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the magnetic-field direction, and one perpendicular to it. The component 

along the magnetic- field direction, the longitudinal magnetoresistance, 

saturat es, while the component perpendicular to the magnetic-field direction, 
2 

the trc-nsverse rnagnetoresistance, is proportional to I-I unless there is an 

open o ;.~bi t perpendicular to the magnetic field di re ct ion, when it saturates. 

Magnctoresistance rotation plots taken with the sample ti 1 ted are shown 

in Figt:. re 23. 

Figure 24 shows a stereographic projection on which the planes 

corresponding to the faces of the first Brillouin zone are shown, along 

with t'.-:e poles of these planes. The diagram is a projection on the trigonal 

plane, so that plane is represented by the outer circle, and its pole is 

at the center of the diagram. Planes representing the X- faces are shown 

by dotted lines, the solid curves represent the L- faces. If there are 

open orbits in reciprocal space along directions perpendicular to these 

faces, then corresponding magnetoresistan ce minima will lie on the curves 

representing these faces in Figure 24. 

The results of many measurements of the type shown in Figure 23 

are plotted in Figure 25, where each dot represents a magnetic- field 

direction at which a resistance minimum was observed. The data are projected 

on the trigonal plane; the area inside the small circle is a region in 

which no measurements were made because the sample could not be tilted 

far enough to include that area. The current direction, which is the axis 

of the cylindrical sample, is labelled J. 

Two curves of minima fall on curves which correspond to the 
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curves representing the L-faces in Figure 24. These correspond to primary 

open orbits along the (010) and (001) di re ct ions. The third open orbit, 

along the (100) direction, did not give magnetoresistance minima hecause 

the (100) direction was only 36° from the current direction. A sudden 

disappearance of magnctoresistance minima is shown by a bracket on the 

diagram. The magnetorcsistance minima corresponding to a particular open 

orbit disappear when it is no longer possible for an electron, which 

travel s a distance greater than the length of a reciprocal-lattice vector 

in the open-orbit direction, to stay on the Fermi surface, and also on a 

plane perpendi cular to the magnetic-field direction. The disappearance of 

the (001) orbit is shown in Figure 2 3, where the magnetoresistance minimum 

corres;Jonding to this orbit disappeared as the sample was tilted in t he 

magneti c field. The sample was tilted 7° between each of the measurements 

shown, but because of the many measurements taken, the cutoff region is 

known to within two degrees. 

Other regions of magnetoresistance minima are shown near the 

biscctrix directions, and correspond to a secondary open orbit along the 

binary direction. A sudden disappearance of magnetoresistance minima 

+ 
was ob~erved 5° 2° from the (010) direction . This particular set of 

minima was more pronounced than the others from secondary orbits because 

it corresponded to an open-orbit direction 73° from the current direction. 

Figure 26 shows the dependence of the magnetoresistance on 

magnetic-field strength. The bottom curve corresponds to a magnetic-field 

dircct~on aligned accurately at the magnctorcsistance minimum of a primary 
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orbit. The other curves correspond to magnetic-fie ld dircc·z.ions set at 

2° inte :... vals away from the minimum val ue. The quadratic dependence of the 

magnetoresistance is evident even in the lower curve, and better alignment 

of the ::Jagnetic field perpendicular to the open orbit direction did not 

cause ne quadratic dependence to disappear . \\~en the current direction 

was se t perpendicular to the magneti c-fie ld direction, measurements showed 

that 'Vp /p a: 1-l where A varied from 1. 95 to 2. 04, confining that mercury 
xx 0 ' 

is a compensated metal . No oscillatory behaviour of the DC magnetoresistance 

corresponding to the Shubnikov - de Haas effect has been observed up to 

twenty- three kilogauss. 

C. Quantum Oscillations of the Microwave Surface Impedance 

Oscillations of the microwave surface impedance for magnetic 

field s~rengths above ten kilogauss have been observed during cyclotron 

resonance experiments at l.22°K. Examples of these oscillations are shown 

in FiguTc 27. The top curve is the best one obtained, and shows beating 

of two frequencies near a cross-over point of the data in Figure 28. The 

bottom curve is typical of the results obtained from this sample (cyclotron 

!'esona:1ce rcsul ts for this sample are shown in Figure 17) . The oscillations 

are pe~iodic in 1/H, and if analyzed as cyclotron resonance subharmonics 

yield a~ effective mass much larger than would be expected in mercury. If 

t} e oscillations are analyzed in the same way as de Haas - van Alphen 

osc~llations, they yield results identical in both frequency and anisotropy 

to de r:aas - van Alphen results from the S-orbi ts (Brandt and Rayne, 1966). 

