to analyze the failure data in 

this situation. 
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Appendix A 

Lemmas and Proof of Theorem 

in Chapter 2 

Lemma A.1. The joint probability mass function ( JPMF) of n = (n1, n 2, ... , nk) is 

given by 
k 

p(n) = g (:•) {F(L'>,)}"'{1 - F(L'>;)t'-n', (A.1) 

where D.i =Ti - Ti-l and F(t) is as defined in (2.2.2). 

Proof. ( A.1) follows immediately by straightforward integration of the JPD F of ( n, y) 

given in (2.2.3) with respect toy. 

Corollary A.1. Since 0 :S: ni :S: Ni, we easily see that 

n 1 "' Binomial ( n, F( 6 1)), 

( ni I n1, n2, ... , ni-1) "' Binomial (Ni, F(D.i)) 

152 

D 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

for i = 2, 3, ... , k. 

Corollary A.2. The probability of observing at least one failure is 

with c'k = n - 2:::7~11 c: and F(t) is as given in (2.2.2}. 

Proof. Using the JPMF of n obtained in (A.l), 

Pr [ D = 0] = Pr [ n =Ok] = p(Ok) 

k k g { 1 - F(~)}"-i::;:\ 'j =exp { - ~ ~ r,cj} {A.2) 

which readily gives the result. 0 

Lemma A.2. The CMGF of e, conditioned on D ~ 1, is 

(A.3) 

fort < l/B, where ~i =Ti - Ti-l and F(t) is as defined in (2.2.2). 

Proof. It can be shown that given n 1 , n 2 , ... , ni, the random variables (Yi,l - 7i_1), 

l = 1, 2, ... , ni, are distributed jointly as order statistics from a random sample of 

size ni from a right-truncated exponential distribution at ~i· The PDF and CDF of 

this right truncated distribution are, respectively, 

and 
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for 0 < t < 6i, where f (t) and F(t) are as given in (2.2.1) and (2.2.2). Then, via 

straightforward integration with respect to y, we obtain 

E [et0ln = d] 

k ( te)-n; (N·) { ( ( te)) }n;{ ( ( te)) }N;-n; L IJ 1 - d niz F 6i 1 - d 1 - F 6i 1 - d 
{n:D=d} z=l 

:L p(n) 
{n:D=d} 

(A.4) 

fort< l/e, and for d = 1, 2, ... , n, 

Pr[D=dlD::o:l]={l-Pr[D=O]r I; p(n), (A.5) 
{n:D=d} 

where p(n) and Pr[D = o] are as given in (A.l) and (A.2), respectively. Since we 

have from (2.4.1) that 

Mc(t) - tE[et0ID = d] x Pr[D = dlD;::: 1], (A.6) 
d=l 

(A.3) is readily obtained upon substituting the expressions of (A.4) and (A.5) in (A.6) 

along with Corollary A.2. D 

Corollary A.3. In the case of Type-I PC with equi-spaced time intervals (viz., 6i = 

T > 0 for i = 1, 2, ... 'k), the CMGF of e, conditioned on D;::: 1, is 

M,(t) = t {Id} t, c~\ exp { t Tn,j} ( 1 - d;B )-d, (A.7) 

where Tn,j and C~~ are as defined in (2.4.3) and (2.4.4), respectively. 

Proof. After setting 6i = T > 0 in (A.3), the above result is derived by binomial 

expansion of the term (I - exp { - ~ ( 1 - t:) } r C 
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One remark is made for the equations given in (A.3) and (A.7) as well as in 

(2.4.2) since they all contain the notation of summation over the set { n : D = d}. 

This set simply defines a collection of all the possible values n = (n1, n 2 , ... , nk) can 

take on satisfying the condition D = d (i.e., the total number of failure observations 

is d for 1 ::; d ::; n). For numerical implementation of this summation, one suggested 

method is to expand it iteratively in the following way: 

11i' 11'! 
2= p(n) = 2= 2= 

{n:D=d} 

where 

{ 
u N * u 

T/i ' i - Ci < T/i 

0 , otherwise 

TJf x J (n - d < t cj) , 
J=l 

i-1 

TJf - d- I: nj 

j=l 

ford= 1, 2, ... , n. Here, J(-) is an indicator function as used in Section 2.5.3. Now, 

in order to obtain the exact conditional distribution of e in Theorem 2.4.1, we require 

the following lemma. 

