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ABSTRACT 

of 

TAXATION AND BEHAVIOUR UNDER 'UNCERTAINTY 

by 

Syed Mainul Ahsan 

This dissertation examines the economic effects of alternative 

taxation policies on household consumption and investment decisions under 

uncertainty. A consideration of the alternative approaches to a theory of 

decision-making under uncertainty (Part 1) reveals that maximisation of 

expected utility is consistent with rational behaviour in a world of 

uncertainty. Howeve~, an alternative criterion of minimising the 

probability that the risky outcome will fall below some critical level 

(the "safety-:first" principle) may also appear as rational. Consequently, 

we consider both types of behavioural models. 

In a single-period framework (Part 2), the particular decision 

process we consider is that of an individual allocating his initial 

wealth between riskless assets with a secure rate of return and risky 

assets with a random rate of return. We then investigate the effects of 

taxation on risk-taking (both social and private). 

We observe that a chance-constrained portfolio choice model can 

be interpreted as a reasonable description of the investor's concern for 

safety, and that the qualitative results regarding portfolio separation 

(implying that optimal risky asset ratios are independent of initial 

wealth) and the effects of taxation (suggesting that a proportional or a 

lump-sum tax with full loss offsets encourages a movement towards the 
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riskier assets) are the same both for a normal distribution of asset 

returns and the alternative assumption of a lognormal securities market. 

Part 2 also investigates the effects of a simple pr~gressive 

tax schedule (a linear tax with a marginal tax rate which applies both 

above and below an exemption level) on risk~taking. Assuming only that 

the investor is a risk-avertor and that the risky asset is superior (or 

alternatively, assuming only decreasing absolute risk-aversion), we show 

that linearly progressive taxation of investment income (with full loss 

offsets) encourages the demand for the risky asset, and that exempting 

risky capital gains (losses) from taxation discourages (total) risk­

taking. We further show that a linearly progressive tax on investment 

income leads to greater risk-taking than a flat rate proportional tax 

where both ~f these taxes lead to equal losses of expected utility for 

the investor, or alternatively, where they yield the same expected 

revenue. 

Part 3 considers models of portfolio choice and consumption 

allocation in an intertemporal context. Apart from taxation of non-asset 

income and the case where the rate of return on riskless investment is 

zero, the kind of a priori restrictions we have placed on single-period 

preferences are no longer sufficient to determine the effects of taxation. 

However, given the relative nagnitudes of the income elasticities of 

consumption and of the risky asset demand, assumptions on the risk­

aversion measures allow us to determine these results. This anal}~sis, 

therefore, also indicates the kind of empirical knoftledge that is 

required in order to meaningfully discuss the implications of alternative 

taxation policies. 
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We further pursue the framework of intertemporal consumption­

portfolio allocation to analyse the long debated issue of the differential 

incidence of a consumption (expenditure) tax rather than an (investment) 

income tax. We find that under some reasonably interpretable conditions, 

the differential incidence of a consumption tax is to encourage risk­

taking and discourage saving more effectively than an investment income tax. 

This result is in conflict with the general consensus in the literature 

that an income tax discourages saving as compared to a consumption tax. 

We, therefore, conclude in this context that with the introduction of 

uncertainty, the implications of fiscal policy are modified in an important 

way. 
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PART 1: INTRODUCTION 

" ... Our lack of economic knowledge is, in good part, 
our difficulty in modelling the ignorance of the 
economic agent" (Arrow [4], p. 1). 



CHAPTER I 

SOME INTRODUCTORY NOTES ON TAXATION, RISK AND UNCERTAINTY 

In this chapter, we indicate the nature of the problem to be 

studied and explain why the problem is worth discussing. We shall also 

attempt to justify our basic approach to the treatment of uncertainty. 

1.1 The Problem: Its Definition and Importance 

In general terms the subject matter of this dissertation can be 

described as an analysi~ of the consequences of government budget policy 

on household behaviour in a world of uncertainty. By government budget 

policy, we mean the alternative tax-transfer schemes that the government 

can adopt in order to attain its objectives (e.g., proportional vs. 

progressive taxes, taxes on consumption rather than taxes on income). In 

a single period framework, the particular decision process we consider is 

that of an individual allocating his initial wealth [endo~uent] between 

riskless assets with a secure rate of return and risky assets with a 

random rate of return. In the language of portfolio theory both these 

types of activities are known as investments, and, in particular, investment 

in the risky asset is termed risk-taking. We will use the phrase risk­

taking increases when, given the amount of initial wealth, the demand 

for risky assets increases. In an inter-temporal context, ~e simultaneously 

allow consumption decisions as well as the investment decisions just 

mentioned. One of the major differences between the two types of 

decision processes is that while the investment fund is fixed by initial 

wealth in the former, the individual can, by adjusting consumption 
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expenditures, vary the fund to be allocated to portfolio investments in 

the latter. Within these frameworks of individual decision-making, 

alternative taxation policies and changes therein may have many effects 

(e.g., on the rate of interest, on wages and other incomes, on saving 

and investment, on profits and losses, on consumption habits). But, since 

we are dealing with models of individual behaviour, we focus on the 

effects of alternative taxation policies on the variables that are under 

the control of these economic agents, i.e., on investment, consumption 

and saving strategies with a particular emphasis on risk-taking. A full 

account of the economic consequences of taxation policies, however, 

would have to be sought in a general equilibrium context and is not 

attempted here. Nevertheless, we shall argue that the present topic, 

i.e., the effects of alternative taxation policies on individual decision-

making under uncertainty, is a significant one. 

Throughout our analysis we make the assumption of perfect markets 

in the competitive sense, i.e., the rate of return on investment is 

independent of the amount invested. In other words, the investor is 

"small" compared to the market. For this reason, our analysis is not 

quite applicable to investment in real capital where the prospect of 

the return is thought to be very much dependent on the amount of investment. 

Thus, it is generally held that the main applicability of the present 

analysis is in explaining Stock Exchange investment. l This is clearly 

the case with models of single-period analysis (Part 2 of this thesis). 

Fortunately, not all of our discussion need be given such a narrow 

1For instance, see Hicks [31] for a similar remark. Also note that 
we do not consider borrowing by the investor. Dropping this restriction 
might modify some of our results. 
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interpretation: as soon as we incorporate such primitive decisions as 

consumption and saving in an inter-temporal setting, the preceding 

remark regarding the specific applicability of our analysis loses its 

strength. Given that the future is necessarily uncertain (there being 

very few future's markets) and that the individual economic agents are 

"small" compared to the economy, the analysis of Part 3, intertemporal 

analysis, would seem to be quite appropriate for the discussion of the 

broader questions of fiscal policy as it affects most rational decision-

making units in the economy. 

Lump-sum taxes, even though they affect behaviour do not change 

any relative prices in the economy and, thus, are thought to be the 

2 least distortionary of all taxes. However, most real-world taxes are 

not of this kind and in many instances lump-sum taxes are not desirable 

on grounds of economic equity and justice. Typically, therefore, taxes 

change market allocations. In this dissertation, howeyer, our main 

concern is not with the welfare consequences of such changes but with 

the descriptive question of what precise effects will alternative 

budgetary policies have on different economic variables. Such knowledge 

can also serve as an input in devising an optimal tax structure under 

uncertainty. 3 "Therefore", as J.fyrdal has argued, "the proble:l of 

2In the language of price theory, we say that a lUllp-sun tax 
generates an income effect but no substitution effect. Sane other taxes, 
depending on the particular context, may yield a similar result. But, 
a priori, it may not be obvious ~nich other taxes are, in effect, 
equivalent to a lump-stDn tax. 

3 The problem of optimum taxation involves choosing a tax 
structure, given the government's revenue requirements, such that social 
welfare, in some sense, is at a ma.xilnUDl.. Th~ fundamental vork in this 
area is that of Mirrlees [47] .. However, the I discussion bas, so far, 
been in the context of a world of certainty .. ! 
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incidence pas logical priority also from the Ipoint of view of welfare or 

justice" ([52 ] ~ p. 186).4 

To conclude this section, let us ref by way of an illustration, 

to an important issue of tax reform. One of the major innovations of the 

Carter Connnission [60] was to argue for a com rehensive tax base. The 

principal rivals for this 'title are income a d consumpti~n [expenditure]. 

The Commission argued for income, while Nich las Kaldor ~2] argued for an 

expenditure tax. The principal rationale be~ind Kaldor's argument was 

the belief that a tax assessed on expenditur . does not discriminate 

against either saving or ~isk-taking as opposed to an income tax. On 

the other hand, Musgrave LSI ] felt that if all savings were for future 

consumption, this choice was unimportant. He had earlier demonstrated 

this to be the case under the conditions of certainty in his celebrated 

text [50]. Later on in this study (Chapters ~ and VI) we will see that 

Musgrave's conclusion, although valid in a WO~ld of certainty, no longer 

holds once we are in the realm of uncertainty. This remark, it is hoped, 

will indicate the importance of a systematic study in order to meaning-

fully discuss fiscal policy questions under u certainty. 

I.2 Treatment of Uncertaint robability Theory 

In the last section, we words "risk" and 

"uncertainty" without caring to discuss how t ey were precisely defined. 

This section attempts to clarify our stand on probability theory and its 

relation to decision-making und~r 

4Myrdal uses the term incidence in thb sense of the comparative 
static effects of changes in the alternative laxation policies on 
different economic variables. This is distin t from the conventional 
notion of the term. Musgrave ([ 50] , pp. 207-2 8) defines incidence as 
the resulting change in the distribution of i come. 

I 

I 
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Most decisions require choosing an ~ct a. from a given set 
1 

A = {ail, i=l, ... ,n. If any such act leadSlto a unique set of conseq-

uences {ui }, one could label the procedure s choice under certainty. 

