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Let us consider the case 

b :: 2.Sb b :: lOh b = 6b b = 3b bs = b 
1 2 3 4 

c = 2.Sc c = lOc c = 6c c = 3c c = c 
1 2 3 4 5 

ml = m = m = m = m = m 
2 3 4 5 - - - - (5.'7) 

Then Equation 5.6 will reduce to be 

1 0 0 0 0 48.5 -32 6 0 0 zl z 
1 

0 1 0 0 0 
I• 

z -32 37 -18 3 0 z 
2 2 

.t2m 0 0 I 1 0 0 
.. 
z 

3 
+ h 6 -18 19 -8 1 i + 

3 

0 0 0 1 0 " 0 3 -8 7 -2 Z · z 
4 4 

0 0 0 0 1 
.. 

0 0 1 -2 1 Z5 z 
5 

48.5 -32 6 0 0 zl . 

-32 37 -18 3 0 z 
2 

,r 

c 6 -18 19 -8 1 Z3 + (g + f (t) ) .tm 

0 3 -8 7 -2 Z4 

0 0 1 -2 1 z 
5 

(Equation continued on next page) 
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-9 4 0 0 0 zl 

4 -7 3 0 0 z 
2 

0 3 -5 2 0 z = 0 
3 

0 0 2 -3 1 z 
4 

0 0 0 1 -1 z 
5 

We can express the above equation of motion in the following 

form: 

II 
,., 

i 2m· (M]{z} + b [B] {z} + (c [k] + (g + f (t) ) .tm (A] ) {z} - - - - (5.8) 

where (M] is unit matrix 

48.S -32 6 0 0 

-32 37 -18 3 0 

[B] = [k] = 6 -18 19 -8 1 

0 3 -8 7 -2 

0 0 1 -2 1 

-9 4 0 0 0 

4 -7 3 0 0 

(A] = 0 3 -5 2 0 

0 0 2 -3 1 

0 0 0 1 -1 

and matrices (k] and [A] co:rm1mte: i. e~ 

(k] (A] = [A] [k] 
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Hence we know those matrices can be simultaneously transformed into 

diagonal form. Meanwhile, the classical modes exist. 

5.4 N-DEGREE OF FREEDOM SYSTEM 

By referring to Sections 5.1, 5.2, and 5.3 it can be concluded 

that the equation of motion for the N degree of freedom system must be 

(m +m + 
.. 

m ) (m +m + m ) (m +m + m ) (m 1 +m ) m cp 1 1 2 n 2 3 n 3 4 n n- n n 

(m +m + 
2 3 

. . . m ) 
n 

(m +m + 
2 3 

m ) 
n 

.. 
(m +m + ... m ) rn ¢2 3 4 n n 

m ) 
.......... 

. (m3+m4 + ... ~ n 
....... . 

~ t2 ' 
.......... 

"-, ........._ 

,• 

"' -~ ' ' ,; 

(m + m ) (m + m ) ' · (m +m ) 

,:1 
<t> "-n-1 n n-1 n ........._ n-1 n n-1 

•.. 
m m ·- --- - - -- ----- - - m cf> n n n n 

(b +b 2) -b 0 0 ---·-- ·- ·- 0 ~l I 2 

-b (b +b ) -b 00 · ---· - 0 
cf> 2 2 2 3 3 

" ' 0 -b ' "" 3 ' " ' ' ' ' " 0 0 " ' ' ' 

' " ' ' ' " -b 0 
........... 

' 
n-1 

" ........ 

' -b' 
. 

(b +b ) -b <P n-1 n-1 n n n-1 

I 

0 0 -- -··- 0 -b b <Pn n n 



(c +c ) 
1 2 

-c 
2 

0 
+ 

0 

0 

0 

0 

.. t. 0 -- - ·····- · - --- -
~ 

(c2+c3) -c3 0 -~· - - - -

""' ""--c ......... 