Lemma A.3. Let Y be a gamma random variable with shape parameter a > 0 and 

scale parameter ,\ > 0. That is, 

Y"'"' Gamma( a,,\) 

with its PDF as given in (2.4.5). Then, for any arbitrary constant 6, the PDF of 
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X = Y + 6 is given by 

1(x - 6 ; <>, .\) ~ { 

).. °' 
f(a) (x - 15)°'-le-.:\(x-<l) ' 

0 

x>b 
(A.8) 

otherwise 

and its moment generating function is of the form 

t <.A. (A.9) 

Proof. (A.8) and (A.9) are derived readily from the properties of the gamma distri-

bution and the definition of the moment generating function; see Johnson, Kotz and 

Balakrishnan (1994). D 

Proof of Theorem 2.4.1: Applying the inversion theorem of a moment generating 

function to the result from Corollary A.3 in conjunction with Lemma A.3, we can 

obtain the exact conditional PDF of e, given D 2:: 1. Hence, the result. D 
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Appendix B 

Proof of Lemmas and Theorems 

in Chapter 3 

Proof of Lemma 3.3.1: The expression in (3.3.3) can be verified by induction. Fol­

lowing the usual convention, we have E[N1] = n for i = 1 in (3.3.3). Now, suppose 

that (3.3.3) holds for i = i'. Using (3.3.2) in conjunction with Property (1) and the 

(E[Ni'] - E[ni'])(l - n;,) 

- E[Ni']Si'(r)(l - n;,) 
i' 

- n IT Sj(r)(l - nj), 
j=l 

which is precisely the expression in (3.3.3) for i = i' + 1. Hence, the result. D 
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Proof of Theorem 3.3.1: Using Properties (1) and (2), the expected value of Ui in 

(3.2.5) is 

E[U,j - E [ t,(y,,; - ( i - l)T) l + (E[N,j - E[n,])T 

- E[n;j (e, - T;.i~;) + (E[N,j - E[N,]F;(T))T 

- E[Ni]Fi(T)Bi = E[ni] exp( a+ ,8xi), 

for i = 1, 2, ... , k. The matrix In(a,,8) can then be expressed as 

where 

= E [- :~, l (a, fl) l 
k k 

few = L E[Ui] exp[-(a + ,8xi)] =l:=E[ni] 
i=l i=l 

= E [ - a:;fll( <>,fl) l 
k k 

Iaf3 = L E[Ui] exp[-( a+ ,8xi)]xi = LE[ni]xi 
i=l i=l 

= E[- :;2 1(a,fl)l 
k k 

1(3(3 = L E[Ui] exp[-( a+ ,8xi)]x; = LE[ni]x; 
i=l i=l 

with Ai(T) redefined by using Lemma 3.3.1 as 

k 

= n LA(T), 
i=l 

k 

= n L Ai(T)xi, 
i=l 

k 

= n L Ai(T)xz, 
i=l 

D 

Proof of Theorem 3.4.1: The first two derivatives of (3.4.2) with respect to T are 

</J'(T) 
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where 

A1(r) F1(r) = 1- S1(r), A~(r) = ; 1 S1(r), A~(r) = - 81~S1 (r), 
A2(r) F2(r)S1(r)(l - 7r;) = (1- S2(r))S1(r)(l - 7r;), 

A;(r) [ :, 82(r) - e~ F2(r)] 81(r)(l - ?r;), 

A;(r) = -[:18,(r) + 01
2
02 82(T) - ; 1F,(r)] 81(7)(1- 7r;). 

