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the magnetic-field direction, and one perpendicular to it. The component

along the magnetic-field direction, the longitudinal magnetoresistance,

saturates, while the component perpendicular to the magnetic-field direction,
. . - 2 -

the trensverse magnetoresistance, is proportional to H unless there is an

open oxrbit perpendicular to the magnetic field direction, when it saturates.

N

Magnetoresistance rotation plots taken with the sample tilted are shown
in Figure 23.

Figure 24 shows a stereographic projection on which the planes
corresponding to the faces of the first Brillouin zone are shown, along
with the poles of these planes. The diagram is a projection on the trigonal
plane, so that plane is represented by the outer circle, and its pole is
at the center of the diagram. Planes representing the X-faces are shown
by dotted lines, the solid curves represent the L-faces. If there are
open orbits in reciprocal space along directions perpendicular to these
faces, then corresponding magnetoresistance minima will lie on the curves
represcnting these faces in Figure 24.

The results of many measurements of the type shown in Figure 23
are plotted in Figure 25, where each dot represents a magnetic-field
direction at which a resistance minimum was observed. The data are projected
on the trigonal plane; the area inside the small circle is a region in
which no measurements were made because the sample could not be tilted
far enough to include that area. The current direction, which is the axis
of the cylindrical sample, is labelled J.

Two curves of minima fall on curves which correspond to the
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MAGNETORESISTANCE ROTATION DIAGRAMS FOR A SAMPLE
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curves representing the L-faces in Figure 24. These correspond to primary
open orbits along the (010) and (001) directions. The third open orbit,
along the (100) direction, did not give magnetoresistance minima because
the (100) direction was only 36° from the current direction. A sudden
disappcarance of magnetoresistance minima is shown by a bracket on the
diagram. The magnetoresistance minima corresponding to a particular open
orbit disappear when it is no longer possible for an electron, which
travels a distance greater than the length of a reciprocal-lattice vector
in the open-orbit direction, to stay on the Fermi surface, and also on a
plane perpendicular to the magnetic-field direction. The disappearance of
the (C01) orbit is shown in Figure 23, where the magnetoresistance minimum
corresponding to this orbit disappeared as the sample was tilted in the
magnetic field. The sample was tilted 7° between each of the measurements
shown, but because of the many measurements taken, the cutoff region is
known to within two degrees.

Cther regions of magnetoresistance minima are shown near the
bisectrix directions, and correspond to a secondary open orbit along the
binary direction. A sudden disappearance of magnetoresistance minima
+

was observed 5° — 2° from the (010) direction. This particular set of

minima was more pronounced than the others from seccondary orbits because
it corresponded to an open-orbit direction 73° from the current direction.
Figure 26 shows the dependence of the magnetoresistance on

magnetic-field strength. The bottom curve corresponds to a magnetic-field

direction aligned accurately at the magnectoresistance minimum of a primary
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orbit. The other curves correspond to magnetic-field directions set at

2° intervals away from the minimum value. The quadratic dependence of the
magnetoresistance is evident even in the lower curve, and better alignment

of the magnetic field perpendicular to the open orbit direction did not

cause the quadratic dependence to disappear. When the current direction

was set perpendicular to the magnetic-field direction, measurements showed
that Vpxx/po « HA, where A varied from 1.95 to 2.04, confirming that mercury
is a compensated metal. No oscillatory behaviour of the DC magnetoresistance
corresponding to the Shubnikov - de Haas effect has been observed up to
twenty-three kilogauss.

C. Quantum Oscillations of the Microwave Surface Impedance

Oscillations of the microwave surface impedance for magnetic
field strengths above ten kilogauss have been observed during cyclotron

resonance experiments at 1.22°K., Examples of these oscillations are shown

[
=

n Figure 27. The top curve is the best one obtained, and shows beating

of two frequencies near a cross-over point of the data in Figure 28. The
bottom curve 1s typical of the results obtained from this sample (cyclotron
resonance results for this sample are shown in Figure 17). The oscillations
are periodic in 1/H, and if analyzed as cyclotron resonance subharmonics
vield an cffective mass much larger than would be expected in mercury. If
the oscillations are analyzed in the same way as de llaas - van Alphen
oscillations, they yield results identical in both frequency and anisotropy

.

to de llaas - van Alphen results from the B-orbits (Brandt and Rayne, 1966).