~ 3 

" ' .......... ' 
0 ' ' ' ' ' ' 

0 - ---- - - -

0 

(m +m + ••• m ) 
2 3 - n 

0 

0 

.... , -c 
' ' n-1 -, 

' 
-c - (c +c ) 

n-1 n-1 n 

0 -c 
n 

0 --- - - · ---

0 

0 

0 

(m +m ) 
n-1 n 

0 

0 

0 

0 

-c 

c 

~ 

0 <!> 

1 

n 

n 

0 <I> 2 

0 <I> 

I n-1 

m~kn ~ 

<f> 1 

<f> 2 

<f> n-1 

<t> 

n 
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"" 
_-_ (g+f (t) ) 9, 

~cm +m + ••• m ) 
1 2 n 

(m +m
3

+ ••• m ) 
2 n 

(m 
1

+m ) 
n- n 

m 
n 

No horizonta l base movement is assumed (i.e. h(t) = 0) as befor e, and 

the transformation 

z 
1 

z 
n 

1 

1 

= 1 

1 

0 0 - - - O'" 
<P 1 

1 0 _ O 
<t> 2 

1 1 0 

1 0 

1 1 

h(t) 



is used. The equation of 

m 0 0 
1 

0 m 0 
2 

' ' 
' ' .... 

' ...... 

.e,2 "' ' ' 

0 - · - ·- - -

(b +4b +b ) -2(b2+b3) 
1 2 3 

b 
3 

0 

0 

b 
4 

0 

0 

0 

motion will be 

- ··- -· - - - - -

' ""', 
m 

n-2 

0 

0 

b 
3 

0 

0 

- - - - · 

0 

m n-1 

0 

0 

b 
4 

0 z 
1 

.,, 
0 z 

n-2 

1. 

0 z 
n-1 

,,. 
m z 

n n 

0 

0 

-2(b +b ) 
n-1 n 

b 
n 

+ 

125 

0 

0 

-2 (b +b ) 
n-1 n 

(b 1+4b ) 
n- n 

-2b 
n 

0 z 
1 

0 z 
2 

0 

b 
n 

-2b z 
n TI-\ 

2. 
" 

b 
n 



(t))R-

I 

(c +4c +c ) 
1 2 3 

-2(c +c ) 
2 3 

c3 

+ 0 

0 

0 

0 

= 0 
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-2 (c +c ) c 0 - ····- - - -·- - - - - - 0 
2 3 3 

(c +4c +c ) -2 (c +c ) c 
2 3 4 3 4 4 

-2(c +c ) (c +4c +c ) ~-3 4 3 4 5 
' 

'-..... ~ c ' '-
4 ' 

..... ..... 

' '-...._.._ '-...._.._ 

'" (c +4c +c ) -2(c +c ) c 
. n-2 n-1 n n-1 n n 

-2(c +c ) (c 
1 
+4c ) -2c 

n-1 n n- n n 

·- --- -- ··-- · - -- - c -2c c 
n n n 

0 \... - - - --........... 

''- " '-. ........__..._ 

.'-...._..__, - (m 
2

+2m , +2m ) , (m +m ) 

0 

----- -

, n- n-:r n n-1 n 
0 

(m +m ) , 
n-1 n 

0 

-(m +2m ), m 
n-1 n n 

m 
n 

Combining the results in Sections 5.1, 5.2, and 5.3 the necessary conditions 

for the existence of the classical modes for a two degree of freedom system 

are 

z 
1 

z 
2 

z 
n 
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bl = b = b 
2 

c = c2 = c 
1 

ml = m = m 
2 

For a three degree of freedom are: 

b = 1.Sb b = 3b b = b (or b = 3b' , b = 6b', b = 2b') 
1 2 3 1 2 3 

c = 1.Sc c = 3c c = c 
1 2 3 

ml = m = m = m 
2 3 

For a four degree of freedom system are: 

