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differences were felt to be due to the non-ideal nature of an alloy. 

In t11e case of sodium and potassium, the critical temperatures 

(T ) are estimated to he certainly less than 10-S °K. This upper hound c 

was obtained hy progressively on the coulomh repulsion term 

N(O)uc and at each stage computing a corresponding critical temperature. 

This sequence of operations was terminated at a value of N(O)u which 
c 

was still less than a realistic valuc46 hut which yielded a 

critical temperature sufficiently small that it was felt uninteresting 

to proceed further. To reduce this upper bound would have required more 

extensive computational complications which did not seem warranted. 

Throughout · this analysis no corrections were applied for the 

possible deviation of the electronic density of states at the Fermi 

surface from its free electron value. It was felt that any slight 

deviations from the free electron Fermi sphere would be averaged out when 

all possible scatterings were added up from any random point on the 

surface to any other random point. For any large deviations, this 

clearly is not true as some particular g_ ·valucs might be greatly enhanced 

over others. 

It is important also to note that in all determinations of 

a 2 (w)F(w), the critical points do not shift in energy although their 

1 . h d Al h . f B 77 re at1ve strengt s o. so contrary to t e expectation o ennett , no 

new singularities are generated as a result of the cut-off at 2 kF in the 

calculation of a2 (w)F(w). In the free electron approximation, n2 (w) is a 

smoothly varying, although by no means a constant function, as there is 

divergence at low values of Generally the main longitudinal peak 

region is more emphasized by the a2(w) function than is the transverse region. 
\ 



In light of the investigation described in this Thesis, it now 

seems possible that the tunneling method described can be used as an 

investigation tool for other materials. 

Firstly, with improved sensing techniques and lower available 

temperatures in view of the predictions of a 2 (w)F(w) for aluminum one 
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could, using a symmetric junction /\.t-I-M,, investigate the possib:i Ii ty of 

determining experimentally the validity of this prediction. The limiting 

factor i.n such an investigation would he the sensitivity of the sensing 

device. 

The effects of pressure on a simple superconductor, both from a 

theoretical and experimental point of view using the techniques outlined 

in this Thesis could also be investigated. Pressure on a material will 

bring about changes in the phonon spectrum and its critical points, and 

the strength of the electron phonon coupling term a 2 (w). Experiments 

have recently been performed investigating the pressure dependence of 

. 91 superconductors using the tunneling technique and preliminary resu1ts 

appear interesting. A comprehensive inv~stigation of the effect of this 

variable would prove fruitful. 

Also, a comprehensive study of the transition temperatures of 

noble transition elements and alloys has been carried out92 ,
93

, over a 

wide range of materials and electron concentrations. I~ was found that 

the filling up of the cl-band suppresses the superconducting transition 

temperature and in addition, materials with ' large magnetic susceptibilities 

were not superconducting above 0.01S°K. A possible explanation of this 

correlation of parameters was given in terms of Berk and Schrieffer's 

c.l 1 f f · · 1 t · 94 Th 1 t . ff t. 1 mo e o erromagnet1c spin corre a ions . ese corre a ions e cc 1ve y 



144 

enhance the electron-electron repulsion term N(O)u (for example in Pd, 
c 

this is many times the conventional coulomb pscudopotcntial) thus 

diminishing the probahility of a material to go superconducting. Transi-

tion metals in which the pl1onons have heen measured using inelastic 

neutron scattering experiments, possibly could be studied, and the 

strength of these various contributions could be determined by a combined 

experimental and theoretical approach. This investigation could 

strengthen the knowledge of a somewhat unknown subject. 



APPENDIX A 

In this Appendix, a standard method will be described to calculate 

the phonon density of states function F(w), together with the modification 

to that method as required in the determination of the product function 

a 2 (w)'F(w). The method used is a Born-von Karman analysis76 which is a 

phenomenological fit of interatomic force constant strengths to reproduce 

the measured dispersion curves. The actual Born-von Karman analysis for 

the materials considered was carried out hy other investigators and the 

published 95 , 9s force constants are simply used in this analysis to 

determine the dispersion curves in the off-symmetry directions which 

arc not measured. Proceeding in this fashion, one can determine the 

phonon frequencies for points over all the Brilloujn zone and, hy summing 

these, extract an estimate of the phonon density of states. As discussed 

in Chapter 7 this analysis can be slightly erroneous in some cases, as it 

is found in some materials that there are long-range forces, and thus this 

type of model does not converge with a realistic number of force constants. 