For this reason, the oscillations are identified as quantum oscillations of
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the microwave surface impedance. A plot of the frequencies obscrved is
shown in Figure 28, where the sample orientation is the samec as that for
the cyclotron resonance results in Figure 17. Note that the angular
range over which each branch is observed is just a little smaller than
that predicted for the B-orbit in Figure 18, and larger than the angular
range of either the y- or u-orbits, which are also centered on bisectrix

axes. In Figure 28, the two data points at the top left of the diagram

[$8)

re part of the data curve on the right, and two of the data points at
top right are part of the data curve on the left. No frequencies corresponding

to any other orbit have been observed.
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CHAPTER VI

DISCUSSION OF EXPERIMENTAL RESULTS

A. An Ellipsoidal Fit to the Cyclotron Resonance Data

A least-squares fit has been made to the data from one of the
second-zone electron lenses, to compare the lens to an ellipsoid of
revolution. If a set of experimental variables Fi are measured, in

terms of two variables fy. and f,., then we can write:
14 23>

= Af,. + . -
F, = Afy, + Bfy, (VI-1)
The difference between the experimentally-measured quantity and the
equivalent point on the fitted curve is given by
o ol -
dl = Afll * B;zi Fl >
2 . 2
and I d, =I (Afy; + Bfy, —F,)
i i
The method of least squares requires that
2 2
s (F %y 3t %y
A aB
Using (VI-1), this means that
2
3 g - = -
A 2 fli + B Z fzi fli Z Fi fli 0 (VI-2)
i i i
) 2
and B Z fzi + A ; fli fzi —-; Fi fzi =0 . (VI-3)

i i



By defining

- ~ 2
X = % Ili %
A
2
y =1 fg. ,
i

™~

w = Fi fli’

o = =
&

F, £,

™

(VI-2) and (VI-3) can be written:

Ax + Bz —w
(VI-4)

i 1
e o
. ~

St

Az + By — g

Equation (VI-4) can be solved for the unknown quantities A and B.

Equation (II-9) for the cyclotron effective mass of an ellipsoid

2 2
can be written in terms of the variables sin Oi and cos ei

2 2
- 2 & 2
= sin 6. + (COS L4 BE K) cos 0. , (VI-5)
MoTlg 1 mymg mymy y £

where X is the angle between the major axis of the ellipsoid and the
normal to the sample surface, and @ is the rotation angle in the plane
of the sample surface. For an ellipsoid of revolution, m; = m,, and
(VI-5) becomes:
2 2

Y 4 2 v & 2

. cos I sin K
—— = sin 0. + ( S 7=) cos O.. (VI-6)

m. myms i 4 mims my
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The definitions of A and B are obtained by comparing (VI-6) and (VI-1).
A card listing of the computer program, written for the McMaster IBM 7040
computer, is shown in Table 2.

An ellipsoidal fit was made to the data curve labelled B in
Figure 20, and the results of this calculation were compared with the
data from other second-zone electron lenses. The lens of curve B was

+

-, 0 <
06 — 1

(W

tilte from the normal to the sample surface. The parameters

of

the cllipsoid of revolution that best fit the data were m; = my = 0.219 mg,
my = 1,34 mg. This ellipsoid was then used to fit lens A (tilt angle

70° 2 1°Y and lens C (tilt angle 63° = 1°). The results of these comparisons
are shown in Figure 29. The best fit for lens C was for a tilt angle of

62°; this is the comparison shown in Figure 29. Figure 30 shows the results
of a comparison of the computed ellipsoid with a lens tilted 70° from the
normal to the sample surface. Note that in each case the calculation
predicts a maximum mass that is too large, and a minimum mass that is

tco small. An attempt to compare an ellipsoid with the parameters

calculated above with the data from the lens tilted 20° from the normal

to the sample surface (data curve B) in Figure 21 was not successful.

The comparison fell below the measured masses for all magnetic-field
directions. A measurement of the effective mass for all magnetic-field
directions around a lens with a tilt angle of 0° would be useful to show

how far the lens differed from an ellipsoid of revolution. .The latter

would give a constant effective mass for a lens having this orientation.

