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CHAPTER 1

" INTRODUCTION
Q , Y St R

e

1.1 Scope of the Study

In this study the finite element method is applied»fo solvei t]}e
steardy, three-dimensional, incompressible potential flow problem in re-
ducing bends .of cdmplicéted geomefcry. The potential distribution m ;_:he
flow regionl wélsl calculated using a computer -r)rogram which was developec:i
and used to solve three specific problems. o

" The three problems are:

1. A test problem with a known two-dimensional solution (Flow™

around 90° finite corner). The results were compared wyth .

the exact solution.

Al

. 2. A problem of a 90° reducing bend of square cross sectiéq .
base centred on an arc of 2 c1rc1e ‘ {
3. A practical problem of defining the flow around a 90° bend

having a rectangular inlet and an annular outlet. The bend ™
has application in a ground power unit wherein the :mlet flow
is taken from ar silencer configuration and passed into ?the
ammlar intake of a turbo-jet engine. . .

The £low region, in the problems solved, is simply connected with natu-

ral (Neumaml) type boundary condition, or with mixed Dirichlet-Neumann

- boundary condition. The fornmlation‘allows the wluthroblem



it

-

~ _ : .
w;;h\a non-uniform normal yelocity component at the injet and outlet
. . s .
-boundarics. . pe ;

' ¢ The variational_prihcipla was used for the formﬁlatqgﬁ of_theJF'
finite elément solution. The basic finite element 1is a tetrahedron
“with a linear shape function.

.A modular eight-nodal unit COmpose& of sik tetrahedral elements
was used, providing aq“automatic satisfaction.to contimity of the dis-
cretized regio;: Also a five tetrahedra composite ﬁnit was used in
conjunction with the first appiication and results from both schemes
were compared. | |

The potential was computed at a maximum of 468 nodal points ,
in the flow region, which correspongé to 1800 tetrahedral élements wh;>(, ‘
usiﬁg the six-tetrahedra composite unit séhéme. The resulting system
of linear algebraic equations was solved using a di:ect method of :
solution and banded symmetric nature of the system pfbperty matrix was
maintained. The results obtained as compared to the exact solution of

the first application are in good agreement.

/i
1.2 Literature Survey .

The conventional analytical and finite difference methods of _
solving two-dimensional potential flow, as well as the complexities of

the three-dimensional case, are sumarized in reference [1]*

*Numﬁers\;g\TQuare brackets designate references in the Bibliography.

-
" ~ -
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In the first preéentation [Zj of the finite element application
to a field problem, a quasi-harmoniq equation was considered for the
: -two;dimensional case, using triangular elements and the metﬁod was
-applied to a torsional problem of known solution and to a steady-state |
heat conduétion problem of an axi-symmetric pressure vessel. -

Several yeérs later, the specific application to a potential
flow problem followed [3]; where sinple triangular elements with a linear
shape function were used to solve a problem of flow around a cylinder
placed between two parallel walls, and to solve Saint Venant's problem.
The solution was obtained utilizing a structural computer'program that
was developed for the Boeing Company.

De Vries and Norrie [4,5] applied the finite element method to
multiple-body potential flow fields, such as aerofcil cascades, with
special boundary Eondi;ions including moving boundaries and Kutta Cén-
dition. They also indicated the extension of the method to the solution
of Poisson's equation. However, the scope of their study was restricted

" to two-dimensional flow problems. Later, [6] they presented the super-
position technique for the stream function solution. In reference [7]
they presented a detailed formulation of the‘two—dimenSional potential
flow probiem. . |

Argyris et al.[8] prgsented straight'and curvilinear triangles

. with edge nodes as well as vertex nodes. The twofdimensional problem
was considered using the TRIC and TRIM-like triangular elenents; in

conjunction with the stream function, which allowed direct and exact

satisfaction of the boundarf conditions. It was pointed out that if
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rhe same elements were to be used in conjunction with the potential
functlon the observance of the boundary conditions becomes cumbersame.
| Therefore other types of elements were 1ntroduced for the potential
function. No examples here.grven for the three-dimensional case and
the analysis was ba51ca11y two~ -dimensional. o

| Doctors [9] summarizedran experimental appllcatlon of the
finite élement method to two-dimensional inviscid flow. A test problem
of known soldtion was discussed for the case of velocity specified
boundaries and the case of singularity specified boundaries. In the |

E

latter case the resulting system of equations was.found to have an 1}l1-

condltloned matrix. | . : u

- Udo Meissner [10] presented a mixed finite element model for
the potential flow problem, introducing a dual functional of the velo-
c1ty and the velocrty potentlal. The generallzed varlatlonal pr1nc1p1e
was used for solving two problems of the- two-dimensional type, iﬁ-,
" cluding a source flow and finite corner £low.

Carstan and Devos [11] presented a theoretical basis for the
application of the finite element technique to a three-dimensional
flow problem, for ancompressible and compressible fluids-The'Reynold's““
equation was programmed and applied to the oarticular case of gas lubri-
cated Rayleigh step journal bearing. However, the application of the
method was for two-dimensional viscous flow.

of relevance to the potentlal flow problems are references on
heat. conduction and electrostatlc‘fleld. Zienkiewicz and Parekh [12]

used isoparametric elements in a time-stepping_solutlon for a three-



//’ ' .5
' dimenﬁiondl.heat conduﬁtion probfém. The solution was qbtained‘using
a rather crude model of three subdivisions to represent an eighth of a
spheroid., Zienkiewicz and Bahrani{13] Qsed é five tetrahedra composite
element to obtain the electrostatic potential distribution in an earthed
porcelain insulator, and also tb obtain the pressure on an accelerating

sutface of a dam. The two problems solved by the authors have simple,

geometric boundaries. e



CHAPTER 2°
_ STATEMENT OF THE PROBLEM

2.1 Int#%duction'

In this chapter the preparation of the problem for the finite ele-
ment solution is briefly discussed. Some basic definitions are stated
and a short introduction of the finite element technique is presented.

L]

. The mathematical statement of the problem as well as its variational

"

analogue are included. : . : i ~

~

2.2 Definitions
In a physical problem, whether discrete or ‘continucus, the state

of the system can be described by variables, of which a set x, xé,..:..
x; {collectively represented by x;) are independent and a set of uy, up,
cvvoo Uy (collectively pgpreéented by u;) are dependent. The region of
the system is defined by the sets of all possible values that the k} ¢an
have. A particular set of allowable values of x} defines a’ point in the

| region. If at a point (with fhe remaining independent variables held
constant) one of the x}'s can either be increased or decrease& to another \
allowable value, the point is said to be in the interior of the region.

If the variable can be decreased to another allowable value, but an in-

' crease gives a value outside the prescribed range, or vice versa, then the

point is on the boundary of the region.

Sometimes there is no upper (and/or 1oﬁer) bound on one or moTre

-6 - ' o



mofe of the independegt fariables, and in this case the boundary is
said to be open. When the in&ependeﬁt variabies are boun@ed the
boundary is cénsidered closed. | c | “

The region will be denoted by R, the domain by D and the boun-
.cliari.es by S, where R=1D + S, meaning that the region includes the
:doméin and its boundaries. .
In some cases, the region is internally subdivided by interior
. boundaries. A region is termed connected if any poing~in it may be
joined to anf other pqint by an infinité number of[z:ths, each of which
lies in the region. A circuit, composed of alternative paths between
the same two points, is tenned.reducible if it can be contracted to a

point without passing.out'of the region. A simply connected region is

ane for which all paths joining any two points are reducible, otherwise

it is termed multiply-connected region.

2.3 Approximéte Solution of Field Problems.

Of the various available approximate methods for solving field
problems, those methods in which a trial solution is used are of parti;
cular interest. In a field problem of one dependent variable ¢ each of
the governing (domain + boundaries) equations can be written generally '

as: _ . .

F(4) = 6(4) | (2.3.1)
where F and G are functions of ¢ . . .
The solut10n*¢(x ) that satisfies the set of equatlon (2.3. 1) is sought.
The method con51dered is that in which ¢ is approximated by a trial

solution ¢, of the linear form:

»



(2.3.2)

where $, are 11near1y independent selected functrons ¢ (x ) ex1st1ng
over D + S and C are unknown parameters to be determlned subsequently.
It is understood that equation (2.3.2) can'have added to it.a term

;0 (= 8o (x '.)) if desired.