A.l BORN-VON KARMAN ANALYSIS: 

From Chapter II we see that there is a restoring force in the 

lattice for displacements from equilibrium, much like a simple spring­

restoring force in the simple harmonic oscillating spring. From equation 

(2y4) we can write the equation of motion for the 1 ·th ion as: 
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- M = l: 
.t '8 
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------(A-1) 

where M = mass of ion, U (1) is the a-direction component of the 
a . . 

excursion from equilibirum of the !'th ion and ~a8 (.t1') is the force in 

the ath direction on this ion due to a unit displacement of the .t'th ion 

in the B direction. Because of the periodicity of the lattice, these 

atomic force constants (A.F.C~) do not depend explicitly on the atoms 

1 or 1' but only on the distance R11 , between them. For each type of 

neighbour (i.e. first nearest neighbour or second nearest neighbour) 

there are a certain number of these independent constants. Consider, for 

example a force-centered cubic lattice, and the first nearest neighbours 

of the atom in the (O, 0, 0) position. There are twelve of these nearest 

neighbours located on the fac~s and their co-ordinates are given by: 

a tt a a a 
2 (110), 2 (101), 2 (011), 2 (110), 2 (101)----- etc. 

There are, at first glance 3 x 3 constants for each atom and hence 

3 x 3 x 12 constants altogether. Because of the high symmetry of the 

cubic system, ·one can immediately eliminate most of these and reduce the 

number of independent force constants to 3. Thus; 

~ (110) xx = 

~ zz (110) = 

•yy (110) 

• (110) xy 

= • (101) = ------ -zz 

= • (101) = ~· ~ ~ -- = xz 

= •xx (101) = ------ = 



If we now consider the second nearest neighbours of the point 

(0,0,0), it can be seen that there are six of these whose co-ordinates 

are given by: 

a a a a """ a ~ a -2 (2,0,0), 2 (0,2,0), 2 (0,0,2), 2 (L,0,0), 2 (~Lp), 2 (~0_,2) 

Again from symmetry considerations, the number of independent force 

constants can be reduced to two and these are denoted by: 

4>xx(200) 

4> (200) 
yy 

= 

= 

~yy(020) = 

~zz(200) =··------ = 
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This analysis can easily be extended to the g~neral case of nth 

nearest neighbours with co-ordinates I (u, v, w) ~ In the. most general 

case, u ~ v ~ w_ and there are · 48 nearest neighbours with 6 independent 

force constants permitted by symmetry. 

From the equation of motion (A-1), as previously described in 

Chapter 2, a trial wave solution can be attempted of the form 

11 (t) = 1 

rM 
(g_, ). ) expi {g_ • ~(~) w(_g ).) t } 

------(A-2) 

where _£ (~ A) is the polarization vector of the normal mode w(g_,). ) and 

!!,(~) is the equilibrium position of the !'th atom. Inserting equation 

(A-2) into equation (A-1) and multiplying both sides by e-q.~(i) yields 

1 . 
2: M 
B 

[:"' . -i~(~) { ') ig_.R(i)J ( ') "' 1 e 4> 
8 

t , t e · £0 g_, I\ 

R..' a µ 

------(A-3) 
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It can be shown, however, that the quantity in the square brackets above 

does not depend on !. It is a function of 9.. only and is called the 

Dynamical matrix 

= r 
m 

Equation (A-3) may thus be written in the form: 

= £ Da.B (g) 
B 

--·---(A-4) 

e:.e Cg_, >-) • 
------(A-5) 

which is just a simple eigenvalue problem for .the 3 x 3 matrix D(g). 