B. A Cvlindrical Fit to the Quantum Oscillation Data

The cross-sectional arca of a cylinder at an angle © from the
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Table 2

LEAST SRUARES FIT. 70T ELELIRPSQID OR REVOLUTETON
DIMENSTONCCMI36 ) s CMOT 28 s W THETACSE) 51 IS 2036 )+ CT2136)

N
7
~
=
-
—~
=
n
O\
e
et
-~

READ (Saé) TILT
WR I ESSGeE ] S ETRT
READEUS LI REMITT s
WRIITE 62 ) ~UCM () =1
TILTR ‘= TILT*3.1415927/18040
X=060

=Ues

Z=Ues U

W=Ue U

3=Ue U

DO 3 1=1,30

CTHETA(T) = FLOAT(S5%1=5)%3.1415927/18040
ST20 1) =0 (5 LNIGREEST A (1)) ) ¥ X2

CT2.L10 =V CCOSLREEN A (1)) 5% 4
X=X4+5T2(1)*%*

Y=Y O] ) Fiic 2

L= FEG TS T2 (1)

CMO (I )=CM(T)*%(=2)

W=W+CM5(1)%#5T2(1)

G=G+CMB(I)*CT2(1)

B (G-WHZ/X) /AY=(2%%2)/X)

A=(W=8%Z)/X

CM1=SQRTI(SIN(TILTR) ) #%2/7(B=A#(COS(TILTR)}*%2))
CM3=(A®CM1)**(-1)

FORMAT(2F6e3)

WRITE (6+4) CM1ls CiM3

CM2=Cli1

CH4=CM1*CM2*CM3

BOF J=eT ]

T Il e=ag=h)

TILTIRG=SRILTI ¥3a 415927741800

X2 ="CEINCT L ARG %% 2

¥2 .= (COS{RILTIR I 2 :

DIMENSION "THETALU19)» CMASS (19 s ATEL9)95B1.(19)

DO 8l = slS

THETAL CEY = FEGAT I ~1)35# 3¢l 4 MBS 6 O

ALTT) = LSINCTRHETAL CIY) ¥ )2

BlLl): = (CC)(THFT“I(I)))”*Z .
CMASS (1) = SURT(CML4/ (CML#AT (T ) +CHM2%BL(] )*Y2+CM3*¥B1(])%*X2))
FORMA T (8HT TR RIS s F 6o L/ /L3

WRETE ¢ (6e 95 LT

FORMAT (9?6.3//10F6 S s

WRITE (65 1U]. (CMASS (1) s =519 )
5T0P

END
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minimum cross-scctional area in the plane of rotation of the magnetic
£

field direction, is given by

Ag

A@) = =5 (VI-7)

Thoa A

where Ay is the minimum area of the cylinder in that plane. Since the
frequency of the oscillations is proportional to A (see equation (II-15)),
(VI-7) can be written

£y

C(3 = em——— I-
£(9) = ——s (V1-8)

A cylindrical fit to the quantum oscillation data is shown in Figure 31,

where f; was taken to be the minimum frequency in each branch. The

~e

fitted curve in each case lies outside the experimental curve as © is
increased, showing that the cross-sectional area of this orbit is larger
than that for a cylinder. The experimental result represents a cylinder
that is flared out at the ends where it joins the rest of the Fermi
surface. A closed section of the Fermi surface would give a different
result. In this case the cross-sectional area of the orbit would not
increasez as fast as that of a cylinder as the magnetic field was rotated
away from the minimum-area position, and the experimental points would
lie outside the calculated curve.

C. Comparison of the Data with the Nearly-Free-Electron Approximation

1. Cyclotron Resonance Data

Of the two cyclotron orbits observed in this experiment (a and y),

only the a-orbit is present in a similar form in the nearly-free-electron
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approximation. This approximation predicts a minimum effective mass
for the w-orbit (electron lens) of 0.36 my and a maximum mass of 1.0 mg.
This experiment has measured a minimum effective mass for the o-orbit
of from 0.60 my to 0.65 my, depending on the orientation of the lens
rclative to the sample planc. The maximum mass has not been measured,
but it can be estimated from Figure 21 to be about 1.7 mg. The discrepancy
betweer the measured and predicted values is of the same order of
magnitude as that found by Harrison (1960) in aluminum and may be partially
due to the fact that electron-electron and electron-phonon interactions
are not included in the band-structurc mass. The effect of these interactions
on the cyclotron effective mass was discussed by Ashcroft (1965), who
found that the effect could be quite large.