However, when an act a. leads to one of a s t of consequences 
1 

U = {u .. }, j=l, ... ,m depending upon which element of the set S = {s.} 
1J J 

5 of the m-states of nature obtains, we are in the realm of decision-making 

under uncertainty. We may denote the set U = {u .. } as the set of utility 
lJ 

payoffs. Essentially, therefore, the state-de endence of the payoff 

structure of an act characterises choice under uncertainty.6 

As we have learned from decision-m ing under certainty, rational 

behaviour means behaviour according to some ordering of alternative acts 

in terms of their relative desirability. But, this relative desirability 

of alternative acts depends, in an uncertain world, upon which state of 
I 

nature prevails and this the individual ag nts are not supposed to know 

(at least completely). Thus we have an problem: the ordering 

of uncertain consequences. This ordering on how one describes 

these uncertain consequences and to this c nsideration we now turn. 

Although the agent is ignorant of nature that will 

prevail, he might very well possess a subj ctive probability distribution 

over the states of nature. (Behaviour nee not be a random phenomenon!) 

Such subjectivity, as Arrow [ 3] noted, rna very well stem from observations 

5Arrow defines a state of nature a a description of the world so 
complete that, if true and known, the cons quences of every action would 
be kn own C [ 3 ] ~ p. 45). 

6It may be noted that this definit'on of uncertainty is distinct 
from game-theoretic uncertainty. In the 1 tter event, the set of states 
S = {s.} are not the strategies employed b Nature but rather by other 
consci6us agents. The type of uncertainty we are interested in is better 
described as ngames against natureH . 
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on the external world. In the literature, there exists a considerable 

debate regarding the meaning (or merit, or both) of alternative 

representations of the agent's information (however incomplete) concerning 

the states of nature, and, consequently, regarding the alternative 

characterisations of behaviour under uncertainty.7 

Most of this debate was concerned with the appropriateness (or 

the la~k thereof) of probability theory in describing uncertain 

consequences. For instance, Shackle felt that if the individual does 

not have the ability to repeat the experiment indefinitely often, then 

probabilities, being essentially long-run frequency ratios, are irrelevant 

to his conduct. In general, it is clear that probability if defined as 

an objective measure of relative frequencies implies that probability 

statements cannot describe all kinds of ignorance. Both Fisher [23] and 

Keynes [33], on the other hand, viewed probability as a measure of degree 

of belief (subjective). Even then, probabilities, according to Keynes 

[33], are not necessarily measurable. This led to Knight's distinction 

between risk and uncertainty. He defined risk as measurable uncertainty, 

while true uncertainty was not quantifiable: lithe essence of the situa-

tion [uncertainty] ... [is] neither entire ignorance nor co~lete and 

perfect information, but partial knowledge" (p. 199). '~ght's 

uncertainties", commented Arrow, "seem to have surprisingly uany of the 

properties of ordinary probabilities, and it is Dot clear hoM ~cb is 

gained by the distinction" ([ 3], p. 18). 

In sum, the major source of discontent of these authors vith 

7See , for instance, Keynes [33], Knight [35], Fisher [23] and 
Shackle [66], where each of the authors had something different to 
suggest. 
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the probability theory related to their view that probability statements 

cannot describe all types of uncertainties. However, Ramsey has argued 

that this need not be insuperable: '7he kind of measurement of belief 

with which probability is concerned is not this kind but is a measurement 

of belief qua basis of action tl ([57], p. 171). Following the advance 

made by Ramsey, Von Neumann and Morgenstern [74] later established the 

following: If a person is able to express preferences between every 

possible pair of gambles, where the gambles are taken over some basic 

set of alternatives, then one can introduce utility associations to the 

basic set of alternatives in such a manner that, if the person is 

guided solely by the utility expected value, he is acting in accord with 

h " 8 
lS true tastes. This result only requires that the individual is 

consistent in his tastes. It should be noted that this result justifies 

expected utility maximisation without having to interpret probabilities 

as long-run frequency ratios. In other words, probability distribution 

is relevant even when only one event is to be observed. Furthermore, this 

procedure of assigning utilities to outcomes can be accomplished without 

his being consciously aware of making his decisions in this manner. 

Later, Savage [64] has generalised this result. Rather than 

asswning subjective probability as Von Newnann - Morgenstern do, he 

generates a subjective probability measure as a consequence of his axioms 

of consistency. These results, therefore, render any distinction between 

risk and uncertainty -- in the sense of Knight -- quite irrelevant for 

8This particular wording of the Von Neumann-Morgenstern result 
is due to Luce and Raiffa ([41], p. 21). 
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purposes of a theory of decision-rnaki~g. We maYI therefore, use these two 

concepts synonymously. 

The expected utility theorem; 'therefore; 'appears as the fundamental 

postulate of rational behaviour under uncertainty, Indeed, most of the 

discussion to follow -- Chapters IV through VII -- are expected utility 

analyses of the effects of taxation on household behaviour. 

There are situations, however, where additional criteria may appeal 

to the intuition as being rational. 9 One such class of approaches 

involves, as a criterion of ordering, minimisation of the probability that 

dutcome will fall below some critical level. IO These may be referred to 

as Safety-First models. Arrow [ 3] and Marschak [46] have argued that the 

above rule would be a special case of the Von Neumann-Morgenstern theory, 

while Roy [59], who also proposed this rule in the theory of portfolio 

choice, did not favour such an interpretation. This is our subject-matter 

in Chapters II and III, where we show that Domar and Musgrave [16] also 

had a similar idea; and, furthermore, that Naslund's stochastic programming 

model [53] also has a modified safety-first interpretation. 

1.3 Specific Role of this Thesis 

It is commonly believed that the true driving force behind modern 

9 One other approach toward a theory of uncertainty is that of 
Shackle. For a critical review of his contribution, the reader is 
referred to Arrow [ 3], Baumol and Graaf [25] and Egerton [18]. However, 
his critics usefully pOint out that his theory is not capable of 
explaining portfolio diversification which is at variance with everyday 
experience and, thus, Shackle's theory cannot be a useful alternative in 
the present context. 

lOThese approaches would, in effect, alter the objective function 
and not the underlying approach to probability theory. 
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capitalist growth is entrepreneurship ...... the wj.llingness to take risk. 

There has be.en much concern that taxes may discour.age risk-taking. But" 

in economic theory the conclusions have been quite different, Both 

Tobin [72] and Domar-Musgrave corne to the conclusion that an increase in 

the proportional tax rate on portfolio income will, with full loss offset, 

increase the holding of the risky asset in a portfolio of a given size. Il 

For no loss offsets, the effect is indeterminate. 

Leaving until later chapters the discussion of whether such 

results are intuitively plausible or not, we note that the theoretical 

foundation of the above-mentioned analyses is quite unsatisfactory. 

Consequently, the predictions [the effects of taxation] can be no more 

reliable than the behavioural models from which they emerge. We review 

here the approaches of these authors: 

(a) Mean-Variance Approach. Recall that Tobin's analysis [72] -- and this 

led to a decade of such studies -- requires that individuals chose the 

optimum portfolio allocation considering only the mean and the variance 

of alternative portfolio returns. The limitations of this framework are 

well known. However, to illustrate, we mention the following: 

(i) First, there is no inherent reason why the first two moments'of a 

probability distribution will provide sufficient inrormation to choice 

under uncertainty. Consider the following example due to Mossin 

([4~, p. 26), where 

A 
B 

y 

2 
6 

f .. (y) 
1..-

1/4 
3/4 

y 

4 
8 

--------------~----------~.-... - ' 

llBy a portfolio of given size or a fixed 'portfolio" we mean that 
as in single-period models, the fund (initial endowment) out of which the 
investor allocates his portfolio is fixed. 
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y denotes the outcome with £1(Y) and £2(Y) as alternative probability 

distributions. In both cases> the means are equal to 5 and the variance 

3. But there does not seem to be any convincing reason why one should be 

indifferent between the two choices; 

(ii) One way to justify sole concern for mean-variance is that we have 

a quadratic utility function,l2 i.e., 

U(y) 
2 

= y-by , b > o. ... (I-I) 

But such restrictions on preferences are unsatisfactory for at least two 

reasons: 

(a) Marginal utility> UI(y), becomes negative at finite incomes, which 

is contrary to experience and tonon~satietyaxioms we usually accept in 

consumer theory; 

(b) Even. if one restricts attention to that range of y for which U'(y) 

is strictly positive> the demand for risky assets decreases with wealth; 

(iii) A second way of justifying the mean-variance approach is to assume 

a two-parameter distribution, e.g., the Normal. This may be appropriate 

in certain circumstances> but, may not capture many important situations 

(e.g., the simple example given in the table above cannot be ruled out 

as "unrealistic"). 

(b) Domar-Musgrave Approach. In Chapter II of this dissertation Ke 

shall argue that a closer examination of the approach taken by Donar and 

l2This can be seen as follows: Taking expectation of the utility 
function> (I-I), we have2 

E[U(y)] = E[y-by ] 
= ll-b [~2+q2] , 

where ~ is the mean and 0 2, the variance of y _ Thus expected utility is 
completely determined by the mean and the variance of the underlying 
probability distribution when there is a quadratic utility function. 
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Musgrave leads, contrary to their original assertion, to the following 

result: a change in the proportional tax rate on portfolio income with 

full loss offset has no effect on risk-taking. 

With these. reservations on the traditional analysis in mind, we 

are, therefore, left with no basis for any claim that increased taxation 

encourages risk-taking or discourages it. This thesis is thus concerned 

with re-examining this .and related questions. We do so in two steps: 

(1) First, in keeping with the traditional analysis (Fisher and Keynes 

[34]), we concentrate on pure portfolio theory, i.e., portfolio 
.'1:' 

allocation out of a given initial endowment. The major questions asked 

in this context are, whether a proportional tax encourages risk-taking 

and, whether progression would change this result. In the process, we 

focus on behavioural models of both the general expected utility of 

wealth and the "safety-first" types. 

(2) Next, we depart from tradition and consider models of portfolio 

choice and consumption allocation in an intertemporal context -- an area 

that has been inadequately discussed by fiscal theorists. In these 

models, as has already been mentioned, households simultaneously 

determine t~e optimal size and the opt~l composition of the portfolio. 