Thus, given the dynamical matrix ·at any point 9.. in the Brillouin zone, 

it is a simple mathematical problem to determine the three eigenvalues 

w(q, ).) ). = 1, 3 and corresponding eigenvectors which form an ortho-

normal set~ Further, and from ~-5), it is clear that for any given g_, 

D (g_) is easily constructed from the force constants 4> a.B (!, t ') . 

Phonons can be measured using the inelastic neutron scattering 

technique. In this way one normally determines the dispersion curves 

along high symmetry directions in the first Brillouin zone. It is also 

common practice to vary the force constants ~a.S(m, 0) so as to obtain 

the best possible fit to the dispersion curves for a specified number 

of nearest neighbours. The number of parameters needed to achieve good 

agreement depends, of course, on how structured the measured dispersion 

curves are~ In sodium and potassium, for instance, where the dispersion 

curves show little detailed structure, a fifth nearest neighbour fit 

gives essentially exact agreement with t the data, To obtain good agreement 
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in aluminum, which is a .sli2htly more complicated case, one must go out 

to 8 nearest neighbours. In lead, where large Kohn anomalies99 ,lOO are 

observed, eight nearest neighbours gives only a reasonable overall fit. 

A good fit in this case would requir~ more parameters. Nevertheless, 

such fits are very useful since from the force constants one can calculate 

in principle many interesting properties; for example, the resistivity 

f . 1101 h d . o a mater1a or t e supercon uct1ng energy gap. 

Up to this point, all the constraints imposed on these force 

constants arc due to the symmetry of the crystal structure. If one also 

considers the nature of the force system between neighbours, it can be 

shown that 76 if one limits the type of force .considered to that of a 

central force depending only on the magnitude lrl .of the distance apart, 

additional constraints can be imposed onto these force constants . . These 

dd . . 1 . 1° d . f . d28 h t a 1t1ona constraints are 1ste 1n re .erences cite , owever, a mos 

general force constant analysis as outlined above considering only the 

symmetric nature of the system is most desirable. 

An additional constraint can be imposed upon these force constants 

if the crystal is in equilibrium; i.e. the lattice constant distances 

must be such as to minimize the total potential energy in the system. 

In Table A-1 are listed the ato~ic force constants for pure lead 

0 98 and for the Tt-Pb-Bi alloys at 100 K as tabulated by Ng for 8 nearest 

neighbours. In Table A-2 are listed the atomic force constants for 

1 . 97 d" 95 d . 96 a um1num , so 1um an potassium The treatment for ft!-. is to 8 

nearest neighbours, while sodium and potassium it is to S nearest 

neighbours. 
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TABLE A-1 

ATOMIC FORCE CONSTANTS FOR Bi-Ph-T .t ALLOYS AT l00°K 

IN UNITS OF DYNES/CM 

AFC Pb Pb. 8Tt. 2 Pb. 6 T! ~ 4 . Pb
04

T.t
06 Bi. 2 H, .S Bi. 1Tt 09 

al 3933 4055 4603 4944 4679 4984 

Bl ·1280 -1111 -1333 -1532 -1448 -1485 

yl 4~29 5270 5445 SS40 5198 6161 

a2 1617 976 407 -- ·43 . ·-15i _ __ 65_ .. 

B2 309 103 -128 -148 -129 107 

a3 -266 -252 -91 193 104 -26 

B3 41 59 -92 -150 -133 -44 

Y3 349 147 53 -4 -37 -72 

03 -58 -4 45 -8 -61 -66 

a4 757 566 382 141 251 -3 

84 105 -68 -9 -6 -60 -74 

Y4 376 -51 -100 123 337 12 

as -288 -35 -64 ;..142 -156 12 

85 -341 -217 -26 67 40 -7 

. Y5 -347 -240 -21 93 64 -10 

?s 20 68 -14 -79 .-73 7 

a6 34 so -25 -81 I 11 

86 -177 8 43 23 117 15 

a7 -59 -97 -10 97 51 38 

87 133 101 31 -38 -81 17 

Y7 30 40 26 -5 20 -25 

07 33 13 9 10 -7 4 

£7 50 20 14 14 -10 7 

l; 100 39 27 29 -21 13 

~8 679 197 44 -114 -34 -131 
·-

Bs 185 88 -35 -7 39 78 



TABLE A-2 

ATOMIC FORCE CONSTANTS FOR ALUMINUM (Lc~c.) SOOIUM (h.c.c.) 