bl = 2b b = 6b b = 3b b = b 
2 3 4 

cl = 2c c2 = 6c c = 3c c4 = c 
3 

m = m = m = m4 = m 
1 2 3 

For a five degree of freedom system are: 

bl = 2.Sb b = lOb b = 6b b = 3b b = b 
2 3 4 5 

cl = 2.Sc c = lOc c = 6c c4 = 3c cs = c 
2 3 

m = m = m = m = m = m 
1 2 3 4 s 

Hence, for a N degree of freedom system we can inf er that when 

b 
n ? (n-l)b (n-l){n-2) = (ri. - 2) (n-3) 2.1 

= 2 b b = b = b b b, b =-b 
1 2 ' 2 2 3 2 4 2 n 
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n n (n-1) 2.1 
c = -2 b c 1 , 2 = 2 c ' c 

3 
= (n-l)(n-2) 

2 
c , c 

4 
= (n-2)(n-3) 

2 
c ' c = -2-. c 

n 

m = m = m = m = 
1 2 3 4 

= m = m 
n 

- - - - (5. 9) 

Then the equation of motion is reduced to n uncoupled equations.· There-

fore the classical mode will exist. It should be pointed out that the 

above argument does not constitute a proof, but an extrapolations of the 

previous consideration of two, three, four and five degrees of freedom 

systems. 



6.1 CONCLUSIONS 

CHAPTER 6 

CONCLUSIONS AND SUGGESTIONS 

From the previous five chapters, the following conclusions can 

be made: -

(1) If a structural system is under base oscillation, the component of 

the base oscillation in the direction of the axis of the structure 

will contribute to parametric excitation of the system, but the 

component of the base oscillation perpendicular to the direction of 

the aiis of the structure will induce ordinary force vibration only. 

, (2) If an undamped structural system subjected to nonconservative 

(circulatory) end force lost stability by divergence, then the same 

system including damping would lose its stability be divergence also. 

On the other hand, · if the undamped structural system subjected to 

circulatory end force lost stability by flutter, then the same system 

including damping would still lose its stability by flutter. This 

means that the damping does not change the nature of the system as 

far as loss of stability is concerned. 

(3) If an undamped structural system subjected to circulatory end force 

loses stability by divergence, then for the same system including 

damping, the dampi_ng has no destabilizing or stabilizi_ng effect. 

But, if the undamped system subjected to circulatory end force 

loses stability by flutter, then for the same system including 

damping, the damping has destabilizing effect. 
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(4) For an original unstable two ~egree of freedom system, we can apply 

a proper circulatory end force to make the system stable. But if the 

system includes damping, the stabilizi_ng effect of the nonconservative 

(circulatory) end force will be diminished. This is shown clearly 

at F_igures 3. 4 and 3. S. When the system is .without dampi_ng, in the 

domain 1 ~ y ~ 2 there exists some stable r_egion; but when the same 

system includes dampi_ng, this stable r_egion wi 11 be eliminated for 

any value of damping, even if .the damping is very small. 

(5) If a two degree of freedom system subjected to nonconservative 

(circulatory) end force loses stability by flutter, then for the same 

system under both parametric base excitation and circulatory end 

force, the principal instability region of the first mode will become 

smaller as the circulatory force increases and the principal instability 

region for the second mode will enlarge as the circulatory force 

increases. Finally, those two principal instability regions will 

merge into one as the circulatory force increases to the critical 

value (this critical value is for the same system without base 

excitation). But if the two degree of freedom system subjected to 

circulatory force loses stability by divergence, then for the same 

system under both parametric base excitation and circulatory end 

force, the principal instability regions of both the first and the 

second modes will enl~rge as the circulatory ·force increases. 