We devote a considerable space (Chapters V and VI) to'the discussion of 

simple two-period models which capture this feature of intertenporal 

preferences. Since, our main interest is to derive the implications of 

temporal ("delayed" or future) uncertainty on current decisions, this 

would also seem to be appropriate.. HOllie",er, in Chapter VII, we e.x.anU.ne 

a discrete-time dynamic programming model with an infinite horizon in an 

attempt to discover if the results of the two-period EGdels still hold in 
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a more general framework. 

The main question we ask in these contexts,is whether the results 

of pure portfolio theory (Part 2 of this thesis) depend in any fundamental 

way on the assumption of a fixed investable wealth. This would 

simultaneously tell us whether increased taxation (of different types) 

favours a substitution of present over future consumption through increased 

or decreased risk-taking. We must, however, bear in mind that giving up a 

dollar of current consumption does not necessarily result in a certain 

increase in future consumption because of the uncertainty of capital risk: 

13 "the more one saves, the more one stands to lose ft (Sandmo [63], p. 353). 

The other major question we raise relates to the differential incidence
14 

of consumption rather than investment income taxes (Chapter VI). In 

particular, this provides a formal test of Kaldor's proposition that a 

tax on consumption does not discriminate against risk-taking and saving, 

WIL1_ltal1 income tax does. The last chapter (VII I) attempts to swnmarise 

~_;,-.:, i'-lZLin findings of our study and their possible interpretations. 

13This is strictly true of investment in risky assets. However, 
the investor saves both in the safe and in the risky forms. 

l4Differential incidence of a change in the taxation policy 
measures the effect of a policy change such that the net revenue due to 
changes in the tax paranleters is nil. See Musgrave ([ 50], chapter 10) 
for a discussion of this and other incidence concepts. 



PART 2: SINGLE-PERIOD ANALYSIS 

fl ••• Single-period analysis is always a first step". 

(Hicks, J.R.: Capital and Growth.) 



CHAPTER II 

SAFETY-FIRST, RISK-TAKING AND TAXATION 

This chapter analyses several models which use the minimisation 

of the probability that the return from investment will fall below some 

critical level as a criterion for ordering uncertain prospects. Domar-

Musgrave 116], Roy [59] and Marschak [46] have all offered alternative 

approaches to the problem. Under some conditions., as has also been 

mentioned in Chapter I, the approaches of Domar-Musgrave and Marschak 

become special cases of the expected utility theory. Roy, on the other 

hand, deliberately avoided any expected utility interpretation. l Instead, 

he minimises an upper bound of the probability that investment income will 

fall below the disaster level. In this chapter, we examine the behavioural 

implications of such restrictions on preferences. We find that none of 

these approaches satisfactorily achieves their stated goal, i.e., to 

consider the minimisation of the probability of loss. It is also shown 

that, if we adopt Roy's formulation, investors do not hold risky assets 

if a safe asset is available. Such extreme caution does not seem very 

reasonable. However, in the next chapter, it will be sho~n that a chance-

2 constrained programme of the type employed by Naslund [53] can be vie~ed 

as a generalisation.of Roy's safety-first principle in the sense that it 

lAS a matter of fact, Roy believed, in the tradition of the 
frequency school, that probability statements cannot describe all types 
of uncertainties, which, as we have sho~n in Chapter I, cannot refute the 
expected utility hypothesis. 

2Optimisation problems ~here the constraints appear in the form of 
probability statements can be described as a chance-constrained pro~e. 

IS 
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allows for an interior solution (i.e., diversification in the presence of 

a safe asset). 

In terms of the effects of taxation, it is found in Section 11.2 

that a rigorous interpretation3 of the Domar-Musgrave model of investment 

behaviour yields the result that a change in the proportional tax rate on 

investment income with full loss offsets has no effect on risk-taking, and 

that, in the absence of loss offsets, the same tax reduces the demand for 

risky assets~ This is at variance with their original conclusion that a 

proportional tax with full loss offsets encourages risk-taking, and that 

the result is indeterminate where losses cannot be offset at all. 

11.1 Three Approaches to Safety-First 

According to Roy, " ... for [a] large number of people some idea of 

a disaster exists, and the principle of safety-first asserts that it is 

reasonable and probable in practice that an individual will seek to reduce 

as far as is possible the chance of such a catastrophe occurring" (p. 432). 

Marschak states that there is some number d such that if X~ d, where X 

is some random outcome (e.g., investment returns), the firm is bankrupt 

and, therefore, he assumes that the possibility of the occurrence of this 

situation would be minimised. This idea is also embedded in the rationale 

underlying the Damar-Musgrave model of investment behaviour under 

uncertainty: " of all possible questions which the investor may ask, 

the most important one, it appears to us, is concerned with the probability 

3sy a rigorous interpretation we mean that a theory of rational 
behaviour means behaviour according to some ordering of the consequenc~s. 
Thus, for instance, the only interpretation of an indifference nap in a 
certain space is necessarily that of a real-valued representation of 
preferences in that space (i.e., corresponding to any indifference nap, 
there is an underlying utility function determined in a special unique 
way). 



of actual 'yield being less than zero, that is, with the probability of 

loss. This is the essence of risk." (p. 396).'4 While the intuitive 
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basis of these reasonings are alike, their analytical treatments, as will 

be argued in'this section, have been quite different. More importantly, 

we show that the resulting behaviour in all these models fails to capture 

the intuition propounded in the statement of their models. 

(a) Marschak's Suggestion.Arrow [ 3] has shown that the rule of minimising 

the probability that income falls below some critical level (say, zero),if 

viewed in an expected ~tility sense, implies that the utility is zero for 

all incomes below the critical level and unity for all incomes above it. 

This is clearly seen as follows: Given 

U(X) = 0 for X < 0 

U(X) = I for X > 0 
..... (11-1) 

'and for any probability density function of X, expected utility is given 

by 

EU(X) = P(x > 0) 
}, ...... (11-2) 

or, EU(X) = (I-a) 

where a = ~f(X)dX, i.e., the probability of loss, and E is the expectation 

operator over the probability distribution of X. Clearly, therefore, 

maximisation of (11-2) is equivalent to minimising the probability of 

loss. Thus, a whole hearted acceptance of the Domar-~rusgrave investment 

rationale would imply a utility function of the type given by (II-I) .. 

. It is interesting to note that in an attempt to generalise the 

utility function, (II-I), Marschak suggested that 

4The underlining, except for the last ~ord, is due to the present 
author. 
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U(X) = -v for X < 0 
} . • .. (11-3) 

U(X) = X for X > 0 

Expected utility is now given by 

EU(X)' = -av + (l-a)S, ... (II -4) 

where a is as defined above and 
00 00 e = fO Xf(X)dX/fOf(X)dX 

(i.e., expected profits for X > 0). 

From (11-4) Marschak suggested that maximising expected utility would 

imply minimisation of the probability of loss, a , for a given B. In 

the appendix (Section A.II.l) we indicate that this is not a very pro-

found result. In particular, we shall argue that unless S is held at 

its optimum value with respect to expected utility, maximisation of 

expected utility does not correspond with the minimisation of the 

probability of loss. In general, therefore, the intuitive rationale of 

a straight-forward maximisation of Marschak's utility fUnction is unclear. 

(b) "Yield-Risk" and Expected Utility. As mentioned in the preceding 

paragraphs, the expected utility function given by equation (11-2) Mould 

seem to capture the Domar-~rusgrave investment rationale. But, when they 

come to model uncertainty Damar-MUsgrave do not follow this approach. 

Neither, as it turns out, do they retain the investment rationale they 

started with. Instead, they argue that in making decisions, financial 

investors weigh the advantage of a greater return, or yield, against the 

disadvantage of a probable loss, or risk. In order to give precise 

meaning to these terms "yie1dll and "risk", they appeal to the properties 

of the investor's subjective probability distribution over the anticipated 

returns. In particular, they assume that the investor focuses his attention 
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on the mathematical expectation of the percentage yield, y, and in 

addition, on y's positive aT "gain" component, g, and its negative or 

"risk" component, T. i.e., 

r = (-) fO Xf(X)dX, 
_00 • •• (11-5) 

and 

• •• (11-6) 

Thus, the yield, y, is defined 
00 

y = f Xf(X)dX = (g-r). _00 • .• (11-7) 

They did recognise the usefulness of a more precise coefficient of risk, 

but left that task for later analysts. In effect they asswned that "the 

investor will consider changes in y and r only" (p. 397). It would be 

interesting to examine whether the "yield-risk" criterion of ordering is 

consistent with their earlier argwnent of minimising the probability of 

loss as being the essence of risk. 5 

In this connection the following fundamental result is due to 

Richter: "when the investor maximises expected utility and his portfolio 

preferences can be described in terms of the first n portfolio income 

moments, then his utility is an n-th degree polynomial in income" 

6 ([58], p. 154). Thus, the yield-risk criterion of ordering investment 

opportunities implies a utility function of the form (notice that "yieldu 

is the first moment while "risk" is a tnmcated first moment): 

5 It may be argued that the yield-risk criterion allORs a trade-
off (between yield and risk), Khile the objective of minimising risk 
apparently does not, and hence we ~ould expect the tvo processes to be 
different. However, we note that unless one describes how risk is 
minimised, any such ren:.ark may not be ".-arranted. 

6The underlining is this author's. 
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u == y + cX for X > 0 
} , ... (11-8) 

u == y + bX for X < 0 

where band c are positive constants. 

Taking the expectation, we have 

EU(X) == Y + bf~ooXf(X)dX + cf~Xf(X)dX, 

or, EU(X) == Y + c (yield) + (c-b)(risk), ... (11-9) 

where (b-c) > O. Extending the argument of the appendix (Section A.II.l), 

one could argue that, given the optimal level of yield, maximisation of 

(11-9) leads to a minimum of risk. Thus, it is in this rather loose 

sense that maximisation of the Domar-Musgrave expected utility is 

related to the objective of minimisation of the probable loss and not 

7 the prcb~bility of loss. Thus we conclude that the yield-risk rule of 

ordering is, in general, inconsistent with the objective of minimising 

the prubability of loss. 