For th~s reason, the oscillations are identified as quantum oscillations of 
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the microwave surface impedance. A plot of the frequencies observed is 

shown :n Figure 28, where the sample orientation is the same as that for 

the cyclotron resonance results in Figure 17. Note that the angular 

range ever which each branch is observed is just a little smaller than 

that predicted for the B- orbit in Figure 18, and larger than the angular 

range of either the y- or µ-orbits, which are also centered on b isectrix 

axes. In Figure 28, the two data points at the top left of the diagram 

arc pa~t of the data curve on the right, and two of the data points at 

top right are part of the data curve on the left . No frequen cies corresponding 

to any other orbit have been observed. 
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CIIAPTER VI 

DI SCUSSIO!'J OF EXPERIMENTAL l<ESULTS 

A. An El lipsoidal Fit to the Cyclotron Resonance Data 

A least-squares fit has been made to the data from one of the 

second-zone electron lenses, to compare the lens to an ellipsoid of 

revolution. If a set of experimc~tal variables F. are measured, in 
1 

terms of two variables f 1 . and f 2 ., then we can write : 
1 1 

F . = A f 1 . + B f 2 . • 
1 ~1 l 

The difference between the experimental ly - rncasured quantity and the 

equivalent point on the fitted curve is given by 

cl. = Af 1 . + Bf2 . - F. 
]. 1 1 1 

2 2 
and 2: d. = l: (Af1 . + Bf2. - F.) 

i 1 i 1 1 1 

Tl e met:iod of least squares requires that 

2 2 

a rl: d. 
) a (~ d. 

) l 1 'i 1 
0 = = a A aB 

Using (VI - 1), this means that 

2 
A L: fl· + B L: f2. f1. - E F. f1. = 0 

i 
1 

i 
1 1 

i 
l 1 

2 
and B !:: f2. + A 2: f 1i 

c - L: F. f2. = 0 
.; 1 

i 
l. 2 i 

i 
1 1 ... 

(VI - 1) 

(VI - 2) 

cvr.:.3) 
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By defining 
2 

x - I fl· , 
i l 

2 
y ::: 2:: f2. 

i 1 

z = E fl· f2. ' 
i 1 1 

w = E F. f 1. ' 
i l 1 

g 2:: F. f2.' 
i 

1 l 

(VI-2) and (VI-3) can be wri ttcn: 

A:( + Bz - w = 0 

) (VI - 4) 
Az + By - g = 0 

Equatio: (VI-4) can be solved for the unknown quantities A and B. 

Equation (II - 9) for the cyclotron effective mass of an ellipsoid 
2 2 

can be written in terms of the variables sin G. and cos e. 
1 1 

2 2 
sin K) cos 0. m1m2 i 

(VI - 5) 

\·!here K is the angle between the major axis of the ellipsoid and the 

1ormal t o the sample surface, and 8 is the rotation angle in the plane 

of the sample surface. For an ellipsoid of revolution, m1 = m2 , and 

(VI-5) 'uecomes: 

(VI - 6) 
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The definitions of A and Bare obtained by comparing (VI - 6) and (VI-1). 

A card l isting of the computer program, written for the Mc~1&ster rnn 7040 

compute~ , is shown in Table 2. 