Most of the methods that use a trial function of ‘the form (2. 3. 2)
fall into two groups, namely re51duqi and variational methods In the
variational method{ with which the present stndx,x§>concerned, the desi-
red- solution ¢(x}) is known to give extremum value to some functional
X(4). The substitution of equation (2.3.2) into the gunetional X(s),
and the requirement that this new funct&énal Xu = X(¢uj satiefies the
extremal conditions, leads to a set of equations from which the
approximate solution ¢u is obtainedf Alternativelm, a variational
equation may be used instead of the functional X(¢). |

"For linear problems, the variational method yields a set of
algebraic equations whose solution gives the parameters q; of equation.

(2,3.2). The originai problem involving differential equations 1is thus

transformed into inherently simple algebraic equations.

2.4 The Finite Element Method. .

A £1n1te element method is one in Wthh the subd1v151ons of the
region into ''subdomzins', "finite elements" or ”cells” is an essential.
_ part of the procedure, with some functional representation of the solution

being adopted over the elefient so that the parameters of the representation
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bec0me the unknowns of the problen. The finite element method is thus a

partlcular class of discretizattion procedure by whlch the orlglnal gover -

ning equatlonS'hav1ng infinite degrees of freedom are transformed into

~

' apprdximation equations, with finite degrees of freedom. The dependént

variable ¢'is reﬁrgsented over an element using elemenf pafamgtersdthat

ére'the uﬁknpyns for which thé problem is to be solved. . |
The key features of the finite element method are:

1. The domain is divided into sub&ivisions or finite elements
usually of the same form and interconnécted at nodal points,

2, The trial solution is prescribed (funct%oually) over the
domain in glpiecewise gashion,'elenent by element.

_ Since the true Eélution is assumed to be contimuous, it is an
obvious requirement that the trial solution is continuous wiihin.the
element, and in the limit as the element's size tends to zero to be
contlnuous across the domain, and also continuous across the interelement

—

‘boundaries in the same limit.

K]

2.5 Mathematical Statement of the Problem

In the following section the differential equation and the boun-
ﬁﬁlr)5c0nditions of the problem are stated as well as the uniqueness theo-

rems related to it,

2. 5 1 The Potential Fleld

" The potentlal f1e1d ¢ is a point functlon in the fleld R, It is
single valued and in steady flow is governed by the Laplace equatlon
9% = 0 - (2.5.1.1)
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subject to spec’al bdﬁndary conditions on the surface, S, terminating the
region, R. ' : {1

A

_ Thé velocity field V'isthc-gradient of the scéléripﬁtgntial ¢
Voeow - (2.5.1.2)
The continﬁigy eqﬁag;on as applied to‘thé velocity field can be written
v o= 0, ~ - (2.5.1.3)
The ;rfotationality condition isy .

Vo= 0 . (2.5.1.4)

. g ' .
From equations (2.5.1.3) and (2.5.1.4) it is seen that the velocity field

is a soleﬁoidal irrotational field.

2.5.2 -Boundary Conditions

There are three types of boundary conditions commonly encountered

El

" in'the Laplace field problem. They are known as ths first, second and
- third kind, or the Dirichlet, Neumann and Cauchy boundary condition,

' respectively,

___________________________________ e

. . . ' !
The value of the potential ¢ is specified at all ﬁhgﬂ/i.
points of the boundary S
¢ = g on S : (2.5.2.1)

 The normal. derivative of the potential is specified on
the boundary S

ai:

2 < p onS | (2.5.2.2)

)
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Beth,the potential and its normal derivative are speci-

1

fied in relation to-each other on the boundary

¥+ ag+q=0 "on S (2.5.2.3)
If on each of two or more sections of the boundary a diffetent condition

is specified, the problem is said to have.mixed boundary éondition.

2.5.3 Uniquenes Theorems

iy

" For a simply comnected domain D enclosed by a-surface S, the

following uniqueness theorems for the Laplace field can be used to deter- .

mine whether the field equation+in D plus the boundary conditions on S
uniquely describe the phenonena | '

If the Dirichlit condltlon is spec1f1ed everywhere on the
bpundary.', the solution ¢ is f,unlquely determined.

‘If ‘the Neumann condition is specified on the boundary, the

solution is determined except for an additive constant.

=

3. For the Cauchy condition, the solution is unique if a is
positive. .
4. For a mixed Dirichlet-Neumann boundary condition, the solu~-

-

tion is unique,

The boundary conditions must be sufficient to constrain the problem to
a unlque solution, i.e. the problem mist be ”well posed". The laplace
equatlon, being of the elliptic type, conditions on all boundaries mst

&
be specified. )
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2.6 The Variational Analogue of the Laplace Equation

The variational fornuiation of the Laplace equation 1s giveh in _
: detall in Appendix I. | S
For the Laplace equatlon @2 = 0) wi£h the boundary conditions
6 = g(x,y,z)“ _on 5p | | (2.6.1)
and - A i :
. ) %i-+ ap+ q = 0 on SC : (2.6.2)

thefe is a _
$(x,Y,2) ] (2.6.%)
given by the function .

v = vix,y,z) | (2.6.4)

that minimizes the functional X(v}, where

X = [ ul @ @Y W SECRET R

3y
c .
cee. (2.6.5)°
— e 2.6.9)
In equatlons(z 6. l), (2.6.2) and (2.6.5). .
D - Is the domaln of the potential field ¢. \

Sp - That part of the boundary where the Dirichlet
condition is specified.

S - That part of the boundary where the Cauchy condition

C
is specified.

Either S or Sp can be zero.Also a can be zero in which case the Tauchy

condition reduces to the Neumann condition, amd q becomes the normal

component of velocity to the surface Sy where the Neumann condition is

specified.

~



CHAPTER 3

THE FINITE ELEMENT SOLUTION

3.1 The Developmeht of the Finite Element

. The -basic element used in this analysis was a tetrahedral ele-
ment with a 1inea£ shapé function. In the equations to follOw'éJ
dash over the symbol v or ¢ will indicate an approximation.

A global system of coordinates is directly ﬁse& as one is dealing
with a scaiar field an& the formulation is in terms of global coordinates,
The -region i§ divided into ¢ number of elements, corresponding to n
number of nodal points; 1, 2, ...;., P, «+.., 0. The tetrahedron shown
“in Figure(l)has the nodal point identifiers i, j, m and n. The poten;

tial ¢ is assumed to have a linear variation in the element

Figure 1. Tetrahedral Element

-

- 13 -



$ = ap *apX +agy+ ayz . (3.1.1) .
where a,, «,, o3 and a, are constants. These constants are 1o be de-
termined in terms of the values of ¢ at the nodal points of the ele-

ment: ¢., ¢., ¢ and ¢ , and hence
it %52 *m n’ © -

ak = f}k G’-ir ‘¢_j, Em., 3].1) \ t (3'1'2)

where k = 1, 2, 3, 4.

. N . L
For the four nodal points of the element one can rewrite Equation

(3.1.1) by substitutm%&he nodal values of ¢ and the coordinates of

s

each node as fdllows: . :.- o A ' \\
_' o ) N
¢; = & * g X5 + a3 yi *ow Z (a)
‘5] = ay + 0‘.2: )Cj + g }’J + ay Zj (b) v
i . y  (3.1.3) .
¢m = (11' + ap Xm + a3 lel .+ ay Zm_ .(C)‘ o
én =ap +ap X, tagy toy 2 (d) i
J Q
" Defining the coordinate vecter of a po'int (c)
# ‘ .
=z x oy z) (3.1.4)
the coefficient vector {a} - ' e
4 0‘,1 N
s3] . ‘ . ‘
\ _ a3z '
\ 5 . ah N i )

A J 3 - _ °



) T

- the nodal potential vector of the element e as

1

.Y 7

B

1

J

-
=
-
1
v
el B2
T

m

:7
-1

. Ny

El

-

. " and the coordinates matrix.of the element e

1. X.

1
1

X

J

1 %
X

n

— Ll

- . _ [A?J =

4

Yl
Yj'

"n

n

z.
1
CZ.
J

Z
~m

Z
n

\\‘“‘fhh‘ﬁ____k_Equation (3.1.1& can then be written as

¢-= (c) {a}

Alternatively, Equation (3.1.8) can

. A
as
- ) " z -

)

. -
¢ = (1xvyz)y
k]

| | | o

Also Equation (3.1.3) can be written in a matrix form as

(4%} = [A%] {a}

-

which can be expanded in the form

r . p—

. £ 1 X3
r 1

ST *3

*n 1%y

L) M

Y.

o
-H-

8% ge

-

(3.1.7)

i 15 ' .