(c) S~feLy-first or Safety All? Compared to the approaches of Domar-

Musgr~vc 8r Marschak, Roy's is more direct. He assumes that the investor 

knows the mean (~) and the standard deviation (0) of the investment returns, 

X. This allows him to obtain an upper bound of the probability of 

disaster P(X ~ d), where d denotes the disaster level using the Tchebycheff 

7The yield-risk utility function is related to the objective of 
minimising probable loss in the same sense as Marschak's utility function 
is related to the objective of minimising the probability of loss. It is 
easy to check that these two types of utility functions cannot be 
equivalent: Define e == J £ Xf(X)dX/JO f(X)dX as some index of "average 

_ _00 

10ssll(negative) and using the definitions (II-5) through (II-7), we can 
rewrite (II-4) as 

EU(X) = (yield) + (l+~)(riSk). . .. (11-4) , 

Since 8 depends on the choice of the strategy, preferences described by 
(11-4)' and (11-9) cannot be equivalent. 



B theorem: 

Let g(X) be a non-negative function of the random variable X. 

For every K > 0, we then have, 

P(g(X) ~ K) ~ EgiX) · ... (11-10) 
- 2 2 2 

By taking g(X) = (X-~) and K = k cr , we obtain, for every k > 0, the 

Bienayme-Tchebycheff inequality: 

P(IX-lll~kcr) ~ (~)2. 
. -d 

. Furthermore, for k ~(llcr ), we have 

P (I X-~ I '>ll-d) 2. (ll~d) 2 , 

and, in particular, 

P(X 2. d) = P(ll-X ~ ll-d) < (1l~d)2 

· .. (II-II) 

".' . (11-12) 

· .. (11-13) 

Instead of minimising P(X 2. d), Roy minimises the upper bound of this 
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probability as given by the r.h.s. of (II-13). Notice that the derivation 

of (11-13) is independent of any specific assumption regarding the nature 

f h d " "b' f 9 o t e 1strl utlon 0 asset returns. 

The investor's problem, therefore, for a two-asset case, is given 

by: 

s.t. M = · .. (11-14) 

BSee Cramer ([12], pp. 182-183) for a discussion of Tchebycheff's 
and related inequalities. 

9It is interesting to note that if we are willing to assume a 
known distribution, we can obtain the exact deterministic equivalent of 
the probability P(X < d). In particular, if X is normally distributed 
with 11 and a2 as its-first two moments, 

P(X < d) = l-P(X ~ d) = 1/2 - Fee), 

where F(e) = 1 JOe- t2/ 2dt e = (d-~) and t = (Xa-11,. 
{2n. e ' a J 

(J 
Under the normal distribution, therefore, minimising (ll-d) is in fact 
equivalent to minimising P(X ~ d). 



~ - ~lxl + ~2x2' 

and ~. (= E(r.)) is the expected return on the i-th asset, cr •. are the 
1. 1. . 1.J 

elements of the variance-covariance matrix, [0 .. ], and M is initial 
1.J 

wealth. As sketched in the appendix (Section A.II.2) the solution to 

the above problem is given by the following demand functions: 

M d) d 
Xl = o {cr22 (1l1 cr

12 (~2 M)}' ... (II-IS) M 

M d d x2 = D {Oll(1-I2 
- -) - 0

12
- (11

1 - M)}' ... (11-16) M 

where 

Assuming the first asset to be riskless, i.e., all = 0 12 = 0, the above 

demand functions reduce to 

... (11-17) 

It must be emphasized that this result is not a special case applicable 

to the two-asset model alone, but is due to the singularity of the 

[0 .. ]-matrix in the presence of a riskless asset. Thus we have the 
1J 

following conclusion: 10 

The safety-first investors, according to ROY's formulation, do not hold 
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IOAfter an early version of this work was presented in a seminar, 
it was discovered that this result has also been pointed out by Pyle and 
Turnovsky [56]. However, apart from our'somewhat different approach, 
this brief presentation should help eliminate the 'con'fusion on this issue. 
References may be made to Telser ([71], pp. 2-3), Hahn ([27], pp. 283-288), 
Lintner ([39], pp. 18-19), Naslund (p. 293) and, even after the publica­
tion of Pyle and Turnovsky, to Allingham ([ 2], p. 213) and Levy and 
Sarnat ([38], pp. 1829-34). 
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risky assets if a safe asset is available. In other words, the 

1 0 0 d" t f "" 1 "h I" 11 1qu1 1 y pre erence curve 1S a vert1ca stra1g t 1ne. 

In geometric terms, the analysis of portfolio behaviour for the 

one safe-one risky asset case implies that the function, h(~,o) ~ 0, 

obtained by minimising 0
2 given the values of ~ and M is a straight line 

of positive slope. This is so because once we sp~cify the expected value 

of the portfolio, its standard deviation is uniquely determined. As 

Mossin ([19], p. 46) has observed, this means that no real minimisation 

of 0
2 

is involved, so that the set of efficient portfolios coincides 

with the set of attainable ones. To see this, we note that from 

E (l:. r. x.) , 111 

M l: . x. , 
1 1 

} i ~ 1,2 

we obtain, letting xl be safe, 

X2(~2- r 1) = ~ - rIM. 

. . . h 2 2 
f" ron]Unct10n W1t 0 = x

2 
0

22
, 

o 
~ = rIM + (~2 - r l ) 1022' 

. . " (11-18) 

(11-18) yields 

... (11-19) 

which is plotted below (Figure 1101).12 In order to minimise the probability 

llNotice that our remark on liquidity preference is valid in the 
sense that traditional portfolio analysis gives "money" the interpretation 
of a safe asset. In any case, our result that the liquidity preference 
curVA is vertical is contrary to the comments made by Hahn in the 
disc'_lssion of Tobin's paper [73]. Hahn raised a question concerning the 
relative merits of Tobin's theory and that of Roy. He was of the opinion 
that both of these theories explained diversification and the downward 
sloping liquidity preference function. 

l2Notice that we have plotted (11-19) such that d ~ rIM. The fact 
that this is legitimate can easily be checked from Roy's derivation of the 
inequality (11-13). In particular, for that inequality to hold, Roy needed 
k = (~-d)/0 > 0, which at (Xl = Ml~2 = 0) requires that rIM> d. Alter­
natively, this condition can also be derived from the Kuhn-Tucker conditions 
for a corner optimum of Roy's problem. However, for rIM < d, the investor's 
problem cannot obviously be discussed in the above framework. It may still 
be pointed out that the more he saves in the form of the safe asset, the 
smaller is his probability of avoiding disaster. 
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of disaster, Roy requires that the investor maximises the steepness of 

the line drawn from (O,d) such that it is tangent to (11-19). It can 

be seen from Figure II.l that such a procedure leads to the corner 

solution given by the equations (II-17). In the next chapter, we shall 

attempt a re-interpretation of a chance-constrained portfolio choice 

model as a modified safety-first problem such that it allows diversifica-

tion in the presence of a safe asset. 

II 2 Th Eff f T 
. 13 . e ects 0 axatlon 

In their diagrammatic exposition, Damar and Musgrave draw an 

indifference map on the assumptions that the marginal utility of income 

(yield) falls with rising income and that the marginal disutility of risk 

rises with increasing risk. But, as we have shown in the last section, 

the appropriate indifference curves generated by the expected utility 

function (11-9) are parallel straight lines of slope (c/b-C), a positive 

constant. From the nature of such indifference curves, Richter concluded: 

... such indifference curves are incapable of generating 
the movement towards higher risk-taking suggested by 
Domar and Musgrave. Under neither proportional income 
tax nor lump-sum tax shifts will there by any change in 
the portfolio ([58], p. 157). 

However, as we shall presently see, Richter's conclusion is only valid in 

the full loss-offset case. To see this, we superimpose linear indifference 

14 
curves while retaining the optimum asset curves as drawn by Domar-Musgrave. 

13" "d" h h h Desplte our reservatlons regar lng t ese approac es to t e 
investor's problem, we nevertheless analyse the effects of taxation in 
the Domar-~fusgrave model when interpreted in the expected utility sense. 
This is largely because their paper has been the seminal work in the area 
of taxation and risk-taking. 

14 These curves give the locus of the maximum yield subject to a 
given level of risk for both "cash" and "non1cash" assets from which the 
investor may choose. The derivation is deta~led in Damar-Musgrave 
(pp. 397 -402) . 
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Figure 11.1: Safety-First and Portfolio Equilibrium 
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Case 1: Full Loss Offset .. When a proportional tax on investment income 

is imposed the values of risk. and yield are both reduced at the same 

rate. This is so because the government shares equally in both losses and 

gains. Therefore, each point on the pre-tax optimum asset curve OGB in 

Figure 11.2 moves along a ray from the origin. Suppose that the pre-tax 

equilibrium is given by the point M on OGB. With the imposition of a tax 

at the rate teO < t < 1) the investor, while retaining the same portfolio, 

finds himself at Mt (on the new optimum asset curve OGtB
t

) such that the 

ratio MMt/OM equals the tax rate. Notice that the slope of OGtBt at Mt 

is equal to the slope of OGB at M since risk and yield are, again, in the 

same ratio as before the imposition of the tax. This together with linear 

indifference curves requires that Mt is also the post-tax equilibrium 

after the individual has adjusted his risk-taking behaviour. The 

optimum asset composition, therefore, remains unchanged. Thus, while 

total risk
15 

(and yield) remains unchanged at M~ private risk-taking is, 

however, reduced (so is the private yield) to art (oYt). 

Intuitively, the fact that the investor fails to compensate for 

the tax (increased tax rate) can be explained in the following terms: 

Ca) Proportional taxation reduces risk and yield by the same rate and, 

thus, is unable to render riskier assets any more attractive than before 

the tax; 

(b) Although the investor's yield is reduced, he is unwilling to offset 

this by additional risk-taking due to the constancy of the marginal 

l5We use the terms private and total (social) risks in the sense 
defined by Domar-Musgrave: private risk (yield) is that which is borne by 
the investor, and the total risk (yield) denotes the total risk-taking 
(yield) in the economy and, thus, includes the part borne by the 
government as well. 
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Figure 11.2: Income Tax with Full Loss Offsets 
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utility of income. Hence we have shown the following: 

An investor who maximises expected utility and is only concerned with 

lIrisk" and "yield" of alternative asset combinations do IlO,t change his 

portfolio as a result of a (change in) proportional income tax with full 

loss offsets. 