The y-orbit, which stretches across the top face of the Brillouin
zone in the nearly-free-electron approximation, would be cut in two by
the existence of a necck through the T-face. The nearly-free-electron
approximation predicts an effective mass of 0.79 mp for this orbit; this

experiment measures an effective mass of 0.7 mp (see Figure 17), with

=T A

the magnetic field along a bisectrix direction. Because the nearly-free-

electron approximation normally predicts a mass that is lower than that

1

observed, and because the orbit is observed over a larger angular range

than would be expected for the nearly-free-electron orbit, these data

are taken as evidence of a neck through the T-face.

N

Magnetoresistance Data

e}

The magnetoresistance data fits the nearly-free-clectron Fermi
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surface with only small changes. The nearly-free-electron approximation
predicts open orbits along the {100} directions, and along the binary

directions. Both orbits are evident in the data. This approximation

il
]

edicts that the {100}-directed orbits will be visible for all magnetic-
field cirections in a plane perpendicular to the open-orbit direction,
while the data (see Figure 25) indicates that the orbit disappeared for

1A

: - + ; <

an angular range of — 26° (— 2°), measured from the projection of the

trigonal direction on the plane perpendicular to the orbit direction.
& &

For this range of angles it was no longer possible for the electron to

stay on the Fermi surface, and at the same time on a plane perpendicular

to the magnetic-field direction, for a distance greater than the length

(@]
iy
@]
[¢7]

ne reciprocal-lattice vector in the open-orbit direction. This
indicates that the arms along the X-faces and the cap on the T-faces
are thinner than those predicted by the nearly-free-electron approximation.

The binary-directed orbit is cut off at a magnetic-field direction 5°

+ - : ;

(— 2°) from the (100) direction. The nearly-free-clectron model supports
this open orbit for a larger range of magnetic-field directions than is

indicated in the data, and the absence of this open orbit for a magnetic-

[P

field direction along the (100) direction is conclusive proof of a neck
through the T-faces. This orbit would be supported by the model for any
sizc neck through the X-faces, as long as no neck existed through the
aces.

3. Quantum Oscillation
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The data shown in 8 indicates a cross-sectional area for
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the B-ocrbit that is only 1/10 of the area of the same orbit in the

nearly-free-clectron approximation. This suggests that contact of the
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clectron arm into two narrow tubes directed along the long dimension of
the X-faces. Otherwise, the data has the anisotropy predicted by the
nearly-frce-electron approximation.

D. Compariscn of the Data with the Relativistic-Augmented-Plane-Wave

Approximation

The results of a relativistic-augmented-plane-wave calculation

(Loucks, 1965) for mercury by Kceton and Loucks (1966) are shown in

igure 32. The intersection of the Fermi surface with the Brillouin-zone
faces is shown in Figure 33, where all the symmetry points are shown

except ', the center point of the Brillouin zone. This approximation
predicts that the Fermi surface will touch both the X- and T-faces, and

was used to estimate the angular range through which the various cyclotron
orbits remained closed (see Figure 18). The cyclotron-resonance results
for the y-orbit, and the quantum-oscillation results for the B8-orbit,
fitted these predictions very well. The mass curve labelled E in Figure 21
does not have the anisotropy of any part of the Fermi surface predicted by
this approximation, however, and the origin of these masses cannot be
explaincd at this time. The model requires only one small change to

agrec with the magnetoresistance data. The calculated recsults of TFigure 33
support an open orbit along the binary direction, with the magnetic field

aligned along the (100) direction, and the data of Figure 25 indicated that
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this orbit did not exist. The area of contact of the Fermi surface

with the T-face of Figure 33 must be enlarged slightly to agree with

1e magnetoresistance data. In general, the calculation agrees reasonably
well with the data of these experiments, and is a good approximation of

the actual Fermi surface.