An ellipsoidal fit was made to the data curve lab e lled B in 

F::.gure 20 , and t he results of this calculation were compared with the 

data fr0m other second-zone electron lenses. The lens of curve B was 

+ 
tilted 06 ° - 1° from the no rmal to the sample surface. The parameters 

of the el lipsoid of revolution that best fit the data were m1 = m2 = 0.219 m0 , 

m3 = 1. 34 mo. This ellipsoid was then used to fit lens A (tilt angle 

70 ° + ~c) d 1 C ( "l 1 63° + 1°) - 1 an ens ti t ang e - . The results of these comparisons 

are shown in Figure 29. The best fit for lens C was for a tilt angle of 

62°; tt~s is the comparison shown in Figure 29. Figure 30 shows the results 

of a cc~·11p arison of the computed ellipsoid with a lens tilted 70° from the 

normal ~o the sample surface . Note that in each case the calculation 

predicts a maximum mass that is too large, and a minimum mass that is 

too sma~l . An attempt to compare an ellipsoid with the parameters 

calculc:::ted above with the data from the lens ti 1 ted 20° from the normal 

to the sample s urface (data curve B) in Figure 21 was not successful . 

The cor::parison fell below the measured masses for all magnetic - field 

directions . A measurement of the effective mass for all magnetic- field 

directions around a lens with a tilt angle of 0° would be useful to show 

how fay the lens differed from an ellipsoid of revolution . The latter 

would give a constant effective mass for a lens having this orientation. 

B. A Cylindri cal Fit to the Quantum Osci llation Data 

T e cross - sectional area of a cylinder at an angle 8 from the 
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minimur: c::-oss-scctional a~ea in the plane of rotation of the magnetic 

field c~rection, is given by 

Ao 
A(0) = cos 0 

(VI- 7) 

wn2re '"·o is the minimum area of the cylinder in that pla:--:e. Since the 

£requcncy of the oscillations is proportional to A (sec equat ion (II-15)), 

(VI- 7) can be w:::i tten 

f o 
f (0) = cos 0 

(VI-8) 

A cy~in~rical fit to the quantum oscillation data is shown i n Figure 31, 

where fo was taken to be the minimum frequen cy in each branch. The 

fitted curve in each case lies outside the experimental curve as 0 i s 

inc_eascd, showing that the cross-sectional area of this orbit is larger 

than that for a cylinder. The experimental result represents a cylinder 

that is flared out at the ends where it joins the rest of the Ferni 

s~Tface. A closed section of the Fermi surface would give a different 

result. In this case the cross-sectional area of the orbit would not 

increas e as fast as that of a cylinder as the magneti c field was rotated 

2.way fr0111 the minimum- area position, and the experiment al points would 

lie out3ide the calculated curve. 

C. Comnarison of the Data with the Nearly - Free - Electron Approximation 

1. Cyclotron Resonance Data 

Of the two cyclotron orbits observed in this experiment (a and y), 

o~ly the a - orbit is present in a similar form in the nearly - free - electron 
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approxiJ1ation. This approximation predicts a minimum effective mass 

for the a-orbit (electron lens) of 0 . 36 mo and a maximum mass of 1.0 mo . 

':'his ex:_Jerir.ient has measured a minimum effective mass for the a - orbit 

of f~on 0.60 mo to 0.65 m0 , depending on the orientation of the lens 

~clativ~ to the sample plane. The maximum mass has not been measured, 

but it can be estimated from Figure 21 to be ahout 1. 7 mo . The discrepancy 

()c;twecr. the :r.easurecl and predicted values is of the same order of 

mc.::gr:itvic as that found by Harrison (1960) in aluminum and may be partially 

due to the fact th~t electron- electron and electron -phonon interactions 

arc not includ~d in the band- structure mass. The effect of these interactions 

on the cyclotron effective mass was discussed by Ashcroft (1965) , who 

found that the effect could be quite iarge. 

They- orbit, which stretches across the top fa ce of the Brillouin 

zone in the nearly - free - electron approxi~ation, would be c~t in two by 

the ex~stence of a neck through the T- face. The nearly - free - electron 

approxination predicts an effective mass of 0.79 mo for this orbit; this 

e.·pcri~~~nt measures an effective mass of 0. 7 m0 (see Figure 17) , with 

the nag~ctic field along a bisectrix direction. Because the nearly - free ­

electrc1 approximation normally predicts a mas s that is lower than that 

ooscrvcd, and because the orbit is observed over a larger angular range 

thar. woJld be expected for the nearly-free- electron orbit, these data 

are take~ as evidence of a neck through the T- face . 