P .(3.1.8) ‘\)'

be written in expanded matrix form

aj
ALY
a3

oy

(3.1.9)

(3.1.10)

(3.1.11}

v



To obtain the coéfficien@ ay, az, a3 'ahd ay, from Equation (3.1.10)

one can write

N | . ’
where [A®] = is the inverse of the element's coordinates matrix [Ae] .

_1 . . .
* The matrix [Ae] is assumed to have the component form

wherein

and

{a}

e

(%)

la_

1

b.

1

- - ..

1

d.

- 1

X. X
] m
Y; " Yn

Z A
! m

1 1
Y; In
Zj ;m

1 1

xX. X
] m
ZJ Z'm

1 1

X. X
] - m
Yj ym

(s¢}

N

D7

det [A%)

det [AS]

det [A%]

det [A°]

- (3.1.12)

(3;1.13j

i [

16
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The other constants may similarly be obtained usirg a”cyclic interchange

of the subscripts.

4 -1 B . -
Denoting the rows of the matrix [A°]. by (A), (B), (C) ‘and (D) respec-

tively one can frite

)
(B)
©
(D)

ni

1

(ay a;
(b; b
(ci cj
, dj

m

an)
bn)
cn)

dn)

(a)-

(b)
©)
@)

~

L B (3.1.14)

P

Hence one can write Equation (3.1.13) using.the definition (3.1.14) in

the compact form shown below

Also Equatioh.(S;lllZ) can be written in the form

’0‘17
az

a3

L™

)
(B).
©)

| (O} |

-a. a;
1 J
b. b,
1 J

c C.
1 J
d. d
L }

a -

m n,
b.

m n
c

m n
d;.

m “n |

(3.1.15)
. "Tiﬁ
7. .
R (3.1.16)
¢m
o

Substituting the values of {a} obtained from Equation (3.1.12) into

Equation (3.1.8) one obtains an expression for ¢ as follows

s =

© K1 @

(3.1.17)
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<Using Equation (3.1.16) and Equation (3.1.9), Equation {3.1.17) can be

“written in an expanded matrix form as

|
v

a a a a )
i j m n i
| b, b, b b | |7 _
= (1 x y z) ] ¢ 3 (3.1.18-a)
c c o c ®
1 J m n m
- di dj dm- dn-- L *n )

4 = (a; + bix toy+ d.z)
+ .+ b.x+ c.y +d.
(85 * Byx * ey + )
+ (am + bmx Yoy dz) ¢
+ (an + bnx tcy+dz) 3 (3.1.18-b)

~ Using the definitions (3.1.14) one can also write

¢ = (AYeTY + (BY(e%}x +(C){s%}y + (D) {3}z

Equation (3.1.18) provides the potential ¢ at a point (X,Y,z)} within the
element e, in terms of the values of ¢ at the nodal poihts of the ele-
ment; $i, Es, Eﬁ and Eh. The values of ¢ at the nodal points remain

as the basic unknowns to be determined.

3,2 Equations of the Discretized Region

Equation (2.6.5) can be written for a problem having Neumamn
boundary condition as well as for mixed Dirichlet-Neumann type, with

a = 0,in the fom
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1 v .2 w.2 2 .
xw =] 3 [E) & @ e[ avas
D S o N G2
In Equation (3.2.1) Sy is the part of the boundary where the Neumann

condition is specified, and q is the normal component'of velocity at

the boundary. The Dirichlet Integral is defined as

- 1 v, 2 av,? av,2 '
Xo = { ? [(5;) + (5}- + (E ] dx dy dz (3.2.2)
D
Denoting;the second term on the right hand side of Equation (3.2.1) by
'XN’ i.e. : . \ 7
’% [qus , (3.2.3)

Equation (3.2.1) can be written as follows

11} fi\

XW) = X+ Xg (.28

If the Dirichlet integral is carried over an-elemént e it is denoted by

Xg, and for fhe whole domain one has
2 .
X = 7 X% (3.2.5)
° e=l g

Let there be n; nodal poinfé on the boundary where the Dirichlet condi-
tién is prescribed and T, nodal points on the boundary where the Neumann

condition is prescribed, then

%, | o
Xy = 1 x§ - (3.2.6)

where 2, is the number of elements with specified Neumann condition
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(sharing the T, nodal points). =
It is clear that X(v) is a function of all the nodal values Gp(p=l,2,

s P, ...., M), but as there is ﬁ} specified values of ?ﬁ on SD; then the

functional X(v) 1is in fact a function of the nodal values ?i‘in D+ SN’

" (i.e. of n - n; nodal values).

The necessary condition to minimize X(v) is written
GO R ‘ (3.2.7)
av '
p
where p = 1,2, ...,\p; ... n, excluding the n; points on SD'
Substituting Equation (3.2.2) into Equation (3.2.1) and‘differ-
entiating with respect to Vé one obtains
A 2 3x&
v e=1 3V V_. _ .
p p P
_ . (3.2.8)
g X ‘
=] = [ q¥ as
' e=l av_. - IV ‘
. ‘ P S P
Substituting Equation (3.2.8) into the minimization condition of Equa-
tion (3.2.7) yields ‘
| PR o 2 X
N
] — + 1 — =0 @ |
e=l 3v v :
P - p
or _ L (3.2.9}
’ E: aXﬁ v ‘
) —-:__—+[q——_-dS=0 (b)
ez] 3V v J
P SN P -
“ <
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From Equation (3.2.9) one can derive (n - m;) equations which
are linear algebraic equations in (n - n;) dependent yariables

From the p;Zscribed Dirichlet boundary condition on SD,lanothcf
set of N equations can be written in the form .

Vi 81 L (3.2.10)

. The total numbér of equations is thus n, These equations-are to be
assembled in a matrix form. _ s

‘As the solution Fé is to bg, in the final analysis, the desired
~approximate solution for ¢, therefore 55 can be sgbstituted for“V§ in

Equations(3.2.9) and (3.2.10). After the minimization the resulting n

linear algebraic equations wiil'have the matrix fomm

[K] {8} + (F} = (0} | (3.2.11)
- The matrix [K] is termed the System Property Matrix, while the vector
{F} will be terﬁed the Constrainﬁ Vector.

The purpose of the analysis in the following sections is to for-
mulate thg matrix [K] from the tetrahedral element property Qﬁtrix [Ke].
In a similar fashion the system constraint vector {F} will be assembled
from the element constraint vector {F°}. The basic Equations (3.2.7),
(3.2.9) and (3.2.10) are used in the formulation of [K] and {F}. The
assemblggé of the (n - M) equations given by Equation (3.2.9-b) and the
n, equations given by (3.2.10) %o be written in the form of Equation

(3.2.11) - o



o 22
O

3.3 The Property Matrix of the Tetrahedral Element

Consider the minimization of the Dirichlet integral in Equation

(3.2.9)
aX, ! aXﬁ
— = 1 = (3.3.1)
dv e=1 avp . _
* excluding n; points on Sy-

As mentioned in section (3.2) the solution’?ﬁ is the desired appquimate'

" solution of ¢, then éubstituting Eb for Gﬁ in Equation (3.3.1) one has

X PIE) o
o 7 o C(3.3.2)
2% e=1 23 .

P ' — .
L excluding n; points on SD

The problém at this stage reduces to the calcu;ation of (axo/asbj for ‘15__\\
those ‘elements that have -the node p as —a common vertex since thé contri-
bution from all other‘elements is zero [14]: However, the observation

- of -the elemeﬁts sharing the node p, in a three-dimensicnal problem, 1is
a*Lumbersome task because the;e is an average of 24 elements sharing one
node, 'Theréfore, in this analysis, tgglformulation of the problem in
terms of (axo/é$§) for egch_node [4;6,7,1?] cannot be easily applied.