Since A1(r) > 0 and A{(r) < 0 for all r > 0, A1(r)A{(r) - 2[A~(r)] 2 < 0, making 

the first term of</>''( r) positive for all r > 0. Furthermore, A2 ( T) > 0 and 

[ 1 2 1 l * 2 -F2(r) 8~S2(r) + 8182 S2(r) - 8rF2(r) [S1(T)(l - 7r1 )] 

-2 [:, 82(7) - J/2(Tf [81(r)(! - ";)]' 

-{Ji 8,( r )F,( T) + :l [8,( T JI' - 01
2
02 8,( r )F,( r) + e~ [F2( T JI'} (81 ( r) ( i - ";)]' 

- -{:58,(r) + [ e~ 8,(r) - J/2(ri]'}[81(T)(1 - ";)]' <0 

for all T > 0, making the second term of </>'' ( T) positive, too. Therefore, ¢( T) is 

convex as </>" ( T) > 0 for all T > 0. Hence, Tc satisfying </>' (Tc) = 0 minimizes ¢( T) for 

k = 2. 0 

Proof of Theorem 3.4.2: Differentiating (3.4.4) with respect to T, we obtain 

159 



Ph.D. Thesis - D. Han McMaster - Mathematics and Statistics 

D S1(r) D S2(r) . 
where Q1 = F1(r) and Q2 = F2(r). Now, we observe that b(r) monotomcally 

increases when Qf > 1 or equivalently when T < fh log 2 since Qf > 1 implies 

8' ( T) > 0. In other words, when the chance of a unit to survive the first stress level 

exceeds 503, b(r) increases. Besides, we see that 01 > 02 according to (3.2.1) from 

assumption (iii) because the MTTF decreases as the stress increases (i.e., x1 < x2). 

Then, the following is true: 

01 > 02 <¢:::::::? S1(r) > S2(r) <¢:::::::? Fl(r) < F2(r). 

· · h QD QD d QD 01QD QD 01QD QD ( 01) It 1s then obv10us t at 1 > 2 an so, 1 + 02 2 < 1 + 02 1 = 1 1 + 02 · 

If Qf ( 1+ :: ) < 1 or equivalently if r > 01 log ( 2 + :: } 8'(r) < 0 and 8(r) 

monotonically decreases. Since 6' ( T) is absolutely continuous in T, there is r 0 E 

(e1 log2,01 log ( 2 + !:) ) such that 8'(r[,) = 0. As 8'(r) changes the sign around 

Tv, Tv maximizes b(r). D 

Proof of Theorem 3.4.3: Differentiating (3.4.6) with respect to T, we get 
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Therefore, a(r) monotonically increa.ses when r < 02 log [ ( 1 + :: ) (1- Qf )-1] and 

decrea.ses when r > 02 log [ ( 1 + :: ) ( 1 - Q~ )-1] . The turning point of a( r) which 

maximizes a(r) is then r.:. = e, log [ ( 1 + :: ) (1 - Q~1- 1]. From the derivation, 

x2 - x2 
however, 1A_ is only defined when 0 < Qf < 1 or equivalently when 7r~ < 2 

2
1 . 

1 + x 2 

Otherwise, we have 

and so a(1) is ever increasing in 1. That is, 1A_ is unbounded if Qf 2:: 1. D 

Proof of Lemma 3.5.1: We shall establish this result by induction. Using (3.3.2) 

and Property (1), (3.5.1) with i = k - 1 is 

Now, let us suppose that (3.5.1) holds for i = i' + 1. Then, for i = i', we get 

N;1 

Pr(Nk = Oln1, n2, ... , ni'-1) = L Pr(Nk = Oln1, n2, ... , ni'-1, ni' )p(ni' ln1, n2, ... , ni 1 -1) 

N;1 

L [ Hi'+1 ( T )]N;'+ 1p(ni1 ln1, n2, ... , ni 1-1) 

- n~o[H,, +1 ( 7 )](N.,-n,, )(1-•;,J (:::) [F,, ( 7 )]"" [Si'(r )]N,,-n,, 

' 

- (Fi'(1) + Si'(1)[Hi'+1(1)] 1-1r:1 )N;t = [Hi'(1)]Ni', 
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which completes the proof. 0 