2. ~1agnetorcsistance Data 

The magnctorcsistancc d· ta fits the near:y - frcc - clcctron r:crrni 



83 

s:.ir..cace with only small changes. The ne:.-.:- ly-free - electron approximation 

predicts open orbits a:ong the { 100} directions, and along the binary 

directions. Both orhits are evident in the data. This approximation 

predicts that the {100}-directed orbits will be visible for all magnetic -

field c..::rections in a pl&ne perpendicular to the open - orbit direction·' 

while t.1c data (see Figure 25) indicates that the orbit disappeared for 

an angi,.lar range of =- 26 ° c.::=.. 2°), measured from the projection of the 

trigond direction on the plane perpendicular to the orbit direction. 

For this range of angles it was no longer possible for the electron to 

stay or~ the Fermi surface, and at the same time on a plane perpendicular 

to the ~agnetic-field direction, for a distance greater than the length 

of one reciprocal-lattice vector in the open - orbit direction. This 

indicat~s that the arms along the X- faces and the cap on the T-faces 

are thi:mer than those predicted by the nearly - free - electron approximation. 

The bir.ary- di rected orbit is cut off at a magnetic - field direction 5 ° 
-;- 0 

(- 2 ) from the (100) direction. The nearly - free - electron model supports 

this open orbit for a larger range of magnetic - field directions than is 

i;-dicated in the data, and the absence of this open orbit for a magnetic -

field Girection along the (100) direction is conclusive proof of a neck 

througr:. the T-faces. This orbit would be supported by the model for any 

size neck through the X-faces, as long as no neck existed through the 

T-fa.ce~. 

3. Quantum Oscil1ation Data 

The data shown in Figure 28 indicates a cross-sectional area for 
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the B-c:tbi t that is oniy 1/ 10 of the area of the same orbit in the 

ncarly-f~cc - clcctron approximation . 1bis suggests that contact of the 

Fermi s~rfacc at the center of the X- faces has broken the ncarly- free ­

clectrc~:. arm into two narrow tubes directed along the long discnsion of 

the x- =2ccs. Ot~erdise, the data has the anisotropy predicted by the 

ncarly-~rcc - electron approximation. 

D. C'r1·:1ariscn of the Data with the Relativistic - Augmented-Plane - Wave 

Apr: ~.:-oxirnation 

The results of a relativistic- augmented- plane - wave calculation 

(Lo cks., 1965) for mercury by Keeton and Loucks (1966) are shown in 

Figure 32 . The intersect.on of the Fermi surface with the Brillouin - zone 

fc:ces i . .:. shown in Figure 33, where all the symmetry points are shown 

except i", the center point of the Brillouin zone. This approximation 

predicts that the Fermi surface will touch both the X- and T- faces, and 

h12s used to estimate the angular range through which the various cyc lot ron 

o~bits ~cmained c losed (see Figure 18). The cyclotron-reso~ance results 

for the y- orbi t, and the quantu.'11- os ci llation results for the S- orbi t, 

fitted ·-::hcse predictions very well. The mass curve labelled E in Figure 21 

does no·-: have the anisotropy of any part of the Fermi surface predicted by 

t. is approximation, however, and the origin of these masses cannot be 

explained at this time. The model requires only one small change to 

azrcc w~th the magnctorcsistance data. The calculated results of Pigurc 33 

support an open o:.bit along the Jinary direction, with the magnetic field 

aligned along the (100) direction, and the data of Figure 25 indicated that 
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t1: :.s o:i: .. oi t did :10t exist. The 2.rea of contact of the Fermi surface 

~ith t~c T- face of Figure 33 must be enlarged slightly to agree with 

the ma::;~:. eto:-esistance data. In general, t he calculation agrees reasonably 

\·:ell w:':.·c.1 the <lat a of t11cse experi:-nents, and is a good approximation of 

the ac~ual Fermi surface. 

L . A Ciscus sion of the Possible Effects of the Curved Sample Surface on 

the: Cyclotron Resonance Sigilals 

The subsidiary r.iaxima on the low-fiel d side of the cyclotron 

rcsonaL~c derivative signals (see Figures 14 and 16) was at t ributed to 

the cf~c cts of a slightly-curve d sample surface. The effects of small-

2.r.glc tipping of the sampl e s urface with respect to the DC magnetic field 

have be2n cii scusse<l by several investigators (e.g., Koch, Stradling, and 

Kip, 1064 , Langcnberg and t,1arcus, 1964 , Grimes and Kip, 1963, Spong and 

Xip , 1%5) . One explanation for the effects of field-tippi ng , which 

in c luded signal - splitting much like that observed from t he curved samp le 

surfaces in mercury, invoked the Dopp ler-shifted electromagnetic field 

see~ by an electron slowly spiralling down out of the skin depth. 