In the appendix (Section A.II.3), we provide an algebraic proof of this 

result for the case of normally distributed asset returns. 

Case 2: - No Loss Offset. By imposing a tax without loss offsets, the 

government shares in the investor's gains, while leaving his losses 

unchanged. Equation (11-7) would now read 

Yt = (l-t)g-r, 

where Yt denotes after-tax yield. Domar and Musgrave define the percent­

age reduction in yield as the degree of tax sensitiveness (this equals 

(y-Yt)/y = (l+r/y)t). With a tax without loss offsets, each point on the 

(pre-tax) optimum asset curve OGB (Figure 11.3) suffers a reduction in 

yield in accordance with its degree of tax sensitiveness and moves 

horizontally to the left. This horizontal movement is porportional to 

(r/y). OGtBt is then the new optimum asset curve. Further, as the 

ratio (r/y) rises with the level of risk, the upper part of OGtBt bends 

to the left. With the imposition of the tax, the investor -- whose 

pre-tax equilibrium is at M -- now finds himself at Nt. Since the slope 

of the indifference curves remains constant, Mt' or for that matter any 

point above it cannot be the new portfolio equilibrium. This is so 

becatise the horizontal shifts in the optimum asset -curves rises with the 

level of risk: for instance, the shift from M to Nt is greater than from 

D to Dt • The post-tax equilibrium, therefore~ is at some point Dt which 
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Figure 11.3: Income- Tax without Loss Offsets 
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is below Mt . At Dt both private risk and yi~ld is reduced compared with _ 

Mt • Moreover, total risk (and yield) corresponding to the new equilibrium 

is given by D which is again below M. Ort is the new level of risk (both 

total and private), while Oy is the new total yield and OYt is the 

private yield. Again, the intuitive reasoning behind this result would 

run as follows: Taxation makes the riskier assets less attractive 

thereby discouraging risk-taking, while-the constancy of marginal utility 

of income does not allow the investor to offset the reduction in yield.16 

We, therefore, obtain the followi.ng result: 

An "yield-risk" investor reduces the amount of private risk-taking due to 

a (an increase in) proportional tax on portfolio-income when losses 

cannot be offset which leads to lower total risk-taking (and a lower total 

yield as well). 

In view of the preceding discussion, it is of some interest to 

note that Lepper [37] uses a utility function similar to the ones discussed 

above except that it is quadratic. She also defines semi-variance, 

f~ooX2f(X)dX, as the coefficient of risk and the utility function is 

written in the form 

where 

EU(X) = a~~x2f(X)dX + (a+l)~, 

U(X) 

U(X) 

2 = aX + (a+l)X for X < d, 

= ad2 
+ (a+l)X for X > d, 

.•• (11-20) 

-1 < a < 0 and d is a positive constant. Although (11-20) generates 

16 Recall that the ambiguity of the effect of taxation in the no 
loss offset case in the original Domar-Musgrave treatment was due to 
their assumed slope of the indifference curves. 
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linear indifference curves in the (mean, semi-variance)-s~ace, Lepper's 

results are somewhat different from those obtained above. In particular, 

under a proportional tax on income with full loss offset, the marginal 

rate of return per unit of risk (i.e., the slope of the opportunity locus) 

is larger at points corresponding to the pre-tax efficient portfolios. 

This causes a substitution in favour of the riskier assets which is missing 

in the "yield-risk" model. This difference is due to the fact that 

Lepper uses the semi-variance as the measure 'of risk and taxation reduces 

this by the square of the tax rate. However, under a proportional tax 

without.10ss offset, the mean return (yield) associated with any amount 

of risk is reduced by slightly more than in the case of full loss offsets. 

But the "risk" associated with the portfolio is unaffected by the tax. 

The marginal rate of return per unit of risk is, therefore, reduced by 

the tax. This leads to a reduction in the demand for riskier assets -- the 

!:iame conclusion as in the "case-2" of the yield-risk model. 

11.3 Conclusion 

In this chapter we have reviewed three early approaches towards 

a theory of risk-taking behaviour. These theories were particularly 

concerned with the objective of minimisation of the probability of loss. It 

has been 'discovered that none Qf them succeeded in' describing the behavio~~ 

that would have been consistent with their stated goals. In terms of 

the effects of taxation, we have closely examined the Domar-Musgr~ve model 

and found, contrary to the original conclusion by these authors, that a 

proportional tax on investment income does not affect risk-taking when 

losses can be fully offset, but this tax reduces risk-taking when losses 

cannot be offset at all. We have to recognize that these results are 
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obtained from a model whose intuitive basis, as has been shown, is quite 

unclear and they certainly have to be tested in much wider contexts 

.(i.e., more realistic models of behaviour) before any firm conclusions 

can be drawn. 



33 

Appendix to Chapter II 

A.II.l On a Comment Due to Marschak: 7 In the context of the utility 

function 

EU(X) = -av + (l-a)a, 

where 

a = fO f(X)dX, 
_00 

00 00 

a = ! Xf(X)dX/f f(X)dX o 0 

and 0 ~ a.~ 1, Marschak commented that, for a given B, maximisation of 

EU(X) would minimise a. In this section we show that although the above 

statement is correct, maximisation of expected 'utility subject to a 

given B is not equivalent to maximising expected utility unless B is fixed 

at its optimum value with respect to expected utility. By the same token, 

minimising the probability of loss (a) subject to a given B is not equiv-

alent to minimising the probability of loss. Further, the connection 

between maximisation of expected utility and minimisation of probability 

of loss breaks down whenever both a and B are decision variables. 

This is seen as follows. Constant expected utility contours are 

given by 

C = -av + (I-a) B, 

or 

av+C 
B = I-a.' ... (A-II-I) 

where both dB/da. and d2a/da2 are positive. We can, therefore, draw the 

constant expected utility contours in the (a,6)-space as in Figure A.II.I. 

Typically, however,a and a would be related so that we are 

constrained to a subset of values (say, given by an implicit function 

g (a., a) = ,0 of which the north-.wes.t ,boWldary, . .AB, .i.s. ~~fici~nt)., . TIris 

17The argument of this section of the appendix is due to D.W. 
Butterfield. 
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Figure A.II.I: Constant Expected Utility Contours 
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Figure A.II.2: Maximisation of Expected Utility 
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feasible set, however, would be different for different probability 

distributions. In Figure A.II.2, we draw the feasible set such that it 

is bounded above. Clearly, in the presence of such a constraint set, 

expected utility is maximum at Q which corresponds, when a is at a 

~inimum to the level of a gi~en by S. Minimisation of a subject to a 

given B, therefore does not lead to a utility maximum unless a equals ~. 

A.II.2 Outline Derivation of the Equations (II-IS) and (11-16) The 

problem given by equation (11-14) in the text can be stated as the 

following Lagrangean: 

The first-order conditions for a minimum are; 

aL 1 {2 2} 
aX

l 
= ~ 2(~-d) (xlOll + x20 12) - 2(0 )(~-d)~l - A = 0; 

and, 

where, 

and 

...... (A':"" I 1-2) 

aL _ i 2 2} 
aX

2 
- ~ {2(~-d) (x10 12 + x 20 22) - 2(0 )(~-d)~2 - A = 0; 

aL 
dA = M - x - x 1 2 

.. .... (A-11-3) 

= 0; .. .... (A-II-4) 

From (A-II-2) and (A-11-3), we have 



Equation (A-II-5) together with (A-II-4) yields 

xl = ~. { a22(~1 - dIM) - a12(~2 - dIM)} 

and 

2 a . 

... (A-II-5) 

... (A-II-6) 

... (A-II-7) 

where D = (all - a12)(~2 - dIM) - (012 - a22)(~1 - dIM). Equation 

(A-II-6) and (A-II-7) are numbered (II-IS) and (11-16) respectively in 

the text. 
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A.II.3 Effects of an Income Tax with Full Loss Offset: An Algebraic Proof 

Richter has suggested the use of the following utility function as a 

description of the behaviour of the Domar-Musgrave'investor: 

EU(X) = a + b J~Xf(X)dX + cJ~Xf(X)dX. 

But 

J~Xf(X)dX = g = 1/(0'/2") J~X exp [~(X~1J)2]dX 

assuming X ~ N(lJ,a
2
). 

• .. (A-I I-B) 

Or, g = aI 12nf:
1J

/ at exp ( -t
2
/2)dt + lJ/12nf:1J/aeXP(-t2/2)dt 

•.. (A-II-9) 

Definitionally, 
o CD 

r =-J Xf(X)dX = g- I X£(X)dX = g - ].1. 
_00 -00 

Therefore, 

or, 
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· .. (A-II-IO) 

Also, we can rewrite (A-II-B) as 

o 
EU(X) = a + c~ - (c-b)! Xf(X)dX. _co . .. (A-II-II) 

From (A-II-IO) and (A-I I-II) we obtain 

EU(X) = a + ell + (c-b)[(a/121T)exp(-~(~/a)2) +ll.cF(~/a)~)], 

= a + (C-b)(a/12~)exp(-~[~2/a2]) +~[(c-b)F(1l/a)+(b+c)/2]. 

Writing (c-b) = p~ (b+c)/2 = q and ignoring a, we have 

Z 2 EU(X) = pq/121Texp(~1l /a ) +ll(pF(ll/a) + q). · .. (A-II-12) 

Taking the special case of Z-assets only (one safe-one risky), we 

can write the investor.'s problem as (in the presence of a proportional 

tax t): 

· .. (A-II-13) 

where r l is the return on the safe asset, ll2 is that on the risky asset, 

x. are the amounts invested in them, M is total wealth. Differentiating 
1 

and setting aL/axl = 0, we obtain 

q/p + F(z) = A/p(l-t)rl , ..• (A-II-14) 

where z = (rlxl + ll2x2)/xZ/a22" Similarly for aL/dXZ = 0, we have 

= A/p(1-t)r1 " ••. (A-II-IS) 

Combining (A-II-14) and (A-II-IS), we have 
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Differentiating (A-II-16) w.r.t. It' 

Using dx2/dt = -dx1/dt, in view of the budget constraint, and simplifying 

we can rewrite the above as 

or, 

F' (z)]} =0. . .. (A-II-17) 

For (A-II-17) to hold, either dxl/dt = 0, or (rIM/x2) = 0, or the terms 

inside the square brackets add up to zero. First, we notice that 

(rIM/x
2

) ~ 0, unless x2 = 00. Secondly, for the terms in square brackets 

to sum to zero, we require, in view of the relation F'(z) = (I/I2n) 

exp(-~z2), 

or, 

or, xl + x
2 

= 0, which is nonsence. 