Proof of Lemma 3.5.2: We shall establish this result by induction. When i = 1, 

(3.5.4) becomes 

which conforms to the lemma. Assuming now that the lemma holds for i = i', the 

binomial theorem along with definition (3.5.2) yields the left-hand side of (3.5.4) at 

i = i' + 1 as 

E [Ni'+l [Hi'+l ( T)]Ni'+l] 

E [ E [(Ni' - ni' )(1 - Jr;,) [Hi'+l ( T)](N;i-n;' )(l-7r;,) ln1, n2, ... , ni'-1] J 

E [Ni' (FH T) + Si 1 ( T) [Hi'+l ( T)] 1-7r:, )N;i-l] (1 - 7r;,)[Hi'+1( T)] 1-7r:, Si' ( T) 

E [ N,,[ Hi'( T) IN" l ( 1 - 7[;,) ( H., ( ~.~ :i,,(T)) 

n[H1(T)]n [}] (1 - 'ffj) ( 1 - d,\:i)], 
which completes the proof. 0 

Proof of Theorem 3.5.1: By partitioning the support of n = (n1 , n 2, ... , nk) into 

two mutually exclusive sets, { n : Nk > 0} and { n : Nk = 0}, the conditional expec-
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tation of ni, given Nk > 0, can be obtained as 

Ec[ni] E[nijNk > OJ 
1 

Pr(Nk > 0) L niPJ(n) 
{n:N1t>O} 

1 _ [~l(T)]n [E[ni] - L niPJ(n)] 
{n:N1t=O} 

1 - \!i(T) 
E[ni] 1 - [H1(T)]n' 

where PJ(n) is the JPMF of n = (n1 , n2 , ... , nk) and 

1 
Vi(T) = E[ni] L niPJ(n), 

{n:N1t=O} 

for i = 1, 2, ... , k. Note that Nk = 0 implies nk = 0 since 0 ~ nk ~ Nk, and thus 

Vk(T) = 0. Now, from Property (1) and Lemma 3.3.1, 

E[n,] ~ E[N,]F;(r) ~ n [Il S;(r)(! - "j)l F,(r), 

for i = 1, 2, ... , k. Using Lemma 3.5.1, (3.3.2), Property (1), (3.5.2), and Lemma 

3.5.2 along with the property of iterated expectation and the binomial theorem, we 

obtain 

L niPJ(n) 
{n:Nk=O} 

E[niPr(Nk = Oln1,n2, ... ,ni)J 

E [ E [ ni[Hi+l ( T)ri+1 [n1, n2, ... 'ni-1]] 

E [ t n;[H,+i ( r )J(N,-n.)(1-.;J (:)[Fi( T )]n, [S,( T )jN'-n, l 
Fi( T )E [Ni (Fi( T) +Si( T) [Hi+l ( T )]1-7l"i) N;-l] 

i ~ :~ E [Ni[ Hi ( T) JN;] 

[ ( )JnFi(T) rri-l( * ( Fj(T)) 
n H1 T Hi(T) j=l 1 - 7rj) 1 - Hj(T) ' 
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for i = 1, 2, ... , k - 1. Therefore, 1/i(T) is simplified, for i = 1, 2, ... , k - 1, as 

n [fi Sj(T)(l - 7rj)l Fi(T) 
J=l 

_ [H1(T)]n fi [HJ+1(T)j 1-7rj 

Hi(T) j=l Hj(T) 

[H1(T)Jn-1 

ni-1 [H ( )]7r* ' 
j=l j+l T J 

which completes the proof of the theorem. 0 

Proof of Lemma 3.5.3: We shall establish this result by induction. First of all, it 

is valid when i = 1 since the left-hand side of (3.5.5) produces Ec[N1] = Ec[n] = n 

and its right-hand side yields E[N1] 1 - ~i(T~~](T) = E[N1] = E[n] = n as V1(T) = 
1- H1 T n 