Because of the curved sample surface of the mercury crystal s, electrons 

f:.~on th~ same orbit on the Fermi surface would spiral up toward the 

samp:e surface, or down from it, depending upon their position in the 

sa~~le. Because the electromagnetic field changes in phase as well as 

i~ ~~n: itude as the electron spi rals away f rom or toward the surface, 

0"'1 P of ·chesc groups of e :ect :-ons wi 11 resonate at H<II , the other at 
c 

:'he effect of this mech8.nis .. on the deri vati vc of a cyclotron 
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resonance signal is not clear because of the complicated shape of the 

signal itself (see Figure 3). One of the effects of a tilted sample 

surface reported by other investigators was the large phase shift of 

the resonance signals observed. The phase shifts ob$erved in this 

. + experiment were small for most signals (of the order of n ~ - 0.05 for 

the data of Figure 17). Another mechanism that has been suggested to 

explain the tipping effects involves the creation of sheets of current 

deep in the metal by the electrons spiralling down from the skin depth. 

Electrons spiralling up toward the skin depth then react with these 

current sheets, and upon arriving at the skin depth, modify the surface 

impedance in such a way as to cause peak-splitting, inversion, and possibly 

mass-doubling (Grimes and Kip, 1963). None of the explanations is 

completely satisfactory in explaining the results observed in mercury, 

but because the phase shift observed was small, especially for the data 

of Figures 17 and 21, the mass shift caused by the curved surface is 

expected to be small. 

F. Conclusions 

Cyclotron resonance signals with as many as twenty subharmonics 

have been observed in single-crystal mercury. Cyclotron mass results 

are reported from four samples having different crystal orientation. 

The minimum cyclotron effective mass of the electron lenses (a-orbits) 

was found to be 0.63 mo, for a magnetic-field direction along the binary 

direction. An ellipsoidal fit to the cyclotron effective mass data from 

the electron lenses showed that they can be roughly approximated by an 
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ellipsoid of revolution, with the parameters rn1 = m2 = 0.219 mo, m3 = 1.84 mo. 

The minimum cyclotron effective mass of the y-orbit (see Figure 8) was 

found to be 0.69 m0 , with the magnetic field directed along a bisectrix 

direction. A third set of masses, labelled E in Figure 21, do not have 

the proper anisotropy to match any part of the Fermi surface, and the 

origin of these masses cannot be explained. The minimum mass of this 

curve was 0.16 mo. Only one set of resonances was observed in the 

parallel-polarization position, corresponding to the a-orbits. 

The magnetoresistance experiment shows the usefulness of studying 

magnetoresistance in a compensated metal over a large angular range 

centered about the transverse magnetoresistance position. The magnetic-

field dependence of the transverse magnetoresistance has confirmed that 

mercury is a compensated metal. The quadratic dependence of the magneto-

resistance did not completely disappear even when the magnetic field was 

accurately aligned perpendicular to an open orbit direction. Two sets 

of open orbits were observed -- a band of primary periodic open orbits 

along the {100} reciprocal lattice directions, and a band of secondary 

periodic open orbits along the binary directions. The absence of the 

binary-directed orbit for a magnetic-field direction along the (100) 

direction is proof that the Fenni surface touches the T-faces of the 

Brillouin zone. 

Quantum oscillations of the microwave surface impedance were 

observed at high magnetic-field strengths during the cyclotron resonance 
-6 

experiments. These oscillations had a frequency equal to 1.12 x 10 



-1 
Gauss with the magnetic field along a bisectrix direction, and are 

attributed to the 8-orbits. 

A comparison of the results of these experiments has been 

made with Keeton and Loucks' model of the Fenni surface. In general 

90 

it was found to be in good agreement with the experimental results; 

however, it does not explain the origin of the cyclotron masses labelled 

E in Figure 21. 
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