(6) For a two degree of freedom system with dampi.ng subjected to 

circulatory force and under parametric base excitation, when the 

circulatory force is close to the critical value (which is the 

critital load for the same system without base excitation), the · 
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shifting effect of damping will become obvious even for small value 

of dampi_ng. This means that when the circulatory force is close to 

the critical value, the principal instability region for the first 

mode will be slightly shifted (in the direction of decreas~ng 

I frequencies) with respect to the principal r~gion of instability for 

the same sy~tem without damp~nr. 

(7) For a two degree of freedom system, if certain mass, damping and 

spring constant distributions are given, it can be expected that the 

classical normal modes exist. Even for the same system subjected to 

a circulatory end force with a proper l_ag parameter "a", the classical 

normal modes ~an also be expected. 

6.2 SUGGESTIONS 

So far, the two d.egree of freedom system is analyzed by 

assumi.ng small displacement, Le. sin <J> :t <f>. Such approximation is 

adequate for the onset of stability and calculation of critical parameters. 

However, as soo11 as the motion starts to grow, the geometric nonlinear 

effects become important. In particular, in order to study the steady 

state behavior after instability sets in, some nonlinear teams need to be 

included. Hence, if one more term is taken and 

p~ 
sin <Pk = <Pk - ---

3 ! 
(k = 1, 2) 

are assumed, then the equation of motion. becomes 



\~ 

where 

(ml + m2) m 
2 

[M) = 12 {cpk} 

m m 
2 2 

,. 
(c

1 
+ c 2) - 1(m1 + m2 ).(g + f(t) ) 

[<i'(t)) = 

[T Ct)] 
1 ,, 

= 31 !(g + f (t) ) 

-c 
2 

0 

cp 

= 

<t> 

1 

2 

-c 
2 

,, 
c

2 
- m21(g + f (t) ) 

0 

m 
2 
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In this equation, damping and horizontal vibration of the foundation are 
,. 

not considered; i.e. b = O, h(t) = O. If f(t) is a periodic function of 

time, then two coupled nonlinear differential equations with periodic 

coefficients are obtained. It is s.uggested that the study of such a system 

of equation 1_is ,worthwhile since it will. give some ins.ight to the post 

critical behavior of the system. 



A P P E N D I X 

SOME PROPERTIES OF THE DIFFERENTIAL EQUATIONS 

WITH PERIODIC COEFFICIENTS 

In this thesis we restrict ourselves to consideration of the 

differential equation with periodic coefficients, so called Mathieu-Hill 

equation{Z). The stability of the solution of this kind of differential 

equation is well-known (3), { 2 ~2 . But some special cases of Mathieu-

Hill equations, which are widely used in this thesis, have their own 

peculiar properties. In this appendix those special cases of Mathieu-

Hill equation will be discussed. 

A. BEHAVIOR OF THE SOLUTIONS OF THE DIFFERENTIAL EQUATION 

" f (t) + (µ8 2 cos St) f (t) = 0 - (A .1) 

Floquet theory for the linear differential equations with 

periodic coefficients is applicable for the Equation A.I. Hence the 

well-known method(
2

) for analyzing those differential equations, could 

be employed here. Let us seek the periodic solution in the form 

f(t) = E 
n 

net net 
(an sin - 2- + bn cos -- ) 

2 

where 

n = 1, 3, 5 

if the periodic solution has a period 2T, and 

n = 0, 2, 4, 6 .... : ... 

if this ·solution has a period T. 

- - - - (A. 2) 

Substituting the series (A.2) into Equation A.1 and sirnplifing 
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the equation leads the fol lowi.ng equation: 