E. A Discussion of the Possible Effects of the Curved Sample Surface on

ot
o
)
1

yclotron Resonance Signals

The subsidiary maxima on the low-field side of thec cyclotron
resonance derivative signals (see Figures 14 and 16) was attributed to
the effects of a slightly-curved sample surface. The effects of small-
angle tipping of the sample surface with respect to the DC magnetic field
have been discussed by several investigators (e.g., Koch, Stradling, and
Kip, 1964, Langenberg and Marcus, 1964, Grimes and Kip, 1963, Spong and
Kip, 1865). One explanation for the effects of field-tipping, which
included signal-splitting much like that observed from the curved sample

surfaces in mercury, invoked the Doppler-shifted electromagnetic field

W

een by an electron slowly spiralling down out of the skin depth.
Because of the curved sample surface of the mercury crystals, electrons
from the same orbit on the Fermi surface would spiral up toward th
sample surface, or down from it, depending upon their position in the
sample. DBecause the electromagnetic field changes in phase as well as
in amplitude as the electron spirals away from or toward the surface,

one of these groups of electrons will resonate at H<HC, the other at

e
v

et

i

e The effect of this mechanism on the derivative of a cyclotron
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resonance signal is not clear because of the complicated shape of the
signal itself (see Figure 3). One of the effects of a tilted sample
surface reported by other investigators was the large phase shift of
the resonance signals observed. The phase shifts observed in this
experiment were small for most signals (of the order of n$ Z g.05 for‘
the data of Figure 17). Another mechanism that has been suggested to
explain the tipping effects involves the creation of sheets of current
deep in the metal by the electrons spiralling down from the skin depth.
Electrons §piralling up toward the skin depth then react with these
current sheets,'and upon arriving at the skin depth, modify the surface
impedance in such a way as to cause peak-splitting, inversion, and possibly
mass-doubling (Grimes and Kip, 1963). None of the explanations is
completely satisfactory in explaining the results observed in mercury,
but because the phase shift observed was small, especially for the data
of Figures 17 and 21, the mass shift caused by the curved surface is
expected to be small.
F. Conclusions

Cyclotron resonance signals with as many as twenty subharmonics
have been observed in single-crystal mercury. Cyclotron mass results
are reported from four samples having different crystal orientation.
The minimum cyclotron effective mass of the electron lenses (a-orbits)
was found to be 0.63 mg, for a magnetic-field direction along the binary
direction. An ellipsoidal fit to the cyclotron effective mass data from

the electron lenses_showed that they can be roughly approximated by an
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ellipsoid of revolution, with the parameters m; = my = 0.219 mg, m3 = 1.84 mg.
The minimum cyclotron effective mass of the y-orbit (see Figure 8) was

found to be 0.69 mp, with the magnetic field directed along a bisectrix
direction. A third set of masses, labelled E in Figure 21, do not have

the proper anisotropy to match any part of the Fermi surface, and the

origin of these masses cannot be explained. The minimum mass of this

curve was 0.16 mg. Only one set of resonances was observed in the
parallel-polarization position, corresponding to the a-orbits.

The magnetoresistance experiment shows the usefulness of studying
magnetoresistance in a compensated metal over a largg angular range
centered about the transverse magnetoresistance posifion. The magnetic-
field dependence of the transverse magnetoresistance has confirmed that
mercury is a compensated metal. The quadratic dependence of the magneto-
resistance did not completely disappear even when the magnetic field was
accurately aligned perpendicular to an open orbit direction. Two sets
of open orbits were observed -- a band of primary periodic open orbits
along the {100} reciprocal lattice directions, and a band of secondary
periodic open orbits along the binary directions. The absence of the
binary-directed orbit for a magnetic-field direction along the (100)
direction is proof that the Fermi surface touches the T-faces of the
Brillouin zone.

Quantum oscillations of the microwave surface impedance were
observed at high magnetic-field strengths during the cyclotron resonance

-6
experiments. These oscillations had a frequency equal to 1.12 x 10
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Gauss with the magnetic field along a bisectrix direction, and are
attributed to the B-orbits.

A comparison of the results of these experiments has been
made with Keeton and Loucks' model of the Fermi surface. In general
it was found to be in good agreement with the experimental results;
however, it does not explain the origin of the cyclotron masses labelled

E in Figure 21.
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