[H1 (T)]n- 1. Let us then assume that (3.5.5) holds for i = i'. Using Theorem 3.5.1, 
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(3.5.5) at i = i' + 1 leads to 

Ec[Ni'+1] - Ec[Ni' - ni' - ci'] = (Ec[Ni1] - Ec[ni'])(l - 7r;,) 

( 
1 - Hi1(T)Vi1(T) 1 - Vi1(T) ) * 

- E[Ni'] l-[H1(T)]n -E[ni']l-[H1(T)]n (l-7ri,) 

E[Ni'] * 
- l _ [Hi(T)]n (Si'(T) - (Hi'(T) - Fi1(T))Vi1(T))(l - 7ri,) 

- l -~.t(~)Jn (Si'(T) - Si'(T)[Hi'+i(T)J1-7r71Vi1(T))(l - 7r;,) 

E[Ni']Si' ( T) * 
- l _ [Hi(T)]n (1 - Hi'+1(T)Vi1+1(T))(l - 7ri,) 

since Vi1(T) = Vi'+i(T)[Hi'+i(T)]?r;, 

_ E[N·i J 1 - Hi'+1(T)V°i1+i(T) 
i +l 1- [H1(T)]n 

Hence, the result. D 

Proof of Theorem 3.5.2: Using Properties (1) and (2) and the results of Theorem 

3.5.1 and Lemma 3.5.3, the expected value of (3.2.5), conditioned on Nk > 0, is 

Ec[Ui] = Ee [t(Yi,j - (i - l)T)l + TEc[Ni] - TEc[ni] 
J=l 

- E<fn;] ( B, - T ii~~) + T E,[N;] - T E,[n;] 

- E[N,]F;(r) ( 1 ~[ii~~]") (o, - F;~r)) + rE[N,] ( l l--~~:i~i:)) 
E[Ni] [ ] - l _ [Hi(T)]n (1 - Vi(T))BiFi(T) + T(l - Hi(T))\!i(T) 

for i = 1, 2, ... , k. The Fisher information matrix In(a, /3), given Nk > 0, is then 
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expressed as 

where 

1cond 
aa 

Jcond 
a/3 

1cond 
(3(3 

( 

Jcand 
In(O!, (3) = aa 

Jcond 
a(3 

k 

1cond ) a(3 

' 1cond 
(3(3 

= E0 [ - :~2 l(a,/3)] = L Ec[Ui] exp[-( a+ (3xi)] 
i=l 

= Eo[- a:~/3l(a,j3)] 
k 

= L Ec[Ui] exp[-( a+ (3xi)]xi 
i=l 

=Ee [ - :;l(a, /3)] 
k 

= L Ec[Ui] exp[-( a+ (3xi)]x; 
i=l 

with Ai(T) redefined by using the expression of Ec[Ui] as 

1 1 
Ai(T) = -Ec[Ui] exp[-( a+ (3xi)] = -() Ec[Ui] 

n ni 

k 
= n LAi(T), 

i=l 
k 

= n L Ai(T)xi, 
i=l 
k 

= n LAi(T)x;, 
i=l 

- n(l _E1~iT))") [(1 - V;(T))F;(T) +;. (1 - H;(T))V;(T)]. 

Substituting the result of Lemma 3.3.l for E[Ni] in Ai(T) above, we obtain (3.5.7). 0 

Proof of Theorem 3.5.3: We shall establish this result by induction. Since Hk( T) = 

0 and Hk-i(T) = Fk-i(T) < 1, the relation is clearly valid for i = k and i = k - 1. 

Assuming now that it holds for i = i' + 1, we find 

since 0 :::; K;, < 1 

¢::::::> Fi1(T):::; F'i'(T) + Si'(T)[Hi'+i(T)] 1-7r:, < Fi'(T) + Si1(T) 

¢::::::> Fi'( T) :::; Hi'( T) < 1 

==} 0:::; Hi'(T) < 1. 