CIO net -n2e2 µ82 net 
r sin [a ( ) + (a 2 + a n+2) -2- ] + cos 
n 2 n 4 n- 2 

(b 
n2e2 

(bn-2 
µe2 

(- -) + + bn+2) -2- ] = 0 
n 2 

Let us seek the periodic solution with a period 2T first. Equating the 

ff . . f . d . . (net) d net f coe 1c1ents o i ent1cal sin -- an cos(--) leads to the ollowi.ng 
2 2 

system of linear homogeneous algebraic equations in terms of a and b : 
n n 

µe2 e2 µe2 
-a ( - + - ) + a ( - ) = 0 

1 2 . 4 . 3 2 

282 µe2 
a (- _n_) + (a 2 + a 2) = 0 
n 4 n- n+ 2 (n = 3, S, 7 ••.• ) 

and 
µ82 92 µ82 

b (- ~ + -~3c-2-) = 0 
1 4 

n2e2 µ82 
b r- -) + (bn-2 + b ) = 0 

n 4 n+2 2 (n = 3, 5, 7 •••• ) 

- - (A.3) 

where the fitst system contains only a coefficients, and the second 
n 

contains only b coefficients. Next we seek the periodic solution with 
n 

a period -T. The following system of algebraic equations will be obtained: 

and 

ne 2 

a (- 4) + 
n 

b2 (µ8 2) = 0 
µ82 

b c-) 
0 2 

µ82 
--- 0 

2 
(n = 4, 6, 8 .;.;) 
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n202 µe2 
b ( - -- ) + (h + b 2) = 0 n 4 n-2 n+ 2 (n = 4, 6, 8 .... ) 

·- - - - (A.4) 

The algebraic Equations A.3 and A.4 can be expressed in the followi.ng 

form: 

(a) In the case period = 2T 

µ 1 µ 
- c2 + 4) 0 0 0 .... · a 

2 1 

µ 9 ~ 
92 -4 0 0 a3 = 0 2 2 

µ 25 µ 
0 - -4 7 0 a 

2 5 
-- ~ - ~- - -- -.e.-

I 
t 
I 

and 

µ 1 µ 

c; - 41 - 0 0 0 b 
. " 2 1 

µ 9 1L e2 
2 0 0 b = 0 

2 4 3 
µ 25 

µ 

0 2 -4 2 0 b 
s 

.... 
~ 

(b) In the case period = T 

µ 

-1 0 0 0 a 
2 2 

92 .l!. -4 1!.. 0 0 a = 0 
2 2 4 

µ µ 
0 - -16 - 0 2 2 a 

6 

- - - --- - - - - · - - - - ·-- - -- · 
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and 

0 µ 0 0 0 b 
0 

e2 ~ µ 
-1 0 0 b = 0 2 2 2 

µ µ 
0 

2 -4 
2 

0 b 
4 

If the periodic solution exists, the above equations are true, only 

when the obtained determinants of the homogeneous systems be equal to 

zero, i.e. 

(a) In the case period = 2T 

.u. 1 µ 
-(2 + 4J 2 0 0 0 

µ 9 .H.. -
2 0 0 = 0 2 4 

1!.. -25 µ 
0 

2 -4- 2 0 

1 .µ. cl!.. - -) 0 0 0 
2 4 2 

µ 9 ~ 

2 4 2 0 0 = 0 

µ 25 µ 
0 

2 -4 2 0 
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(b) In the case period = T 

µ 
.. 1 

2 
0 0 0 

µ .H. 
-4 0 0 = 0 

2 2 

µ .H. 
0 -16 2 0 

2 

and 

0 µ 0 0 0 .... 
µ. µ 

-1 0 0 = . 0 
2 2 

µ µ 

0 2 
~4 0 

2 

Note that the four determinants are independent of e. It means 

existence of periodic solution is dependent on certain values of µ only. 

The boundaries of instability regions can be determined from the above 

four determinants. But from the Floquet theory it is known that two 

solutions of indentical periods bound the region of instability, and two 

solutions of different periods bound the region of stability. Hence the 

stability chart can be constructed as shown in Figure A.1. 