Hence we conclude that dxl/dt = o. 



CHAPTER III 

TAXATION AND RISK-TAKING IN A CHANCE-CONSTRAINED 

PROGRAMMING MODEL OF PORTFOLIO SELECTION 

In the last chapter, we indicated the difficulty, so well 

described by Arrow [,4],1 of modelling the ignorance of an economic 

agent. We were particularly concerned with the behaviour of a decision 

maker whose primary concern was with safety. We will pursue the same 

theme here in the context of an alternative framework. Specifically we 

will show, for an invest~r who is concerned with safety, that a chance­

constrained programming formulation of the portfolio problem avoids the 

non-diversification difficulty faced by Roy's approach to the problem. 

This interpretation of a chance-constrained programme as a "modified" 

safety-first rule would also provide a refutation of the criticisms made 

by Borch [ 8] and Allingham [ 2] regarding the relevance of this technique 

for economic analysis. 

Naslund, in his application of chance-constrained programming, 

made the assumption of normally distributed asset returns eX). This led 

Allingham to argue that fl ••• while chance-constrained programming imposes 

normality on X it gains no generality over the mean-variance approach, 

and also appears to provide no stronger results" e [ 2], p. 215). Further­

more, the assumption of normality implies a non-zero probability that 

asset returns will be negative without bound and, therefore, is unsat­

isfactory in a typical portfolio context ,since individuals cannot lose 

lThis has been quoted at the beginning of this dissertation. 

40 
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more than they have invested (i.e., limited liability). More pessimist~ 

ically, Sengupta conjectured that "decision rules under [chance-constrained 

programming] may be sensitive to departures from normality, unless some 

prior analysis shows the contrary" ([65], p. 288). As a partial reply to 

these reservations, we formulate a chance-constrained portfolio choice 

model for a lognormal securities market. Following Lintner ([40], p. IV-I), 

we adopt the following operational definition of a lognormal securities 

market: "Investors' decisions on the composition of their investment 

portfolios can be adequately described as selections made on the basis of 

the logarithmic means and logarithmic variances of the distributions of 

alternative portfolio rates of return.,,2 Also note that this definition 

of a lognormal securities market does not require the individual asset 

returns to be always positive; only their sum has to be positive. However, 

this is not to ignore the intuitive difficulties associated with the 

assumption of a lognormal distribution (e.g., the zero probability of a 

depression in the stock market), or, for that matter, any specific 

assumption regarding the probability distribution of outcomes. The merit 

of our exercise, perhaps, is in examining how sensitive the earlier 

results are with respect to alternative assumptions regarding probability 

distributions. 

In this context we demonstrate the diversification of asset 

holdings and the separation property of portfolio models as well as the 

result that a proportional tax on investment income stimulates risk-taking. 

20f course, it is true that the weighted sums of lognormal 
distributions are not strictly lognormal. But Lintner's simulations of 
portfolio returns [40] indicate that many investors may quite reasonably 
regard the lognormal approximation to portfolio returns as very acceptable 
for practical purposes. 
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These results have originally been shown by Tobin [72] in the context of 

the mean-variance models3 and Naslund in the context of a normally dis-

tributed chance-constrained problem. 

111.1 Safety-First and Chance-Constraints: An Integration 

A "chance-constrained programme 11 (CCP), in its standard form, is 

written as 

max f(cX) 

s. t. P (AX ~ d) .:. <x, 0 ~ a i ~ 1, 

H(A,X,d,c) = 0 

} ... (III-I) 

where f is a concave function and A,d, c are, in general, random variables. 

The implicit function H defines the set of decision rules that are 

considered in this problem (i.e., we need not maximise over all possible 

X's). The vector a specifies the probability limits to which constraint 

violations are admitted. Charnes, Cooper and Thompson [11] have shown 

that we require <x. > ~ for a meaningful problem. For <x. = 1 and for 
1 - 1 

only one chance-constraint, the above programme, using the expected value 

(liE-type") formulation, reduces to 

max E( Er.x.), 
{x.} ill 

1 

s.t. - Er.x. ~ d, 
.11 
1 

Ex. < M, 
i 1 -

X. > 0, 
1 -

... (111-2) 

where, as in the previous chapter, r. denotes the random return on the 
1 

i-th investment, x. is the amount of i-th investment, d is the known level 
1 

3The "mean-variance" approach to portfolio selection has been 
discussed in Chapter I. 
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of "disaster" and M is initial wealth. This may be interpreted as a 

reasonable description of a safety-first rule and is a standard "linear 

programming under uncertainty" problem treated by Dantzig ([13], [14]) 

and others. The difficulties of obtaining a solution are discussed by 

Madansky [42], and even our assumption a = 1 (dropping the subscript as 

we only have one constraint), i.e., maximum safety, does not greatly help 

us. If we drop our assumption that a = 1 but let a be close to unity, 

it may be argued that we still retain our concern for safety. 

Naslund utilises these results to formulate 

max E(X), 
{x.} 

1 

s.t. P(X ~ d) ~ a, 

L.X. < M, 
1 1 -

x. > O. 
1-

i=l, ... , n. · .. (111-3) 

Assuming X ~ N (~,a2), the chance-constraint reduces to ~ +F(~~d) > a, 

or 

· .. (111-4) 

where 1 fO -C!:z)t 2 X-~ d-~ . = /2n ee dt, t = (-o-),e = (-0-) and the constant 

-1 1 C = F (a-~). As shown in the last chapter, the objective function of 

the above problem for the one safe-one risky asset case is given by 

(equation (11-19) of chapter II): 

~ == E (X) = r 1 M + (~2 _r 1) (k) , 
22 

· .. (111-5) 

where the notation is the same as that of chapter II. 

We can therefore re-state (111-3) as: 



M ( _ r) a max ].l = r 1 + 112 1 10
22

' 
} ... (111-6) 

s.t. 11 ~ d + oC. 

This is represented in Figure I1I~1. Notice that, in Roy's model, the 

investor minimizes P(X ~ d) by making the tangent of positive slope 

drawn from D(O,d) as steep as possible (Figure 11.1 of Chapter II). 

Here the investor is constrained by (111-4) thereby allowing for an 

interior solution, say, at point E.4 This interpretation of the CCP, 

i.e., as a modified safety-first principle, it is hoped, will help 

establish such programming approaches as "reasonable" hypotheses to 

follow in an uncertain state of the world. 
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111.2 Chance-Constrained Programming in a Lognormal Securities Market 

1II.2.1 Deterministic Equivalent Under the Lognormal Distribution 

Before we can analytically solve a chance-constrained programme, 

as has been shown in the solution to the problem (111-3), we have to 

transform the chance-constraint into its deterministic equivalent by 

assuming known distributional properties. In this sub-section we obtain 

the deterministic equivalent.which would be appropriate for a lognormal 

securities market. 

Consider a random variable X(O < X ~ 00) such that Y = log X is 

2 normally distributed with mean, m and variance, v. The probability 

density function of X is given 

feX) = eVX~2n) exp 1 -
by 

(log X - m)2 ) 
2v2 

... (111-7) 

Restricting our attention to the class of chance constraints of the form 

4 -1 1 112- r l Clearly we require F (a-~) > (/0 ) for an interior solution. 
22 
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Figure 111.1: Safety-First: An Interior Solution 

(IIT-4) 

D (o,d) 

o 



P(X,~d) ~C1., ... (111-8) 

and using (111-7), the constraint can be written as: 

... (111-9) 

Setting (log ~ - m) = t, we can use the symmetry properties of t~N(O,l) 

to simplify (111-9) to 

Jo ( 1 (1 2 -T 1121T) exp -~t )dt + ... (111-10) 

where T -- (in - 1,og d). 1 1 . t' . ( 1 d) f - lS C ear y POSl lye as we requlre m > og or 
v 

46 

the chance-constraint to be meaningful. 
00 1 2 

In view of J (~2 )exp(-~t )dt = 1 
_00 Y L1T" 

"and -F(Z) = F(-Z), we can further simplify (111-10) to 

F (m - log d) 1 
V + ~ ~ 0" ... (111-11) 

where F(T) Taking the inverse, (III-II) yields 

-1 
m - vF (C1.*)~ log d, ... (111-12) 

-1 -1 where we write F (a*) for F (a-~). Inequality (111-12) is our desired 

deterministic equivalent of the chance constraint. 

Furthermore, in order to use (111-12) to obtain an explicit 

solution of a chance-constrained programme, we have to derive the 

expressions for m and v in terms of the moments of X: the one-to-one 

mapping between the pair (m,v2) and the corresponding momen~ (~,o2) of 

X is given by 

2 
~ = exp (m + ~v ), 

2 2 2 
a = ~ (exp v-I). 

... (111-13) 

. .. (111-14) 

2 Given (111-13), (111-14) and simplifying, the parameters (m,v ) of log X 

can be expressed as 



m = 2 log 11 ~ log 2 s , ... (III-IS) 

2 2 v = log s - 2 log 11, ... (111-16) 

2 where 11 and s are the first two moments (about the origin) of the 

random variable X. 