Hence, Hi(T) is always bounded between 0 and 1 for i = 1, 2, ... , k. 
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Appendix C 

Lemmas and Proof of Theorems 

in Chapter 4 

Lemma C.1. The JPMF ofN = (N1,N2), where Ni= (Nii,Ni2), i = 1,2, is given 

by 

for n = (n1 , n2 ), where ni = (ni1 , ni2 ), i = 1, 2, and nij are non-negative integers 

satisfying :L7,j=l nij = r :::; n. Here, 1rij are as defined in (4.2.4) and (4.2.5) and 

F(T) is as given in (4.3.2). 

Proof. For fixed n = (n11 , n 12 , n 21 , n 22 ), we let the realized values of Ni· be ni· = 

nil + ni2 for i = 1, 2 still holding n 1. + n 2 . = r. Then, by conditioning on N1. = n 1., 
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we have 

Pr[N = n] - Pr[N = n!N1. = ni-] Pr[N1. = ni-] 

Pr[N1 = n1IN1. = ni-] Pr[N2 = n2IN1. = ni-] Pr[N1. = ni-] 

- Pr [Nu =nu IN1. = ni-] Pr [ N21 = n21 IN2. = n2.] Pr [N1. = ni.], 

(C.2) 

where the second equality results from the fact that given N1. = n1., N 1 and N 2 are 

independent. Now, it can be easily shown that 

(N2jlN2. = n2.) '"'"' Binomial(n2 ., n 2j) 

N 1 . Binomial(n, F(T)) 

for j = 1, 2, 

for j = 1, 2, 

for the model under consideration and thus, ( C. l) follows by substituting the binomial 

probability mass functions in (C.2). 0 

Using the result in Lemma C.l, we can further simplify the expression of the 

denominator in (4.3.3). Let us first denote m = (m1,m2) where mi= (mi1,mi2) and 

mi. =mil+ mi2 for i = 1, 2. Analogous to nij and ni., mij and mi. are non-negative 

integers which satisfy 2=7,j=l mij = m 1 . + m 2 . = r:::; n. Then, using (C.l) along with 

the binomial theorem, we have 
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Lemma C.2. The CMGF of B1j, conditioned on NE 6, is 

ni. 

NI1j(t) = LL c~~~k 
nE6 k=O 

(C.4) 

for j = i, 2; where Tijk and C~~~k are as defined in (4.3.5) and (4.3.6), respectively. 

Proof. Under the life-testing scheme outlined in Section 4.2, let us denote 

for the ordered failure times before T, where N 1 . is the total number of failures before 

T. Then, it can be shown that their joint distribution, conditioned on N 1 = n 1, is 

identical to the joint distribution of all order statistics from a random sample of size 

n 1 . = n 11 +n12 from the right truncated distribution at T; see Arnold et al. (1992) and 

David and Nagaraja (2003) for details. The PDF and CDF of this right truncated 

distribution are, respectively, 

and 
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for 0 < t < T, where F(t) and f(t) are as given in (4.2.1) and (4.2.2). Then, by using 

straightforward integration and binomial expansion, we derive 

for t < ( 8~ 1 + 8~ 2 ), j = 1, 2. Since we have from ( 4.3.1) that 

M 1j(t) E[et&ijlNE6] 
- LE[et&ijlN1 =n1 ] xPr[N=nlNE6] (C.6) 

nE6 

for j = 1, 2, (C.4) is readily obtained upon using (C.5) and (4.3.3) in (C.6) along with 

Lemma C.l. D 

Lemma C.3. The CMGF of B2j, conditioned on NE 6, is 

(C.7) 

for j = 1, 2, where c~2l is as defined in (4-3.9). 

Proof. Again, under the life-testing scheme described in Section 4.2, let us denote 
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for the ordered failure times after T. We also denote N2 . = r - N1 . for the restricted 

number of failures after T. Then, it can be shown that the conditional joint distribu-

tion of these failure times, given N 2 = n 2 , is the same as the joint distribution of the 

order statistics from a Type-II right censored sample of size n2 . = n21 + n22 initially 

derived from a random sample of size n - n1 . (or n - r + n2 .) with the left truncated 

distribution at r; see Arnold et al. (1992) and David and Nagaraja (2003) for details. 