An alternative approach is to consider the contributions of the nodes of
oﬁe element. to each other, i.e. to consider the contribution to one node
in the element from the other three nodes and repeating the same procedure,
in succession,for the other tbree nodes. in tﬂis case Equation (3.3.2)
can be written-for an element (p = i, j, m, n, ih nodal numbers) rather

than for one node p. The summation of the contributions of all elements



__Sharing one node will then be satisfied when the.equations of all

e

elements are assembled.

In this case the purpose is to formulate the term axz/a{Ee}

b e_ _
rather than‘ (a‘xo/a¢p). as

ax®

C

= (K°] (e}

= (3.3.3)
3{¢C}

From Equation (3.2.2) one can write for the element'e

= [eﬁ% CIC 2, flav Tesa
W

where ¥° is the volume of the element e.

Differentiating Equation (3.3.'4) with respect to ?i-one obtains

where

and

x>
o _ 3 L[ 2602, 38,7, (3832
—— = — |7 GD +Gp + G | 4¥
3%y 993 V-i 2 [ i i } -
_ (3.3.5)
= [ [+, (¢x)5. + ¢y(¢yl$. + ¢z(¢235.] d¥
' JV_e 1 1 1
9 ‘ _ 39 ]
oy = 5% by % and ¢, 5%
- : »
3 , 3 3%
G). = 5 . ). = and () = 31

23



Next one considers how to derive the terms on the right hand

24

'side of Equation (3.3.5). From Equation (3.1.18), differentiating with

respect to X one obtains

$. = (B) (%)

X

"in expanded form b is given by

-

- ;
b = (43 By by By

Similarly !

and finally

Differentiating ¢ xt’? ‘¢y

one obtains

B zaf] 9 B

i
gl

1 B - -

-2t

i

ol

dy ¢ J

m

-

-1

. nJ

and ¢_ in Equation (3.3.6) with respect to q;i

-y

&

!

L

-

"(3.3.6-a)

(3.3.6-b)

(3.3.6-c).
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(¢X)_$ - bi (a) ’
S () (3.3.7)
i _ :
6. = 4 © J
X ¢1 1 : : )

Now substituting Equation (3.3.6) and (3.3.7) in Equation (3.3.5) one

finds that

ax® : 9
57;;% = I (b, -(B) +c, (€) +dy (9)) {3y d¥ = (3.3.8)
o . o

Integrating one obtains

'axg )
o . ¥ (b, B) ey (O +d; O G (B39

36,

where the volume of the element ¥ is given by

A R TR ST )
1 X, y. ® Z.
¥ = 1 S . (3.3.10
) I x Yoo % - (3.3.10)
N ’ 45
. - 1 X, Yy 2

n n
Similar expressions as (3.3.9) can be obtained for (ax‘;/a&j), (a}t‘;/a@m)
and (axz/'aq'sn), that can be assembled with (3.3.9) in the matrix form

shown pelow

nd



obtains the property matrix of the element'LKe]'

C e ey
3X q

\ -

~K..

11

ji

mi

ni

3

Kij

K.,
ij

mj

K .
nj

K.
im

jm

which is the required form of Equation (3.3.3) .

Since the matrix'[KF] results from the miltiplication of a matrix

“26 -

(3.3.11) o

(3.3.12)

LS
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by its tranSpose as indicated by Equation (3.3.11), it is thus clear
‘that the element property matrix is symmetric and has p051t1ve values
on.the diagonal. The matrix [K-]‘IS to be assembled in the system pro-
perty matrix [K] which is also symetric. The assemblage of [K] is
- carried out through an intermediate step in which K°] is assembied in
the prOperty matrix of a composite unit. The composite unit is com-
posed of several tetrahedra and has eight ﬂodal points at its corners
and therefore has an (8 x 8) property matrix that will be. termed [Sk].
The assemblage of the property matrices of the eleéments in the

matrix [K] can be carried out for all the elements in the region, in-

cluding those which have Diriehlet specified boundary conditions. After

the matrix [K] issassembled the Dirichlet condition will be imposed by
modifyihg the diagonal elements corresponding to the nodes where ¢ is
spec1f1ed In a similar fashion, when the system constraint vector {F}
is assembled the Dirichlet condition will be 1mposed by modifying the
elements of {F}, which correspond to the nodes where ¢ is specified.

The procedure will be shown in subsequent sections.

3.4 The Boundary COndltlonS (Constraint Vector)
In sectlon (3.3), ‘thé minimization of the D1r1chlet integral -

( { xS /av ), as given by Equation (3.2 9), was corisidered. In this
e=1

section the surface integra‘l in the basic Equation (3.2.9), which re- '

presents the contribution of the boundaries where the Neumann®condition

(-‘!

is specified, will be dlscussed This integral will be shown to form

part of the system constraint vector {F}, where the other part is the

- . . 4.

¥
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values of b specified for the Dirichlet boundary condition.

3.4.1 The Neumann Boundary Condition

From Equation (3.2.6) and Equation (3.2.9) one can write

o av

g2 ds ' (2)

v 3V
P P
SN - L (3.4.1.1)
L9 | '
=1 e as (B
v
p

where S§ is the surface area of the element & where the Neumann condition
is specified.

In Equation (3.4.1.1-b) the summation reduced to the summation

over the elements having the node p as a common Vertex.

within the element requires a linear

S

variation of v within the same t. In fact, one can write ¢ for v

as the rgquired solution. The intégratg‘ in Equation (3.4.1.1-b) can

be carried out knowing the variation of q ovey the surface of the element

Sﬁ. Alternatively, one may consider q as the average of the values of

q at the nodes of the flow face of the element e. Thus, Equation (3.4.1.1],

yields for the element e

~ % g5 (3.4.1.2)

2o
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As shown in Figure (2), if the element e has flow across the surface

(i,j,m) the node n will be an interior Apoint. At this poiﬁt the purpose

*  1s to obtain the ft-:m's‘

%

© ax® aXﬁ 2xE - S a8
‘ — , — and — , assembled in a vector form ey
. 34 a¢j - 3. | ' a{dy}
y ‘ B . . E /
The partial derivative 3—?—— can be obtaineq from Equation (3.2.18-b), -
N |
P N o _
% - a4 +b.x+c.y+d.oz (3.4.1.3)
3(1-9- 1 1 1 B : ‘
1 EH

A

Substituting Equation (3.4.1.3) in Equation (3.4.1.2)one can write

= = q, (ag*b,x+c.y+d;z) d S C(3.4.1.4)

=1
(where qq = 3 (45 *ay * q) e -
- Xy aXy
Similar expressions can be obtained for — ‘and — , which can be
a¢j 3¢m -
be assembled with (3.4.1.4) in the matrix form -
1

axs a - X
__xﬂ_ = d { ? ds (3.4.1.5)

IS ERCI I

N - N Ty
| | | |
SN 2]

Equation (3.4.1.5) reduces to

t S g
5 _ L/\\
“

: .
e ..r‘ )
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“Surface S

Figure 2. Elin?r/m.th an external face (i,j,m) where q is specified.
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(3.4;1;6)

It is noted that-the integrals in the colum vector in Equation (3.4.1.6)

arc the area of the face (i,j,m) and its moments about the x,y,z axes

respectively. Denoting the area of the trimngle (i,j,m) by Ai, one can

write Equation (3.4.1.6) as

~

fa. b. c. d.]
171 71 1

a. b. c. d.

J 1 3 3]

a b c'd

¢

m mm m|

(3.4.1.7)

Upon carrying out the multiplication in Equation (3.4.1.7) one obtains

the constraint vector for the element.e, namely

Xy

a{$§}

-

Br

{

"

(3.4.1.8)

~ The assumption that the node n of the eleant e is an interior point is
: \

arbitrary, in fact, any node: i, j, m or n can be an interior point.
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Generally the constraints vector_{Fi} has four elements one of which is

zero, which corresponds to the interior point,.