AND POTASSIUM (b. c. c.) IN UNITS OF 

OF DYNES/CM 

AFC At (at 80°K) 

a 1 10107 

81 -1337 

y 1 11444 

AFC Na 

al 

BJ 

-------
a2 2452 

82 -529 
. -----------.... ·---

a
3 

-625 

133 -182 

Y3 -148 

<5 -296 
3 --·--------------

271 

321 

· -SO 

(J.2 

84 

()3 

03 

Y3 

a4 

84 
y · 

4 
04 

(at 90°.K) 

1178 

1320 

472 

104 

-38 

-.4 

-65 

52 

-1 

3 

14 

APC K(9°K) 

al 786 

81 895 

-----
a2 432 

82 29 

()3 ,. -41 

B3 12 

Y3 -53 

._._ ... _. __ - -
a4 2 

B4 -4 

Y4 .75 
Q 2.25 

4 
.. ---------·-----·- - ·--

461 

227 

198 

888 
- ·----- ------

142 

-109 
- --- - ----------

-64 

-94 

-111 

12 
18 . 

36 

ag -534 
as -116 

as 17 as 6 

f35 33 85 4 

---~--------
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FIGURE A-1" 

Irreducible l/48th segment of the Brillouin zone for 

(a) face centered cubic system 

(b) body centered cubic system 
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( b) 
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Having now briefly outlined the general method of the force 

constant analysis, we are now in a position to calculate the phonon 

density of states function F(w) and the product function a 2 (w)r(w). Jn a 

cubic system, the Brillouin zone can he represented hy an irreducible 

th 1/48 segment of the zone~ The complete zone, and hence all of reciprocal 

space can he generated from this irreducible zone. For a face-centered 

cubic crystal system, reciprocal space is represented by a body-centered 

cubic system and the l/48th segment for this system is defined by the 

planes; 

qx = 1.0 

qz = 0.0 

·qx = qy 

qy = qz 
------(A-6) 

3 
qx + qy + qz = 2 

where q is in reduced units of 2n 
and aL is the lattice distance~ A --

.aL 

schematic diagram of this irreducible zone is shown in Figure (A-1'). 

Similarily, a body centered cubic system has a face centered cttbic 

reciprocal space, and this l/48th segment is defined by: 

qz = o.o 

qx = qy 

qy • qz 
------(A-7) 

qx + qy = 1 
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This zone is illustrated in Fi~ure '.A-1. The method of calculation follows 

the method of Gilat and Raubenheimer102 , where the irreducible l/48th 

segment is divided i.nto a finer mesh of equally spaced points. At each 

point in this mesh the phonon energies w(g_, A) A = 1, 3, are calculated in 

addition to their polarization vectors :_(g_, ~). and the gradients of 

these dispersion curves at that point 

where >. • 1, 3 

(l • 1, 3 

The dispersion curve is linearly extrapolated to the edge of cube defined 

by the fine mesh into which the l/48th segment is divided, using the 

calculation of the gradient as a recipe. The density of states is then 

obtained by adding together the contributions from all the different small 

cubes and all branches. In order for linear extrapolation to be adequate , 

the mesh points (at which calculations are to be performed), should be 

sufficiently fine. 

This phonon density of states function for the material is 

defined by: 

F(w) 1 
= N I: 

A 
~ •· ( w - . w ' (g_ A) ) ------(A-8) 

where the integration is over the entire first Brillouin zone. 