B. BEHAVIOR OF THE SOLUTION OF DIFFERENTIAL EQUATION 

.. . . 
f (t) + £f (t) + (o 2 + µ8 2 cos St) f(t) = 0 - - - - (A. 5) 

(i) This equation is the standard form of Mathieu-Hill equation with 

damping term; except in the second part of the coefficient of f (t) 
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Stable region _ 

Unstable region 
rl 

T 

• .Parametric Frequency 

., 
Figure A.1: The Stability Chart for f(t) + (1-10 2 cos 8t) f(t) = 0 



139 

we have parameters µ8 2 where 8 is in the same quantity as parametric 

frequency. Seeking the periodic solution and following the same procedure 

as we did in Section A, we will find the system of linear homogeneous 

algebraic equations in terms of a and b 

and 

n n 

o2 µ 1 £ µ c- - - - 4) a -b +-a = 0 
92 2 1 28 1 2 3 

o2 n2 n µ 
(- - :J a £(28) b + - (a + a ) 
92 4 n n 2 n-2 n+2 

(n = 3, S, .... ) 

o2 li 1 c li c- + - -4) b + -28 al + b = 0 
92 2 1 2 3 

£ 
( 
e2 

+ !!. (b + b ) 
2 n-2 n+2 

(n = 3, 5, • . • . ) 

(b) In the case period = T: 

52 £ µ c- - 1) a -b + - a = 0 
e2 2 e 2 2 4 

· 52 n2 n 
+ .l! (a c- - -) a e: (2;) b + a ) 

. 92 4 n n 2 n-2 n+2 

(n = 4, 6, 8, . . . ) 

52 
() b

0 
+ µb 

92 2 
= 0 

52 c- - 1) b 
2 

+ ~ a + .ll (b + b ) = 0 e 2 2 o 4 92 

= 0 

- - - - (A. 6) 

= 0 

= 0 
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o2 n2 n 
(- - -) b + E(-

28
) a 

8 2 4 n n 
+ !!. (b + b ) 

2 n-2 n+2 
= 0 

(n = 4, 6, 8, •... ) 

It is conveninet to express the above equations in another form. First 

in the case period = 2T: 

,....._ - ~- - _.:._ - - -

o2 9 1J 3 £ ' c- - - ) - 0 -- a 
8 2 4 2 2 e 3 

.l!. 02 .l!. 
1 

L l- - 4J 0 a 
2 e2 2 28 1 

02 .l!. 1 = 0 
£ .lL 

0 (- + 2 - 4) 2 b 
28 e2 1 

(A. 7) 

3£ 
0 

lJ.. (~ - ~) b 
28 2 

8 2 4 3 
--- - ----· ----

Next in the case period = T: 

..,._ _ -- - - - - - - -

~ 4) !!. 0 
2£ ( - 0 - - a 

e2 2 e 4 

1l 02 
1) 0 

£ 

2 (- - - 0 a 
e2 8 2 

0 0 
o2 

0 b 0 (A.8) µ = 
82 0 

£ 1J 02 µ 
0 - c- - 1) b 

e 2 e2 
2 2 

2c µ {!_ 
0 0 - ( - 4) b 

e 2 e2 4 - - - - ---- - - -- - - - - --

By usi.ng the same a.rgument as before, the equations of the boundary 

frequencies must be: 
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(a) In the case period = 2T: 
....__, ___ ----

o2 9 µ 
0 (- - -) 

8 2 4 2 

3 £ - --
2 e 

µ o2 lL !) J~ (- - 2 - - 2e 
2 e2 

0 

e: 1 52 µ 
0 

~ 
(-+-z-
e2 

4) 
µ 

2 
= 0 - - - - (A.9) 

3£ 
0 l!. 

2 2 

02 9 c;; - 4) 

(b) In the case period = T: 

-- -- -- - - -- -·- -
o2 H. 2e: 
(- - 4) 

2 
0 0 

e2 e 
_p_ o2 

1) 
e: 

(---- - 0 - - 0 
2 e2 e 

0 0 
§!.. 