{Fﬁ} = ¢ _ (3.4.1.9)

&Y
If m is an interior point instead, then

-

e, _
F) = )

-

From Equation (3!4.1.7) it is clear that‘ on a solid boundary (q = 0)

_the cbnstraint vector has zero elements. The constraint vectors of all
elements are to‘be assembled in the system constraint vector {F}, by
adding the elements that have the same number, thus imposing the Neumann

_boundary condition on the formulated problem.

If the problem.is pﬁrely of the Neumann type, which-is the case

in the applications presented in. this study, the system property matrix
{Xj wili be singular [3]. To remove the singularity, at least one value

“of & on the boundary “(say %5 = 0) has to be specified. Imposing this con-

dition on the problem is equivalent to the choice of an arbitrary constant

- for which the solution is determined. This step is necessary as indica-

ted by the uniqueness theorems discussed in section 2.5.3. The dictation

of this condition on the system of algebfaic equations was done Tetaining
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the symmetric banded nature of the system property matrix. As described
in reference [15}, the procedure is to.multiply the diagoﬁal element
that corresponds to the node at which ¢ is spec1flcd by a large number
(say 108). The correspondlng element in te constraint vector {F} is

also to be multiplied by the same large number.

3.4.2 The Dirichlet Boundary-Condition

Having n; specified values of ¢ on Sp» then one has a set of n,

equatlons of the type

by = g . g (3.4.2.1)

This condition is to be imposed on the agg;mbled matrix (K] and the con-=
straint vector {F} in the same way followed in sectlon‘3.4.li for speci-

- fying a value of & on the boundary. However, it should be noted that when
. the boundary condition is of the Dirichlet type at a-point, it is not
necessary to specify the velocity at that point.. As was mentioned in
section 3.3., the system property matrix is assembléd first and then the
Dirichlet condition islimpoéed by modifying diagonal elements in [K] cor-
respondlng to the nodal points where ¢ is specified. The cdrrespondlng

‘elements in {F} are modified accordingly.

3.5 Discretization and Assemblage Procedure

The discretization and assemblage process is one of the complexi-
ties of three-dimensional field problems in the®finite element procedure.
: Althouéh the basic finite element used in the analysis is a simplé tetra-

hedron, the discretization of the region directly into tetrahedra is

(2]
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diffjgult. An important intermediate step in which the region is divi-

1

ded int compositc modular wnits, is necessary. The composite unit is
composed several tetrahedral elements, and| it shduld be chosen such
that a recursive relatiOn between the node numbers\in the region is per-
ceivable.

It is pecessary at this point to distinguish between a nodal point
"identifier" and a nodal point "number". The nodal point identifier is
used to identify the node within a tetrahedral element within a composite
unit, in other words it is a '"local identification for the node. The
nodal point mumber, or node number, refers to the number of the node in
the whole region, in other words it is a ”global” identification for the
node. . o |

The composite unit used in this analysis is an eight—cornered unit
with one nodal point at each corner. The discretization of the reglon is
done by choosing the coordinates of the corners of the composite units in
the reglon. A property matrix [Sk]'of the composite unit is formulateqD
by assembling the property matrices of the fetrahedra belonging to the
wnit. The choice of the number of tetrahedra and their orientation in
the composite unit is essential in the discretization and assemblage
prbcedure. A suitable choice of the modular unit can provide a versatile
method of discretization and control on the element size. Thé basic re-
quirement to be satisfied for propér discretization is to ensure the con-
tinuity of the region (no cavities or interferences between elements is

allowed).

In this presentation, two types of the composite unit were uséd
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-and compared for the first application. The first type ié a unit com-
posed of five tetrahedarl elements, while the second is a wnit composed
of six tetrahedral clemcnts The six-tetrahedra composite unit scheme
gave more accurate results, and therefore was used in conjﬁhction with

Y

the three'applications considered in this study.

3.5.1 Five Tetrahcdra Composite Unit a

The five-tetrahoara, eight-cornered wnit is shown in Figure (3).
The unit has plane faces, and thcroforc can be usod in the solution of
problcms having simple geometty [13]. The restriction that the faces are
quadnllatrals (opposite sides in one face must be planar), gives rise to
difficulties in the dlscretlvat1on of the reglon The choice of. the
location of the nodal points in the reglon 1s subject to that restriction,
otherwise the continuity of the region is not systematically satisfied.

N :

To overcome this diffioolty, 1f the faces of the unit are not planar, the
orientation of the composite units has to be permutated to insure conti-
nuity, However, tﬂo permutation of the units gives rise to another

difficulty in the prediction of node identifierﬁ, and complicates the

computer programming of the problem.

3.5.2  Six Tetrahedra Composite Unit

The six tetrahedra, eight-cornered unit is shown in Figure (4).
The unit provides a systematic way of discretization of the region. The
continuity of the regioﬁ is automatically satisfied because such wnits can
fit together without permutation. The 'selection of the nodes is more

versatile, and the size of tetrahedral elements is comparatively smaller



Figure 3.

Five-Tetrahedra Composite Unit.

36.

by
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Figure 4. Six-Tetrahedra Composite Unit



than that in the five tetrahedra scheme for the same number of npdal points

This scheme was used for the three applications presented in thi

'3.5.3 Discretization of the region, Node Identifiers apd Node Numb

The region is sliced into a finite number of slabs. On each sec-

tion the same mumber of nodal points.is maintained to obtain a recursive
“relation between the ﬁode numbers in the system. Figure (5) shows a
schematic illustration’of the discretization of the region into composite
'units.‘ Nodes are given numbers to identify each of them in the region.
For example, the nodal point numbers of Fhe first composite unit are 1,
2, 38, 37, 7, 8, 44, 43, which correspona to T1, 12, .., I8 - in Figures
(3) and (4). The corresponding-node identifiers are l;*Z, ., 8. 1t
should also be noted that the nodal point identificrs in the tetrahedral
element were i, j, m and n.

The mesh shown in Figure (5) 1is tolbe adjusted to fit the boun-
daries of the particular prgbiem under consideration. MNumbering the*-
nodal points in the shortest direction reduces the band width of the sys-
tem pfopertynmatrix, thus saving storége in the computer memory.

When using the‘six-teérahedral unit scheme, no restriction is
tmposed on the distribution of the nodes on each face in the discretized
Tegion. 'Iﬁ fact, the faces do nof_have-to be planar.

In this étudy the region was sliced into a maximum of 12 slabs
(13 sections), with 36 nodes per face, The tot%i number of nbdal points
is thﬁs 4@8 nodes, corresponding to 1800 tetrahedrd when using the six

‘tetrahedral scheme.
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‘Discretization can be done using a simple computef program if
the boundaries can be described either numorically or by a simple function.
For compllcated geometries, manual discretization can be used as in the
third application. |
‘i The'recursive relation betwecn nodal point mumbers, as shdwn in

Figures (3), (4) and (5), is summarized as follows

12 = 11 +1

IS_ I1 +n

"I6 = I5+1 ¢

Ié = I1 + ne
I3 = 14 +1
I8 = I4+n
T ;
17 = 18+1 )
. ¢ : .
where (I1, 12, ..., I8) are the node numbers in the composite unit, n_
L =]
S
1s the number of nodes per row in one section and ﬁf 1s the number of
nedes on one face (sectibn). 'f:&§

It is to be noted that, for the first row of nodes in the region, I1 has
1+
the values 1,2,3,4 and 5. It cannot have the value 6, 1n4other words 1t
/
would not have the node numbers of the last column., Also Il cannot have

the numbers of the dgst row in the face.

3.5.4 Assembly of the Finite Element Equations'

‘ The assemblage d?zthe finite elemént equations in a matrix form
is carried out in two steps. The first is to assemble the composite unit
property matrix [Sk], using ldcal node identifiers within the unit,'

'

-
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adding the terms that £all in the same location. The'sgcond step is to

assemble the propefty matrix of the global system from the matrices of

the composite unite u51ng nodal point mumbers. The property matrix

of the’ comp051te unit is shown on the follow1ng pages for the flve
tetrahedral scheme as well as for the six tetrahedral scheme. The assembly

procedure’ of the system property matrix [K]-is shown on page44 for the
first composite unit in the region. The constraint vector_is assembled in

'a.shnilar fashion.