The PDF and CDF of this left truncated distribution are given, respectively, by 

f(t) 
fLr(t) = 1 - F(r) and F (t) = F(t) - F(r) 

LT 1 - F(r) 

for T:::; t < oo, where F(t) and J(t) are as given in (4.2.1) and (4.2.2). Then, from 

the results on the distribution of spacings from an exponential distribution, it follows 

that 

(
l _ t )-n2

. 

n2i ( 8~ 1 + 8~2 ) 
fort< ( 8!1 + 8!2 ),j=1,2. From (4.3.1), we have 

M 2j(t) E [ et82i IN E 6 J 

- L E[et82ilN2 = n2] x Pr[N = nlN Es] 
nE<5 

(C.8) 

for j = 1, 2 and thus, upon using (C.8) and (4.3.3) in conjunction with Lemma C.1, 

(C.7) immediately follows. D 

Proof of Theorems 4.3.1 and 4.3.2: Applying the inversion theorem of a mo-

ment generating function to the results from Lemmas C.2 and C.3 in conjunction 

with Lemma A.3 in Appendix A, we can obtain the exact conditional PDFs of {)ij, 

given NE 6 for i, j = 1, 2. Hence, the result. D 
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Appendix D 

Lemmas and Proof of Theorems 

in Chapter 5 

Lemma D.1. The JPMF ofN = (N1,N2), where Ni= (Nil,Ni2), i = 1,2, is given 

by 

Pr[N = n] n IJ n·· Jr. _'J { 
2 } (n11 , n 12 , n 21 , n22, n - n .. ) iJ=l '' 

X { F(r)} ni. { F(rc) - F(r)} n 2 . {1 - F(rc)} n-n.. (D.1) 

for n = (n1 , n2 ), where ni = (ni1 , ni2 ), i = 1, 2, and nij are non-negative integers 

such that L;,j=l nij = n .. ::::; n. Here, 1rij are as defined in (5.2.4) and (5.2.5) and 

F(t) is as given in (5.2.1). 

Proof. For fixed n = (n11 , n12 , n2 1 , n22), we let the realized values of Ni. be ni. = 

ni1 +ni2 for i = 1, 2 and let the observed value of N .. be n .. still holding n 1.+n2 . = n ... 
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Then, by conditioning on N 1 . = n 1 . and N 2 . = n 2 ., we have 

Pr[N = n] Pr[N = n!N1. = ni., N2. = n2.] Pr[N1• = ni., N2. = n2.] 

Pr[N1 = n1JN1. = ni., N2. = n2.] Pr[N2 = n2JN1. = ni., N2. = n2.] 

x Pr [N1. = n1., N2. = n2. JN .. = n .. ] Pr [N .. = n .. ] 

Pr[Nu = n11JN1. = ni-J Pr[N21 = n21IN2. = n2.] 

x Pr[N1 . = n1.JN .. = n .. J Pr[N .. = n .. J, (D.2) 

where the second equality results from the fact that given N 1 . = n 1 . and N2 . = n2 ., 

N 1 and N 2 are independent. Now, it can be easily shown that 

(N1jJN1. = n1.) '"'"' Binomial ( n1., 1f1j) for j = 1, 2, 

(N2jJN2. = n2.) '"'"' Binomial ( n2., 1f2j) for j = 1,2, 

(Ni.JN .. = n .. ) . . ( F(T)) 
Binomial n . ., F( Tc) , 

N .. Binomial ( n, F( Tc)) 

for the model under consideration and thus, (D.l) follows by substituting the binomial 

probability mass functions in (D.2). D 

Using the result in Lemma D.1, we can further simplify the expression of the 

denominator in (5.3.3). Let us first denote m = (m1 , m 2 ) where mi= (mi1 , mi2 ) and 

mi. = mi1 + mi2 for i = 1, 2. Analogous to nij and ni_, mij and mi. are non-negative 

integers which satisfy L;,j=l mij = m 1 . + m 2 . = m .. ::; n. Then, using (D.l) along 

with the binomial theorem, we have 
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L Pr[N=m] 
mE6 

x{F(T)}m1.{F(Tc) - F(T)}m2.{l - F(Tc)f-m .. 