Recalling our definition of the product function a 2 (w)F(w) from 

equations (4-15) and (2-26), we see that: 
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where the matrix element < kr.+~ f w I ~p> for scattering from one point 

on the Fermi surface to another is taken to depend only on the momentum 

transfer g_, and is denoted w(_g_),. The integration in q space is now over 

a sphere of radius 2kF. This is the maximum possible q-transfer between 

a phonon and an electron on the Fermi sphere. In integrating over this 

sphere, which penetrates out beyond the first Brillouin zone for most 

materials, we see that Umklapp processes are being considered. Using a 

prescribed functional form for w(g) the calculation can now proceed by 

simply extending the volume to be considered to a l/48th of a sphere of 

radius 2kF. In materials such as lead, where a sphere of radius 2kF 

covers many of these irreducible zones, the computational time is clearly 

a factor to be considered. Proccedin~ in this straightforward fashion, 

to calculate a 2 (w)F(w) one would require 10 - 15 times that computational 

time required for the determination of F(w). 

In order to keep this to a minimum, and because of the obvious 

repeatability of the dispersion curves out into the second zone and beyond, 

it is convenient to construct the sphere .of 2kF from units of the irreduci­

th ble 1/48 segment of the Brillouin zone. The phonon energies and polari-

zation vectors of a given point in this zone need only be calculated once 

and, by a suitable co-ordinate transformation, all points in reciprocal 

space can be represented. Thus, the use of this transformation represents 

a large time-saving tool in the calculation of a2 (w)F(w). 

The co-ordinate transformations required to map this irreducible 

zone out to fill up all of reciprocal ~pace for face centered cubic and 

body centered cubic structures are given in Table A-3. The extent of 

these transformations is adequate for all the materials considered in 
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TRANSFORMATIONS REQUIRED TO MAP l/48th OF THE FIRST BRILLOUIN 

ZONE OUT INTO FURTHER ZONES. FACE .CENTERED CUBIC. 

RECIPROCAL . TRANSFORMATIONS RECIPROCAL TRANSFORMATIONS LATTICE POINT LATTICE POINT 

(000) q' = q:x {200) q' c 2 - q x x x 
q' = qy q' = qy y y 
q' = qz q' = qz z z 

(111) q' = 1-q (200) q' = 2 - q x z x y 
q' = 1-q q' = qx y y y 
q' = 1-q q' = qz z x z 

(111) q' = l+q (200) q' I: 2 - q x z x z 
q' = 1-q <l ' D <lx y y y 
q' = 1-q q' II qy z x z 

(111) q' = l+q (200) q' :s 2 + qz x y x 
q' = 1-q q' = qx y z y 
q' = 1-q q' = qy z x z 

(111) q' = l+q (200) q' = 2 + qy x y x 
q' = l+q qt = qx y z y 
q' :: 11..q q' = qz z x z 

(111) q' :: l+q (200) q' :: 2 + qx x x x 
q' = l+q q' = qy y y y 
q' :: l+q q' = qz z z z 

(111) q' = l+q x x 
q' = l+q 

y y 
q' = 1-q z z 

(111) q' = l+q x x 
q' = l+q 

y z 
q' . • 

z 1-q y 

. (111) q' = 1 + q x x 
q' II 1-q y z 
q' = 1-q z y 



REf.IPROCAL 
LATTICE POINT 

(220) 

(220) 

(220) 

(220) 

(220) 

(220) 

TABLE A-3a (Continued)' 

TRANSFORMATIONS RECIPROCAL 
LATTICE POINT 

q' = 2-q (311) x y 
q' = 2-q y x 
q' • qz z 

q' = 2°-q (311) x z 
q' = 2-q y x 
q' = qy z 

q' = 2+q (311) x z 

q' = 2-q y x 
q' = qy z 

q' = 2+q (311) ' x y 
q' = 2-q y x 
z' = qz z 

q' = 2-q {311) x z 
q' = 2-q y y 
q' = qx z 

q' = 2+q (311) 
x z 

q' = 2-q y y 
q' = qx z 

(311) 
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TRANSFORMATIONS 

q' :::: 3. - q x z 
q' = 1 - q y y 
q' = 1 - qx z 

q' = 3 - q x y 
q' = 1 qz y 
q' = 1 - qx z 

q' = 3 - qx x 

q' :c 1 - qz y 
' = 1 - q q rZ y 

'l' = 3 - qx x 
q' = 1 + q 

y z 
q' = 1 - q z y 

q' = 3 - qx x 
q' = 1 + q 

y y 
q' = 1 - qz z 

q' = 3 - qx x 
q' = 1 qy y 
q' = 1 + q z z 

q' = 3 - q x y 
q' = 1 + q 

y z 
q' = 1 - qx z 
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TAR LE A-3h 

TRANSFORMATIONS REQUIRED TO MAP l/48th OF TJJE FIRST BRILLOUIN 

ZONE OUT TO FURTHER ZONES. BODY CENTEPED CUBIC. 