111.2.2 The Model With One Safe and Many Risky Assets 

The problem is 

\. x. < M, 
Ll 1-

Xi > 0,- all i, J 

... (111-17) 

where we shall take the first asset to be safe, and let r. denote the 
1 

rannom returns (i=2, ... , n), x. the amount of wealth held in the form 
1 
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of i-th asset. Using (111-12), the deterministic equivalent of the above 

programme is: 

-1 m - vF (a*) > log d, 

... (III-IS) 
n < M, Li=l x. 

s.t. 1 -

X. > O. 
1 
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5 Writing the constraints explicitly, we can set up the following Lagrangean 

- ~ { log (,n
1
' __ 2 X1~Sl~ + ,~ . 2 x.x.s .. )} 

L L1 , J = 1 J 1J 

-1 . { ,n 
- F (a*) log (Li=2 

ilj 

x~s~ + ,~ . 2 
1 1 L1 ,J= 

ifj 

X.X.s .. )-2 { log(r1xl 1 J 1J 

where A. are the appropriate dual variables. Using the Kuhn-Tucker 
1 

conditions, we obtain (in addition to the constraints): 

n 2 2 n 
{(log (E

l
'_- 2 x.s. + E .. 2 x.x.s .. ) - 2{log (rlxl + 1 1 1,J= 1 J lJ 

ilj 

... (111-20) 

and xl ~ 0; 

and 

5 . 2 

n 2 2 n 
E. 2x , s . + E .. 2 X.X.S .. 

l= 1 1 l,)= 1) l) 

ifj 

Notlce that the terms si and Sij are the components Qf the 
second-moment of the asset :eturns, i.e., ~i2 = (ot +.~r) and S~j 
= (Oij + ~i~j) where [Oij] lS the true varlance-covarlance matrlx and 
~i'~j are the expected asset returns. Often, however,we shall refer to 
[Sij J as the "variance-covariance" matrix for brevity. 



n k 
-2 [log(r1xl + ~. 2 ~.X.)])-2} 

~= .~ ~ 

{( n 2 2 
~. 2x . s . + 

1= ~ ~ 

~h 
) - ( )}] - A ~ 0 

n n 2 
~ .. 2 x.x.s.. rlxl +~. 2~'x, 
1,J= 1 J 1J 1= 1 1 
i!j 

and x
h 
~ 0 and h = 2, ... n. ... (111-21) 
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Considering only the assets that are held, the above relations hold with 

strict equalities. Simplifying the notation, they can be rewritten as 

follows: 

where 

and h 

[

2r 1 -1 r 1 2 1 1 
r l + Al ~ + F (a*) 1) { (log s - 2 log V)-~}J= A2; 

n 
11 r l x1 + E· 2"·X., 
~ - 1= ~1 1 

n 2 2 n 

2 
s 

2 
s - I· 2x . s . + L; • • 2x . x . s .. , 

1= 1 1 1,J=.1 J 1J 
i!j . 

2, ... , n. 

~2 

~ 

... (111-22) 

1..
2

; ... (111-23) 

... (111-24) 

... (111-25) 



Portfolio Separation. From the equation (111-22) we obtain 

-Ie ~ 
Al (F ~a*))[(lOg 52 - 2 10g,~)-2]} = A

2 
. 

... (11I-26) 

Substituting (III-26) into (111-23) and letting h=k, we obtain 

2 n 
.xksk + ~j=2 XjSkj 

Ai j #k ) {-I 2 
\ 52 1 + F (a*) [log 5 

... (II1-27) 

Similarly, from (111-26) and (111-23) and letting h=£, we also obtain a 

relation similar to (111-27). 

Dividing (111-27) by the latter expression (h=~), we obtain 

... (II1-28)-" 
l1£-r l xn 2 x. 

N "n ~ 5 
X

k 
s.t + L.j::::2 x

k 
~j 

jf,Q, 

Equation (111-28) indicates that, from the Kuhn-Tucker conditions, we 

would obtain at most (n-2) equations of this form, in terms of ratios 

... , nand j#k (i.e., (n-2) ratios). These ratios, if 

they exist, are determined by the structure of expected asset returns, 

1J ., and the elements of the "variance-covariance" matrix [5 .. ], but are 
1 1J 

independent of F-l(a) and the investor's disposable wealth. Thus, we 

have shown the following result: In a portfolio of one safe and many 

risky assets, if the investor holds the safe asset, then he holds the 

risky assets in certain fixed proportions, which are independent of the 

50 
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size of his disposable wealth and p-l(a*) [his attitude towards risk]. 

This is the well-known separation property of portfolio models as 

discussed by Cass-Stiglitz [10] and Tobin [72], among others. This 

result says that portfolio allocation decision can be viewed as a two-

stage process: first the investor decides on what relative proportions 

to invest in the different risky assets, and then decides on what 

proportion of his total portfolio to invest in the safe asset and what 

proportion in the "composite" risky asset [ mutual fund]. The significance 

of this resu1 t has been discussed by Stiglitz [69]. 

A Proportional Tax on Investment Incomes. From the separation theorem, 

it follows that for analyti~al purposes we can aggregate all the 

risky assets into one and, in effect, consider- the two-asset case 

consisting of the safe asset and this composite risky asse~. This allows 

us to re-state the investor's problem, in the presence of a proportional 

tax On portfolio income, as 

max (l-t) [rx + (M-X)l1], 
x 

2 2 2 
s.t. 2{log (l-t) + log [rx + (M-x)l1] ~ {(l-t) + log (M-x) s } 

-1 2 2 2 -p (a*)[log (l-t) + log (M-x) s - 2 {log(l-t) + 

~ 
log [rx + (M-X)l1]}] 2 ~ ~og d, 

where 0 < t < 1 is the proportional tax rate, r is the return on the safe 

asset and 11 is the expected return per dollar of risky investment, and x 

is the amount (units) of the safe asset held while M is total (initial) 

wealth. For notational convenience, let us define 

p - [rx + (M-x)l1), 
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z(p,s,t) = [log(1-t)2 + log (M_x)2S2 - 2{log(1-t) + log[rx + (M-x)~]}]. 

This allows us to set up the following Lagrangean: 

L = (l-t)p + A[2{log(1-t) + log p} 

1 k 
-F- (a*){z(p,s,t)}2 - log d]. 

222 
-~ {log(l-t) + log(M-x) s } 

. .. (111-29) 

Maximisation of (111-29) yields the following necessary condition: 

and x > O. . .. (111-30) 

Now, differentiating the constraint in (111-29) w.r.t. 't', we obtain 

l/(l-t). ... (111-31) 

-'_'Jmbining (111-30) and (111-31), we have 

A 
dx/dt::=- [ 2 ]. . .. (111-32) 

(l-t) (r-llJ 

Noticing the form of (111-29), it follows that A < O. From (111-30), it 

can be seen that for an interior solution, we require (r-ll) < O. There-

fore, dx/dt is clearly negative (i.e., increased risk-taking). Hence, 

we have the fOllowing: In portfolios with one safe and one or many 

risky a~sets, an increase in the proportional tax rate on investment 

returns (under full loss offset) increases the demand for risky assets. 

It should be pointed out that this result is in support of the "classical" 

result on taxation and risk-taking, which was originally suggested by 
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Domar and Musgrave6 and has later been confirmed, in their own contexts, 

by Tobin [72] and Naslund [53]. The intuitive reasoning behind this 

result is as follows: By .allowing loss-offset privileges, the government 

now shares part of the risk. 

111.2.3 The Model When All Assets Are Risky 

For the case of all risky assets, we can proceed in the manner of 

Section 111.2.2. However, equation (111-23) would now be describing 

(along with the constraints) all the relevant first-order conditions 

where we let h=l, ... ,n and, thus, terms of the form 

n n 
L j =2 XjShj now read Lj=l XjShj . 

jfh jfh 

It can be easily checked that this general model does not permit 

portfolio ttaggregation" [separation] of the type exhibited by the model 

with one safe asset. Proceeding in the manner exactly analogous to the 

derivation of (111-28), we obtain 

== 

s 
k 

2 x. xl 2 
~n -L 5 

+ £.oj=l X
k 

kj - x
k 

51 
j#k 

x~ 2 n Xj 
- 50 + L. I - So • xk ;v _ J = x. ;vJ 

jf t K 

X. 
~n -L s . 

- £.0. 2 
J= xk IJ 

x. 
~n -L s . 
1..>. 2 J = xk lJ 

... (111-33) 

As before, these equations are in terms of the ratios xj/xk,(j==l, ... n; 

jfk). However, we have only (n-2) equations in en-I) ratios. Hence the 

optimum portfolio allocation cannot be independent of disposable wealth. 

This type of asymmetry, i.e., aggregation in the presence of one safe 

asset and its absence in the presence of all risky assets has been 

6However, in Chapter II, we have shown that a rigorous inter­
pretation of their model cannot generate such results. 
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emphasised by Cass and Stiglitz [10]. 

The Effects of Taxation. To see the effects of taxation in this general 

case of all risky assets, we consider the special case of two risky 

assets in the presence of a proportional tax, 0 < t ~ 1, and a lump-sum 

tax K on investment income .. Setting K = 0 allows propositions about 

proportional taxes. The deterministic equivalent of the investor's 

problem, using the definition given by (111-25), is: 

... (111-34) 

As a solution to (111-34), we obtain the following necessary conditions 

for an optimum (in addition to the wealth and the deterministic 

constraints): 

-1 2 F (a*){(log(l-t) 

... (111-35) 



2 !.; 
+ log s - 2 log q)-Z} 

and x >: 0, 
2 -
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-1, 2 
-F (a.*){(log(l-t) 

I X25Z 
2

5: x 15l2 Jl2 C:-t)) ]..: 0 

... (111-36) 

Differentiating the deterministic 

constraint of (111-34) w.r.t. ttl, we obtain: 

] ' 

2 
x2s 2 + xl s12 1 ~ 
---2-- - p- (a,*){[z(q,s,t)] -2} 

2 (q+K) 
q(l-t) 

s 

... (111-37) 

2 2 
where z(q,s,t) = {log(l-t) ~ log s - 2 log q}. 