0 0 (A. HJ) µ = - - - -
e2 

0 
e: .l!. o2 

1) _p_ C- -e 2 e 2 

3-f_ µ 
(~ - 4) 0 0 e 2 e 

From the above two determinants, the boundary of stable and unstable 

~egions can be determined. To determine the critical values of the 

excitation parameter below which no parameter resonance is possible, we 

will begin with the principal ~egion of instability by retaining the 

central elements in the determinant (Equation A.9). 
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o2 µ 1 £ c- - 4, 2 e2 2 = 0 - - - - (A .11) 

£ 02 " 1 - c- + l!. - -) 
2e e2 2 4 

Solving the Equation A.11 with respect to the exciti_ng frequency, we 

have · £2 1 I e:2 £4 
(- - -) ± µ2- +--

o2 402 2 46 2 160 4 

= 
e2 2 

Since (~-) is small, this formula can be simplified by neglecting 
0 

the terms containing higher powers of (~ ) : 

1 /µ2 £2 
± 

02 
2 4.)2 

= 2 - - - - (A.12)' 
e2 

Equation A.12 is plotted. in the following diagram (Figure A.2). 

The limiting case is when the expression under the square root 

of Equation A.12 becomes zero, nrunely, 

µ2 - = 0 

This defines the minimum value of µ such that below this value the system 

always remains stable. Thus, the critical value of the parameter µ is 

£ 

µ *l = -
26 

or we can write in the form of 

l:'*l cl!..) 2 
£ 

-- = - - - - (A.13) 
2 2 0 



Cl) 

"'O 
;:j 
.µ . . ,..; 
~ 

~ 
E 
< 
u 

•r-1 
H 
.µ 
Cl) 

E 
cd 
H 
ti:S 

0.. 

t .}A _ 

I 

-;:- .~. /, 
~ I 

...fal,,.I '>" . 

Q I 

<I. 

--"' 

~ 2: 

~-) e . 

-t 

Parametric Frequency 

Figure A.2: Principal Regions of Instability for f(t) + e:f(t) + (o2 + µ62 cos et) f(t) = 0 ...... 
~ 
~ 
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where 1! means 1 factorial. 

(ii) In order to determine the boundaries of the second region of 

instability, the central elements in Equation A.10 are retained.' 

o2 e: 
(-: - 1) 0 -
e2 e 

0 
cS 2 

0 (A.14) µ = - - - -
e2 

e: µ c£- 1) 
e 2 e2 

It is difficult to obtain an exact analytical solution of su~h an 

equation. Therefore we will substitute the approximate value of the 

boundary frequency e = o in all the elements. This only slightly 
* 

influences the final result in all but the upper and lower diagonal 
(1) 

elements • Equation A.14 can be rewritten then in the form: 

q 

0 

where 

q = 

0 

1 

.l!. 
2 

92 

µ = 0 

q 

;._ 1 

Expandi.ng the determinant leads the fol lowi.ng equation 

2 
2 L · 

q - 2 q 
£2 

+ - = 0 
02 
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Herice 

q = 

The boundary frequency will be calculated by 

µ + I (~)2 4e:2 
7-

02 02 
= 1 + 

e2 2 
- - - - (A.15) 

The critical case in Equation A.15 is 

(~) 
4£2 

= 0 
2' 02 

Thus · 

µ*2 
= ~ 2 0 

or in the form of 

= /c~'J £ 
- - - - (A.16) 

(iii) For determining the boundaries of the third region of instability, 

we return to the determinant (Equation A.9) and use the same approximation 
·- o2 g 

method as before, replaci_ng all e* by 2/3 0 .' (i.e. - = -) except the 
8 2 4 

upper and lower diagonal elements. The equation of the boundaries of the 

third region of instability becomes: 



.P_ 
q 2 

.H.. µ 
(2 - -) 

2 2 

3 £ 
0 4 -

0 

9 £ 
0 

4 0 

where 

q = 
9 

4 

3 
- 4 

(2 

0 

£ 

0 

µ 
+ -) 

2 

J! 
2 

9 £ 

4 0 .. 