RECIPROCAL tRANSFORMATIONS RECIPROCAL TRANSFOPMATTONS LATTICE POINT LATTICE POINT 

(000) q' = qx (110) q' = 1 + q x x x 
q' = qy q' = 1 - qz y y 
q' = qz q' = qy z z 

(110) q' = I - q (110) q' = 1 + q x y x x 
q' = 1 qx q' = 1 + qz y y 
q' = qz q' = qy z z 

(110) q' : 1 qz (110) q' = 1 + q x x y 
q' = 1 qx q' = 1 - qz y y 
q' = qy q' = qx z z 

(110) q' = 1 + q (110) . q 'x = 1 + q x z y 
q' = 1 qx q' = 1 + q y y z 
q' = qy q' = qx z z 

(110) q' = 1 + q (200) q' = 2 - qx x y x 
q' = 1 - q q' = qy y x y 
q' = qz q' = qz z z 

(110) q' = 1 + q (200) q' = 2 - qy x x x 
q' = 1 qy q' = qx y y 
q' = qz q' = qz z z 

(110) q' = 1 + q (200) q' = 2 + qy x x x 
q' :::: I + q q' = qx y y y 
q' = qz q' = qz z z 

(110) q' = 1 qz (200) q' = 2 - q x x z 
q' = 1 qy q' = qx y y 
q' = qx q' :::: qy z z 

(llO) q' = 1 + q (200) q' = 2 + qz x z x 
q' = 1 qy q' :::: qx y y 
q' I: qx q' = 'ly z z 
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TABLE A-3b (Continued) 

RECIPROCAL TRANSFORMATIONS RFCIPROCAL TRANS FORMATIONS LA'ITICE POINT LATTICE POINT 

(200) q' = 2 + qx x 
q' = qy y 
q'z = qz 

(211) q' = 2 + q . x z 
q' = I - q y y 
q' = 1 - q z x 

(211) q' = 2 - qz x 
q' = 1 - q y y 
q' = 1 + q z x 

(211) q' = 2 - q x y " 
q' = 1 - q y z 
q' = 1 - q z x 

(211) q' = 2 - q x x 
q' = 1 - q y z 
q' = 1 - q z y 

(211) .l q' = 2 qy x 
q' = i · + qz y 
q' = ·1 - qx z 

(211) q' = 2 - qx x 
q' = I + q 
. Y z 

q' = 1 - q z y 

(211) q' = 2 - qx z 
q' = 1 + q 

y y 
q' = l · - q . z ' z 

(211) q' = 2 - qx x 
q' = 1 + q y y 
q' = 1 + q z z 
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this Thesis. It is to he noted, however, that one would be required to 

extend these transformations further out into reciprocal space, if 

materials with kF values greater than that for lead were to be considered. 

Having this transformation available, it is now simply necessary, 

(a) to deteTminc ~(!!.~) and w{!l_~) for the irreducible l/48th segment of 

the first Brillouin zone as in the calculation of F{w), (b) apply the 

transformation until g_ becomes greater than 2kF' and (c) add up all 

contributions. 

In order to now determine a2 (w)F(w) from equation (A-9) it is now 

simply necessary to determine the form of the electron-ion from factor 

w(g_). The different calculations of this function have been discussed in 

detail by Harrison79 and where available, w(~) takes the Heine-Abarenkov34 form 

as tabulated by Harrison. For the alloys considered here and for which 

this data was not:.available, a form supplied by Taylor81 appeared 

reliable. Where neither of these was available, an interpolated value 

between those reliable was utilized. 
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