t (,:) {1- F(r,)}"-m I:' (:J { F(r)} m, { F(r,) - F(r)} m, 
m .. =4 m1.=2 

x[~: (::}~"n;;" }[~: (::}~"n~"} 
t (,:) { 1 - F(r,)}"-m I:' (:;) { F(r)} m, { F(r,) - F(r)} m, 
m .. =4 m1.=2 

(D.3) 

Lemma D.2. The CMGF of B1j, conditioned on NE 6, is 

ni. 

M1j(t) = LL c~~jk 
nE6 k=O 

( 1 1 ) t< -+-
ell e12 

(D.4) 

for j = 1, 2, where T1jk and C~1,jk are as defined in (5.3.5) and (5.3.6), respectively. 

Proof. Under the life-testing scheme outlined in Section 5.2, let us denote 

{ 0 < T1:n < T2:n < · · · < TN1 .:n < T} 

for the ordered failure times before T, where N1 . is the total number of failures before 

T. Then, it can be shown that their joint distribution, conditioned on N 1 = n 1, is 

identical to the joint distribution of all order statistics from a random sample of size 

n 1. = n 11 +n12 from the right truncated distribution at T; see Arnold et al. (1992) and 
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David and Nagaraja (2003) for details. The PDF and CDF of this right truncated 

distribution are, respectively, 

and 

for 0 < t < T, where F(t) and J(t) are as given in (5.2.1) and (5.2.2). Then, by using 

straightforward integration and binomial expansion, we derive 

fort< (e~1 + e~2 ), j = 1,2. Since we have from (5.3.1) that 

M1j(t) E [ et011 JN E 6 J 

- LE[et011[N1 =n1] xPr[N=n[NE6] (D.6) 
nE6 

for j = 1, 2, (D.4) is readily obtained upon using (D.5) and (5.3.3) in (D.6) along 

with Lemma D .1. 0 

Lemma D.3. The CMGF of fJ 2i, conditioned on NE 6, is 

nz. 

M2j(t) = I: I: c~~k 
nE6 k=O 

(D.7) 

for j = 1, 2, where T2jk and C~~~k are as defined in (5.3.8) and (5.3. 9), respectively. 
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Proof. Again, under the life-testing scheme described in Section 5.2, let us denote 

for the ordered failure times between T and Tc· We also denote N2 . = N .. -N1 . for the 

total number of failures between T and Tc. Then, it can be shown that the conditional 

joint distribution of these failure times, given N 1 . = n 1 . and N 2 = n 2 , is the same 

as the joint distribution of all order statistics obtained from a random sample of size 

n2. = n 21 + n 22 from the distribution left truncated at T and right truncated at Tc; 

see Arnold et al. (1992) and David and Nagaraja (2003) for details. The PDF and 

CDF of this doubly truncated distribution are given, respectively, by 

and 

for T ::; t < Tc, where F(t) and f(t) are as given in (5.2.1) and (5.2.2). Then, by using 

straightforward integration and binomial expansion, it follows that 

E [et82j [N1. = ni., N2 = n2] 

fort < (-e1 + -e1 ) • j = 1, 2. From (5.3.2), we have 
21 22 , 

M2j(t) - E[et82j[N Es] 
- L E[et82j[N1. = ni., N2 = n2] x Pr[N = n[N Es] 

nE6 
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for j = 1, 2 and thus, upon using (D.8) and (5.3.3) in conjunction with Lemma D.l, 

(D.7) immediately follows. D 

Proof of Theorems 5.3.1 and 5.3.2: Applying the inversion theorem of a mo­

ment generating function to the results from Lemmas D.2 and D.3 in conjunction 

with Lemma A.3 in Appendix A, we can obtain the exact conditional PDFs of ei1, 

given NE 6 for i, j = 1, 2. Hence, the result. D 
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