It is noted that the half- band w1dth in the.system property
matrix is of the same order as the maximum difference between node mum-
bers in one composite unit. Thus, it is clear that numberlng ‘the nodes
in the direction of the shortest dlmen51on of the :eglon would Teduce the:
band width of the matrix [K], an; accordingly save computengstorage.

3.5.5 Solution of the System of Equations

. .
A key factor in any finite element program is the subroutine for

the solution of the system of simultaneous linear algebraic equations.

The choice of the technique dependslon the size of the problem envisaged
and upon the type of computer available.

In the simplest fofmulation the equat{ﬁhgrzae completely formed.
This approach requires storage equal to nZ, where n is the mumber of
equations (the number of nodel points as well). Such formulation can
be used only where the size of the problem is small and the computer is
large. The solution of the system of equations in this case can be
obtained by direct methode such as matrix inversion. This method was

used in the present analysis for solution attempts with small number of
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nodal polnts.-

For larger systems of linear
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algebraic equations with special

features, such as having a bandeg;symmetric'matrix; a different type of

storage 1s used to save computer memory.

‘Th the present study‘the \\\

banacd symmetric matrix [K] was

~stored in one column vector starting

"from the diagonal down to the end of

‘the band. The band at the lower

right-hand side corner was extended

and zeros were inserted in the added’

'space, as shown in Figure (6). This
type of storage was'required for the
subroutine used for solving the sys-
teﬁ of equation%._ The solution sub-
Toutine 1S bésed on Cholesky factori

zation method.

3.6 - The'Yeloci;;DField

Hs

1.2} which can be written in component form as

{a)

u = '¢x
v = fy
w = ¢z

" where w, v and w are the velocity

~ . -

elements

) Figure 6. Layout of Equation
‘ Storage in Solution
Subrqutine

The velocity field is reléteq;to the potential by Equation (2.5.

(b) N i (3.6.1)-
(c)

-

components in the x, y and z

A

\
N \\

N ~

N ~



directions, respectively. The derivatives of the pdtential within a
tetrahedral element are given by Fquation (3.3.6). When the values of
the potcnfinl at the nodal poingg arc determined, they can be substitu&cd
back into Equation (3.3.6) to obtain the velocity components within the
tetrahedral element. quever, the following considerations are to be
notedf |
1. s The assumed linear shape function for the potentiél ¢ ylelds
a.fairly accurate solution for ¢, yet it implies that the
velocity within each element has an average constant value.
_ A higher order shape function will give more acéurate values
for the velocity as the derivatives of ¢ are no longer con-

-,

 stant witﬁinbﬁhe ele&ent.

2. The size of the element is a basic factor for accurate velo-
city galculation. In case of a linear shape function of the
potential, the elements have to be made small enough so
that a éonstant velocity within the element could be an
acceptable assumption.

- - . . - - 4 l-.‘ . Q’ -
3. Similar situations arise in structural mechanics. Zienkewic:z
£ L% .
<

[16] suggested the averaging of the stress of two triangular
3
elements, and considered it as the average stress at some

. e .
point within the quadrilateral formed by the two adjacent
triangles. Another évéraging method 1s.to average the stress,
at all the elements suryounding one nodal point and consider

it as the stress at that node. Norrie and DeVries [4] u@%ﬂ

the latter averaging method to apply the Kutla.condition



: ;/ﬁl -
to an aerofoil. However, the averaging procédure is not
recommended at bounﬁary ﬁoints or in the region of high
stress gfadients. Both of the above mentioned averaging
" methods do not take caré of the relative size of the ele-

ments encountcred in the averaging pracedure.

In the present analysis the velocity was checked within some

composite uﬁits using the‘averaging procedure, yet the fesults were found

unsatisfactory because the elément.sizes were not small enough to con-

* sider the velocity constant within the tetrahedral clement.



CHAPTER 4

RESULTS AND CONCLUSIONS

- <€ !’

The-finité element method, as described in previous chapters; is
applied to solve three problems. - The results of the three applicatiens
are presented in subseguent scctions. A Flow Chart of the computer

program used for the solution is given in Appendix II.

4.1 Dimensionless Represcntation of Résults
It is useful to represent the results of the broblem in terms
of dimensionless quantitics.' Some characteristié (reference) parameters
are to be introduced'in terms of which the results can be cxpreséed.
The variables in”a problem can be scaled as miltiples of these parameters,
regardléss of any system of units. One can choose q.characteristic
length L' to which all the dimensions of the problem are to be referred.

Accordingly, one can define a characteristic velocity V' oas —

t

v = L'/T (4.1.1)
where T' is a unit time.
Also a charactcristic potential ¢', can be defined as

s = L'V O (@.1.2)

Denoting any dimensionless quantity by an asterisk one can express any
length in terms of L. For example the x,y and z coordinates can be

written as nultipies of L' as follows:
X
x* = = a
: L (a)

- -48 -
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y* = L . (b)- )
L

(4.1.3}
[ . ‘(C)

e

Similarly, the velocity of V can be expressed in terms of V' as

. Y . ! - f
v | (4.1.4)
Also the potential ¢ can be referred to ¢' as
s e b ‘ - (4.1.5)

¢

Thus, the results can be scaled from the dimensionless representation in

any system of units and for any problem having the same proportions,

4.2 Application 1. Flow Around 90° Corner

A three-dimensional anologue of the two-dimensional flow around $0°
gorner is investigated. This problem was selected to test and com-

pare the results obtained by the finite element method with the exact

solution,

The two-dimensional problem has the solution [17]
oh = g2 oga? o constant,

yrh = ZpApn = constant

where ¢* and ¢* are independent of z*
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.00

0.25.

Figure 7. Flow around 90° Corner

The boundaries were-selected, as shown in Figure (7) and Figure

{8), at

'e*:‘n 0.0, Ev = 1.0
n* = 0.0, n* = 1.0
E*n™ = (.25 |
z* = 0.0, ¥ = 0.156

‘The normal velocity component at the flow boundaries is unif and has
a magnitude of 2.0. The three-dimensional configuration of the flo
region is shown as an isometric drawing in Figure (8) with axes re-
located for the fiﬁite element procedure. The Roman numbers, in Fig-

ure (8) indicate the sections into which the region is sliced, The

50
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nodal points in one row of each section are labelled 1,2,.....,6. The
distance between any two hcighﬁouring horizontal plapes is 0.0313. A
top view of the discretized region is given in‘Figurc (9), whiéh shows
the location of the nodai points on identi¢al horizontal sections.

The résults obfaincd are presented for'each,horizontal.planc,
in comparison with the exact solution. Figures (10) throuhh (15) show
the results ob;ained when using the five-tetrahedra cbmpésite unit .
scheme, Figures (16) through (21) show the results of the six tetra-
hedrq coﬁpbsite unit scheme. The ymximum absolute error § is written
beside each curve. In each of these figures, the nodal points in one
section are located qughefabscissa with an equal sp?cing in between,
and the values of ¢*‘afe represented on the ordinate. The actual dis-
tance between two neighbouring nodes in oné section can be mapped from
Figure (9).