0 

µ 

2 

q 

Expanding the determinant leads the following equation 
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= 0 

9 £2 µ'+ 9 ~ µ2 9 2 
+ - -) - µ2q + (- + 36 [- -] - 3. [- .:__ ] ) = 0 

16 02 16 16 02 4 16 02 

Neglecting quantities of the higher order of £ 4 leads to 

q = 
- -

µ2 
2 (4 

4 
+2-£.) 

16 02 

The boundary frequency will be calculated by the equation 

µ2 ± ~- 4(2- ~) (12 µ2 2 
--) 

16 16 o;;;. 2 
o2 9 
-= - + µ2 9 £2 e2 · 4 2(4 - +- 0::.) 4 16 

In this case the cr itical condition is 

- - - - (A.17) 



~ 
16 

9 . E2 µ2 2 4 (TI) - ) ( 12 - 2 ) = 0 
02 

Simplif~ng ·the equation leads 

~ - 24 cl.£ ) C 1 - ~ ) = o 
4 4 0.. 24 

Since µ is small quantity, the above equatio~ gives, approximately, 

Thus . 

or we 

ll 3 

: 4 

}1*3 

2 

'V 24( ~ • .:.._ ) 
'V 4 . 

0 

= fi 
can write in the form of 
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= - - - - (A.18) 

(.iv) Now we are going to determine the boundaries of the fourth r .egion of 

instability. Returning to the determinant (Equation A.10) and us~ng the 

1 
same approximation method as before, replace all e* by 2 o (i.e. 
52 

4) except the upper and lower diagonal elements, the equation of the 
. 92 

boundaries of the fourth region of instability is obtained as: 
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µ 4e: 
q 0 0 

2 0 

µ 
3 0 

. 2e: 
0 

2 6 

0 0 4 µ 0 = 0 

0 
2£ µ 

3 
µ - -

0 2 2 

4 e: 0 0 
µ - q 

0 2 

o2 
where q = - 4 

92 

Expanding the determinant, 

3 2 2 4 e:2 16c2 
q 2 c 3 6 - 2 µ 2 + 16 ~) - 3q c 2 - ~) µ 2 + c}- - s - µ 2 + 36. - -) = o 

52 6 52 

Solving the equation and neglecting quantity of the order of e: 4 leads 

the ~following equation 

± 1~ µ 8 - [(36 x 8) 2 + 32 x 36 x 4µ2 - 64µ4] e:
2 

242 62 

q = 
2 (36 - ~ µ 2 + 16 ~ ) 

2 52 

Put q - - 4 into the above equation, 
e2 

µ2 9 £2 
3µ2(2 - - ) ± - \18 .- [ (36 x 8) 2 + 32 x 36 x 4µ 2 - 64µ 4 )] 

52 24 242 52 

= 4 + 
2(36 - ~ µ 2 + 16 ~) 

2 52 
92 

- - - - (A.19) 
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From the equation A.19 it can be seen that the critical case is 

or 
9 32 x 36 x 4 

µ8 - (36 x 8) 2 [1 + µ2 
242 (36 x 8) 2 

64µ4 ]' £2 = 0 
(36 x 8)2 02 

Sinceµ is small 'quantity, the above equation can be expressed approximately 

by: 

9 
-- µ8 

242 

Ttms 

= 
2 

or we can write in the form of 

= 14, £ 

c-·)2 - . 
2 0 

- - - - (A.20) 

(v) From Equations A.13, A.16, A.18 and A.20, it is possible to deduce 

that in every r .egion of instability the critical value of the parameter µ 

has the follow~ng relationship: 

= 

µ*2 1~)2 ~ = 
2 2 0 

jc'~)2 : µ*3 
= 2 
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µ*4 jci!.{~ = 
2 . 2 0 

..;. -

µ 

ic~! t *k = 
2 

£. . 

0 
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