) The problem of the 90° bend was solved varying two parameters;
the height of the flow region and the number of finite elements. The
solution was found to converge towards the exact solution as the element
size was decreased. The six-tetrahedra scheme showed better accuracy -

é;for the same number of nodes, than the five-tetrahedra scheme (the six-

tetrahedra scheme yielded results with less absolute error than the five-

tetrahedra scheme).
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4,3 Application 2. Reducing Bend of Sguare Cross-Section Base
Centred on a Circular Arc, -

The three prbjections of the reducing bend, in this applicatién,‘-
are shown in Figﬁrc (22). Figure (23) shows a top vicw of the discre-
tization of the fléw region in which each cross scction is square. The
scétions are labelled with Roman numbers. The normal velocity component
at the inlet and exit plhncs 1s assumcd to have a flat profile. The
normal compohcnt at the inlct is a;sunnd-to be 1.0, and at the exit 9,0.
Figures (24) through (36) show the equi-potential contours on each
section. In cach of these figures, the left edge is the base of the
cross section and the lower édgc is the side of the scction nearest to
thé centre of the circular arc. The equi-potential levels arelindicatcd
by sets of numbers increasing in size to show the trend of increase of
the potential. The finite clement mctﬁod gave the potential at 36
points (6 x 6) on one cross-section. This has béen expanded to 900
points (30 x 30) using a bi-cubic spline intcgﬁolation subroutine. The
region was discretized using a simple computer program to obtain the
nodal point ceordinates. An arbitrary nodal point was selected and
assumed to have zero potential to remove the singularity from thé system

property matrix,
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"Figure 23.< Top View of Discretized Region
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Figure 30. Equipotential Contours on Section VII




I

]

L

I

N S oW oul

|

T

I&‘IIIIIIIIIIIII!&\II

=N

T

Min. 0.150
Max 0.3%0
Step 0.01

Section Size (0.367 x 0.367)

Figure 31. Equipotential Contours on Section VIII

76



L) Iﬂl Inl LA' A I_’lé ~'t'113| L T'

T

L

T

T

T I I I VA T Ly T T T T T T 111

i

S VN N OO VOO U ) VO O 0 W N

Min. 0,400
Max. 0.680
Step 0.01

Section Size (0.333 x 0.333)

_Figure 32. Equipotential Contours on Section IX

bm

77



T 3
=

TT T 1

-

i

LTI TP T T LT T T Ty T T

I S I S

11

P11 11!

L1 L Py lulYl'ltﬁfTT‘l"tul'l'l"l'lLllL_
Min. 0.730
Max. 1.030
Step 0.01})
Section Siz¢ (0.300 x 0.300)
Figure 33. .[iquipotcntiai Contours on Section X

78



79

—
.—
D
—
-]
-

III!I,_]_\I T l&HITT{L\I-I{Mt\gi

! i 1 1477 1 v v ¥ )3 0 ¢ 8 3 8 3 vyt yo1 ¢ ¥ 4% i ' o[

B 7
- v, g~ : . /
T STETE T A AN AN AN i
Min. 1,135
Max, 1.465 -
Step 0.0l '

Section Stze (0.267 x 0.257)

Pigure 34. Hquipotential Contours on Scction XI



i

™y

L LR

! ljh\

T TTT1

T

LR LR

1
1

r il

L Y o W L S ¥

1

N I N S O O |

L1 1 11

| N O A S R O S

| T Y I O 2 T I B |

Min, 1.655
Max. 2.015 - '
Step 0.015

. " Bection Size (0,233 x 0.233)

80

Figurc 35, Equipotential Contours on Section XII



IllllTl'llEl:ll AII,{T_SI-' Ihlllll‘l\l.lll

llf{\l]l

ljﬂI\l_l'I

y 1 -—

Min.  2.335
Max, 2.755
Step  0.015

Section Size (0,200 x 0.200)

ol

-

Figure 36. Equipotential Contours on Section XIII

8l.



-82

4.4  Application 3. Reducing Bend with a Rcctangulaf‘lnlet and an
Annular Outlet

In this application the problem of a reducing bend of complicated

~geometry is considered. The bend is a compressor intake in a ground

power unit. Due to certain space limitations and other design consider-
ations the bend has non-streamlined shapc.- In an attempt to modify

the present boundaries, to produce a more usecful cohfiguration, the
potential solution is soﬁght for-uniform'normgl companent: of velocity

at the inlet and the outlet planes. Figure (37) and ﬁigﬁfe (38) show

an isomctfic configuration of the upper half of the bend, while Figure
(39).shows the bend in three projections, The bend is symmetric about
the bottom plane. This symmetry condition allows the flow region to

be considered simply-conncctcd. The flow region is divided radially, as
shown in Figure (37), with the angie ] mcasurcd in counter-clockwise

direction. The sections are labelled with Roman numbers ﬁs shown in

.Figurc (37). The area ratio of the inlet to the outlet is 5:1, The

normal velocity at the inlet is assumed to be 2.0, and at the outlet
10.0. Figure (40) shows the potential values at tho nodal points on
the inl%t planc; dnd Figure (41) shows the corresponding values at the
exit. PFigures (42) through (54) show the potential values on the
thirteen.scctions of the discretized region. The discretization of the

region for this problem was carried out manually, 'The use of the six-

tetrahedra scheme provided a versatile way for the seloction of the

nodal points on each section.
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used with a linear shape function. Two discretizafion schemes were fol-
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4.5 Concluding Remarks

The study presented Js'an attempt to solve the threc—dimenéional
Laplace™field problem for complicated geometries, using the finite ele- ;
ment method. The problem is difficult to handle with conventional

ta

methods: For example: _

a. 'In the finite difference mqthod,.it is difficult to implement
the boundaries if they are irregular. Also the book keeping
of the'numerical analyses, already bulky for plané’flow, be -

comes even more cumbersome for the three-dimensional case.

b. The experimental alternative of electrdlytié tank analogy

is more expensive., Also imposing the boundary conditions
(such as specified normal velocity component) is not prac-
_ tical. Furthermore the tank has to be built for the speci-

N S
fic prdblem and may not be used for another problem,.

- C. On realize that therd is no point in considering graphi-

cal methods for such a problem since a satisfactory depiction of the’
solution is difficult and progressive modification,is‘inCOnL,

-~

‘ -ceivable.
>/i. In-the.prgsent sEudy the simple tetrahedral }inite element was ] -
L
lowed and compared with the éxact solution of a test problem:
- In the first scheme the region was divided into a number of
comp?site*éight cornered units, each of which is subdivided

into five tetrahedra. The total number of tetrahedra in the

regioﬁ was 1500 joined at 468 nodal points. The discreti-



lems:

RS SRR R . - i e+ ——

(4]
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zatlon was subJect to the restrlctlon that the surﬁaces of
the comp051te unit must be planar ’ S

In the second scheme the composrce eight cornered unit wae
divided into six ‘tetrahedra. The total number of tetrahedra
was 1800, joined at 468 nodal points. Thus, more elementsl
were used for the same number of nodes, as‘ given in the
first scheme. The results ootained, using this schemei,_ were

more accurate the average error was approxnnately half the

-erroT encountered when using the first scheme Moreover

the scheme prov1ded a versatile discretization procedure,
and therefore was used in the further applications considered

in this thesis. ~

The finite element solution developed was applied to three prob-

Flow around 90%orner with a known two-dimensional exact
so}xtlon The results obtained from the finite elehent
method were compared with the exact solution. The potential’
values calculated were in good agreement with the exact
values (see Figures(16)through(21)). -

A reducing bend of square cross section. The equi-potential

contours on several sections in the flow region are plotted in

.Figure (24) through (36).

A reducing bend of complicated geometry. The bend has a rec-
tangular inlet and an annular outlet. One would find diffi-

culties in obtaining the solution of this problem using other
—



-

methods. -The potential values wcrg‘computeq at various

- sections iﬁ the'flow reéioﬁ {sce Figure 40) throuéh‘(%ﬂ)),
For each og the three applications, and as a corollary to_the‘mean value -
theorem of a harmonic §antion; it'is'qoticcdfthat'fhé poteritial dees .
not have a maximum or a minimum in the interior of the flow domain. §

A versatile, économical computer program was formulated fo; sol- .
ving thé problem, using less than 50 seconds- (Central processing) exe-
cution time for cach one of the fhrce pfoélems.‘ The program can Be used to-
solve similar probiemS'(same governing equation and boundary conditions)
inlrelated fields such as heat transfer, electrostatics and electromagnetic
problems..

The accuracy attained was limitedjby the capacity of the compu-
'ter storage avéilable, which was in turn determined by the subroutine
used for ﬁplving the system of linear algebraic equations. As a direct
consequence of this limitation the velﬁcity field could ﬁot be accurately
determined. \

Further extension of the stu&y may consider more efficiént com-
puter.storagé techniques for the sparse, banded, symmetric matrix of the

P

resulting system of equations. Thus, a more accurate solution for the
potential as well as the velecity field can be obtained using more ele-
ments in the region. Another alternative would be to consider'; second,
or higher, order shape function for the tetrahedral element. Also,lone
may consider the use of curved-Surface elements. The extension of the‘
method for solving the vorticity transport‘equatioﬁs may also be ‘in- . —%\F*«

vestigated. _ N

A detailed computer listing is documented in reference [19].
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APPENDIX I*
. REFORMATION OF A BOUNDARY-VALUE PROBLEM IN TERMS OF s

THE CALQULUS OF VARIATIONS

Since the Finite Element Technique is a method of solution based

on the caleulus of variations, the following boundary-value problem,

which is frequently encountered in the solution of field problems, is of
B ' * Y

particular interest. Obtain the solution surface

$ = (XJY!Z)

which satisfies
Doy Ay 3y L33y, el
X X ax) ¥ 3y Y ay) ¥ 9z (2 az’ 6=01inD,
subject to either

‘“ '
(1) ¢ is specified on S,

-

or _
3¢ 9% 3¢ -
(2) X 3 Oy * Y §§'ny + Zaz n,+q+ap =0onS§S,

where X, Y, Z, G, q and a are functions of X, ¥y and z, and Ny, ny and n,

are the three COmpodénts_of the unit outward normal, n, to S. § is the

surface enclosing the three-dimensional region D. It is assumed that
this bounding surface S is sufficiently regular so that the divergence
theorem applies. | .

d This boundary value problem can be transformed to the following

* This appendix is taken from Reference [4].



problem in the calculus, of variations (see-Reference [18]).

Among all functions v which are continuous and have piecewise
*"3*continu9us first deriva#ives in D, (i.e., D éan‘be subdivided into a
finite number of éubregioné in each of which thé first partial deriva-
tives of v are continuous and\have limits as the'boundéry is approached

-

from the interior}, minimize the functional

Xv) = 'tl‘ [ (Xv 2+ Yvy?+ Zv_?}-Gv] dxdydz +

H [qv + % av?] dS (1-1)
S

where v = %%—etc,, and dS is an element of surface area, The minimi-

zing function will be a solution to the boundary-value problem stated
above. | |

Oﬁly the necessary conditions for the solution of this variatio-
nal problem will be derived. in order to obtain these necessary con-
ditioﬁs, it is assumed that there exists a solution ¢, witﬁ continuous

 second order derivatives in D, which minimizes the functional (I=1).

101

Then ‘ @

X (e+ech)y-X()?2* 0 : (I-2)

where £ is an arbitrary constant and h is an arbitrary function from the

class of admissible functions, i.e. is continuous and has piecewise con-

timwous first derivatives in D. Using relation (I-1), the inequality

(1-2) reduces to

[



102

e2[ [[l i {Xp 2+ Yhy2+ Zh_?} dxdydz + [I i ¢h2dS] +
D | S

‘. - S
------ . . (I‘ 3)

The result (1-3) must be true for arbitrary e. Therefore
4

n
o

!JJ {th¢x + Yhy¢y + th¢z - Gh} dxdydz + ([ {gh ah¢}dS
. g

4
forrérbitrary h. Otherwise given an h, an e could be chosen sufficient-

ly small and of the proper sign, so that

e?[ J j& (Xh 2 + Yhyz + Zh 2} dxdydz + J‘ % ah? ds] +

D S

e[ J{ {Xn o, + Yhy¢y + Zh s - Gh} dxdydz + Jl {qh + ahs} dS] < p
D S

contradicting the inequality (I-3), see (Reference [18]).

Consequently

i[] (Xhyo + Yho + Zh ¢, - Gh} dxdydz + J}‘h{q +apr dS =0  (1-4)
D s’
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and noting that
Xhee, = (WXe, )y - h(Xe ).,

with similar results for_Yhy¢y, and th¢z, equation (1-4) reduces to

[JJ 'h[(x¢x)x + (Y¢’y)y +‘ (Z¢Z)Z + G] dxdydz +
D ' : |

TJJ [(hXs )+ (BY8 )+ (h2¢,),] dxdydz + J{h{q +as} dS £ 0, (1-5)
5 . 2

s /

Since ¢ has continuous second order derivatives in D, and h has piece-
wise continuous first derivatives in D, then Green's identity may be

applied to the second temm in equation (I-5), i.e.
[JJ [(hXe )+ (WY3.) + (026,),] dxdydz = JJ h{Xen* Yo n + Z¢n,] ds

ﬁ---l-:- (1-6)

Substitution of relation (I-6) into equation (I-5) results in

o

JJ B0, * (o), + (o), + 6] dxdyde +
Wlp . ' |

[ . N _
[ h[X¢xnx + Yqbyng"ﬁ' Z¢znz +q + a-¢]‘ ds = 0 _ _— . (I-7)
S
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Since h is arbitrary, it can be chosen to be. zero on the bounding
surfgce S but otherwise arbitrary iﬁ D. Hence the surface integralx

in (I-7) vanishes, and c%hsequgntly

i” -h‘[(}(¢,x)x + (Y¢y)y + (24,2)z + G] dxdydz = O .
D : ' - '

which implies that

Koy + o)+ (@), + G = O

in the interior of D.- Howeter, this ‘in turn implies.that the integral

over the domain D in equation (I-7) vanishes, and hence that

[[ h[X¢xnx + Y¢yng + Z¢znz +q+ap] dS = 0O {1.8)
S .

To satisfy equétion (I-8), the folloﬁing choices of h are of particulaf
inferest:
(@) h = 0 on S but otherwise arbitrary and non-zero in D.
This corresponds to the case where the boundary condi-

tion is prescribed as ¢ = g{x,y,z) on S.

(b) h = arbitrary and non-zero on S and in D. This forces
X¢xnx + Y¢yny'+ Z¢sz +q+ap =0 on S, which is the
natural boundary condition associated with the functional

1.
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(c) Conditions (a) or (b) on a separate or connected”

boundaries S;, S,, ----, S, in any combinatiorn where

Therefore, if ¢ is not prescribed on S, then the solution to the varia-

tional problem’ is the solution of
Koy + Yo ), + (Z6,),4 6 = 0inD,

{’ -
subject to , /

C

+q+as = OonsS,

-~

'x¢xnx + Y¢yny + quzn

which is indeed the same bounciary-y’alue_problem, which was stated pre-

viously in this appendix. If, on the other hand, ¢ is prescribed on

part of the boundary SD as - -

$ = gonSD,

and furthermore, on the remaining part of Sc
X¢'xnx + Yqbyng + 2:‘4>zn_Z *9+ % = Oon S,

where

S

and, as before? ¢ satisfies. -

3 x 39y . 2 30y, 3 - 3%
X aax)+"§?(Y§f)+az (Z az)+‘3_

0 in D,

L
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then it is clear from the discussion of equation (I-S) that the

function ¢ which minimizes the functional (I-1) 1is indeed the solution

>

to the problem posed above.

It is noted that for the special case when X = Y = Z =1, thére ob-
tains . ° T

vZ¢ + G = Q. in D,
with

D

$ = gons
~ ¢

wheré g is the prescfibed value of ¢ on SD;'and

%%—+ q +:a¢ = 0 on SC

where
S.= Sy+S¢ .
which is a boundary-value problem of a type frequently eﬁcountered in

potential problems.
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APPENDIX I1

FLOW CHART OF THE COMPUTER. PROGRAM OF THE FINITY; ELEMENT SOLUTION
' START

+
READ AND PRINT INPUT DATA

:

ZERO SYSTEM PROPERTY MATRIX K AND CONSTRAINT VECTOR F

] LooP I = 1, NUMBER OF COMPOSITE UNITS l

A l '

ZERD COMPOSITE UNIT PROPERTY MATRIX[SkKJAND CONSTRAINT VECTOR{SF}

7

LOOP J = 1, NUMEER OF TETRAHEDRA IN COMPOSITE UNIT
& )
LOCATE ELEMENT CONNECTIONS AND PROCESS ITS PROPERTY MATRIX [KE ]

!

4 CHECK IF ELEMENT HAS FLOW BOUNDARIES

| ! TRUE ..

PROCESS ELEMENT, CONSTRAINTS VECTOR {FS}
e

ASSEMBLE [K*] IN [Sk] AND {F®} 1IN {SF}

1 FALSE

_ ASSEMBLE [Sk] IN [K] AND {SF} IN {F) S~
- . ]

¥ N
"L SOLVE THE SYSTEM OF EQUATIONS

!

PRINT RESULTS