However, at K=O, the r.h.s. of (111-37) reduces to __ 1 __ . Therefore, using 
l-t 

(111-35) and (111-36), we obtain 

dXl I Al - ~l (l-t) ) + dX2 I Al - ~2(1-t) ) = ____ 1 __ 
dt A2 dt A2 ' (l-t)· 

... (111-38) 

Furthermore, in view of the wealth constraint, this can be rewritten as 

... (111-39) 
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First, we note that A,2 < 0 due to the Kuhn-Tucker conditions. Therefore, 

2 the condition 111 > 112 (and if we take this . 1 2 to ~mp y 51 > 52 ) causes a 

movement towards the "high-risk" asset from the "low-risk" asset. We, 

therefore, obtain the following: In portfolios with two risky assets, 

an increase in the proportional tax on portfolio returns causes a shift 

towards the high expected return (high-risk) asset from the asset with 

lower expected return (low-risk). This is a simple extension of the 

result proved in the preceding section. It is interesting to observe 

that the removal of the assumption of the existence of a safe asset does 

not basically alter the effect of a proportional tax. 

To see the effects of the lump-sum tax in the presence of a 

proportional tax, we differentiate the deterministic form of the chance-

constraint in (111-34) w.r.t. 'K' and obtain, in a manner analogous to 

the derivation of (111-39): 

dX1 _ 1 -1 { -~} A,2 
dK - q [2 + F (a*) [z (q,s, t)] ] (l-t) (11

2
-11

1
). . .. (111-40) 

dX l > > 
As A,2 < 0, dK < 0 as 112 < Yl" The magnitude of the derivative is 

higher, the higher is the proportional rate t. Also note the appearance 

of the term F-1(a*), the investor's attitude to risk, in the determina-

tion of risk-bearing. We have therefore the following result: In 

portfolios with two risky assets and no safe asset, an increase in the 

lurnp-sillll tax causes a shift towards the "high-risk" asset from the "low-

risk" asset. 

Notice that the direction of dxl/dK, is the same even when we set t=O. 
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111.3 Conclusion 

To summarise, the main results of this chapter are as follows. 

We have shown that a chance-constrained programming model of portfolio 

selection can be viewed as a "modified" safety-first rule (Section 111.1). 

This modification is of economic significance in the sense that this 

formulation allows diversification in the presence of a safe asset which 

is absent in Roy's model. Secondly, in the context of a lognormal 

securities market, we have shown (Section III.2) that basically all the 

results of Tobin [72] and Naslund also hold in this model. Therefore, 

we observe that the departure from normality has not destroyed the basic 

qualitative results of the chance-constrained programming model of 

portfolio selection. 



CHAPTER IV 

PROGRESSION AND RISK-TAKING IN AN 

EXPECTED UTILITY OF WEALTH MODEL 

The models examined in the last two chapters, except for that of 

Domar and Musgrave [1'6], have been somewhat outside the main stream of 

the literature on taxation and risk-taking. The more conventional liter-

ature has followed two conceptually distinct lines of development. The 

first has been the emergence of some notion of risk as an investment 

criterion in addition to the expected value of the outcome (e.g., 

returns from portfolio investments). The use of a measure of risk has 

been facilitated by the characteristics (moments) of the probability 

distribution of anticipated asset returns. l The second line of 

development has been the acceptance of the postulates of the expected 

utility hypothesis as the appropriate axioms of rational behaviour under 

uncertainty. 2 Markowitz first observed the relationship, although some-

what loosely, between a theory of portfolio selection based on the 

expected utility hypothesis and one based on the two-parameter (essentially 

mean-variance) approach (~5], pp. 209-210). Subsequently, Borch [9] and 

Feldstein [19] conclusively established that a theory that attempts to be 

consistent with both these approaches is a very restrictive one (i.e., 

IThis has been suggested by~ among others, Makower and Marschak 
[43], Lange [36], Domar and Musgrave [16] and Hicks [31]. However, only 
Domar and Musgrave discussed how the imposition of a tax affects the risk 
as well as the yield of an investment. 

2This has been examined by Marschak [46], Markowitz [45], Tobin 
[72] and Arrow [ 3]. 

58 



59 

necessitating the use of either a quadratic utility function or a normal 

distribution of random outcomes). In a similar spirit, we have shown in 

Chapter II that the third approach to the problem -- the safety-first 

principle -- if they are to be consistent with expected utility maximi­

sation, again, imply a very restrictive set of preferences. 

Apart from the safety-first interpretation, Damar and Musgrave's 

attempt to investigate the effects of taxation was also, in part, a 

contribution to the first line of development mentioned above. Many 

subsequent studies of the problem of taxation and risk-taking have been 

in the context of the mean-variance framework. These include Tobin [72], 

Richter [58], Penner [54], Bierwag and Grove [ 7] and Lepper [37]. The 

seminal results of these attempts coincide with the original findings 

of Domar-Musgrave: with full loss offsets, a proportional tax would 

increase total risk-taking; with no or partial loss offsets, the result 

is indeterminate. The validity of these results, as we have indicated 

in Chapters I and II, depends on the restrictive frameworks used. 

Although, in Chapter III, we have been able to unambiguously determine 

the effects of taxation on risk-taking for the chance-constrained 

programming models of portfolio selection, these models still lack 

sufficient generality as they require specific assumptions regarding the 

probability distribution of the asset returns. This is a doubtful 

procedure in the absence of convincing empirical support regarding the 

behaviour of various rates of return on investments. 

Recently, however, Stiglitz [68] and Mossin [48] have attempted 

to clarify the situation somewhat by analysing the effects of proportional 

taxes on risk-taking using the more general framework of the expected 
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utility of wealth hypothesis suggested by Arrow [ 3]. Interestingly 

enough, these authors also conclude that a proportional (investment) income 

tax typically stimulates risk-taking where losses can be fully offset. 

The treatment of capital gains in these models however, is less straight­

forward. 3 Taxes without full loss offsets do not seem to yield much in 

terms of unambiguous results in these more general contexts of expected 

utility maximisation and hence will not be discussed in the remainder 

4 of this study. 

The authors previously discussed only considered proportional 

taxes. In this chapter, we examine the effects of progressive taxes on 

risk-taking and compare the results with those under a proportional tax 

S system. For analytical convenience, we will take the simplest form of 

3Stiglitz [68] has shown that exempting the income from the risky 
asset ["capital gains"] will lead to an increased risk-taking if 
relative risk-aversion (to be defined later in this chapter) is less than 
or equal to unity. Ahsan [ 1], however, pointed out that exempting 
capital gains over and above the riskless rate of return discourages 
risk-taking under much more reasonable restrictions [ than Stiglitzt] on 
behaviour. 

4We may not regard this as very restrictive. Under many tax laws, 
e.g., in the U.S. and in Canada, loss offsets are liberal. However, this 
does not apply to all forms of risk-bearing; and, for increasing marginal 
tax rates, loss offsets would have to be, to some extent, incomplete. 
Our results could, therefore, be interpreted as providing an upward bias 
in predicting the "true" effects of risk-taking. 

SIt is somewhat awkward to relate this attempt to the existing 
literature on progression and risk-taking. Professor Feldstein [20] 
provided counter-examples to the previous literature by showing that, in 
the model he considered, the effect of a progressive tax is ambiguous, 
and that a proportional tax has no effect on risk-taking. In Chapter V 
we point out the restrictive nature of Feldstein's model. On the other 
hand, the models with both lump-sum and proportional taxes (e.g., Richter 
[58], Naslund [53]) can be interpreted, when the lump-sum is negative, 
as equivalent to the linearly progressive tax considered here. However, 
our general formulation would allow us to derive the results that would be 
obtained if we have a quadratic utility function (i.e., Richter re­
interpreted). 
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progressive tax -- a linear tax which has an exemption level, K, and 

a proportional tax rate, t, which applies both above and below K, i.e., 

it extends to a negative average tax rate on incomes below K. The 

precise definition of '~rogressiveness", as Atkinson-Stiglitz [51 

point out, is open to dispute. Some authors apply the term to cases where 

the average tax rate rises (as in our case); others restrict the term to 

schedules where the marginal rate rises (which is not true of the tax 

considered here).6 

With this brief survey of the literature serving as an introduction, 

the rest of the chapter proceeds as follows. In Section IV.l we outline 

the features of the basic model and its behavioural implications. Section 

IV.2 discusses progressive income (investment) taxes, while progressive 

taxes with capital gains exemptions are discussed in Section IV.3. 

In Section IV.4 we analyse the comparative effects, (insofar as risk-

taking is concerned), of proportional and progressive taxes. Section 

IV.S summarises the main results of the chapter. 

IV.l The Portfolio Problem 

The household is assumed to allocate its portfolio to maximise 

expected utility. For simplicity, we shall assume that there are only two 

assets, a safe asset with a secure rate of return and one risky asset 

with a random rate of return. The notation is as follows: 

6It turns out that a portfolio model with a quadratic tax 
function where the marginal tax rate rises is not analytically tractable. 
To indicate the nature of the difficulty involved, note that the standard 
result -- as will be shown in this chapter -- that decreasing absolute 
risk-aversion guarantees the non-inferiority of the risky asset no longer 
holds for such a tax schedule. 
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Wo = initial wealth; 

a = amount invested in the risky asset, 0 ~ a ~ Wo; 

m ~ (Wo a) = amount held in the riskless asset; 

x = random rate of return on the risky asset with probability 

distribution F(x) = p{X ~ x} and X > _1;7 

r = rate of return on riskless investment; (r > 0); 

W = final wealth; 

U(W) = investor's utility function,. and it is assumed that U(W) is 

continuous and is at least twice continuously differentiable 

with positive and diminishing marginal utilities (i.e., 

U'(W) > 0, U"(W) < 0); the restriction U"(W) < 0 implies 

risk-aversion for gambles about final wealth. 

The individual, therefore, possessed of Wo, invests an amount 'a' in the 

risky asset and the remainder in the riskless asset, such as to maximise 

the expecte d utility of his wealth at the end of the period. B 

Much of the predictive power of our analysis, as will be seen, 

derives from our ability to .determine how the portfolio allocation 

between the safe and the risky asset changes as wealth changes. This 

would clearly depend on the individual's attitude towards risk. We 

7Notice that the assumption X > -1, (i.e., we cannot lose more 
than what we invested), although appropriate for portfolio models, may 
not be representative of all conceivable forms of risk-bearing (e.g., 
personally owned businesses). As a matter of fact, only the result on 
risk-taking where income from the risky asset is exempted from taxation 
depend on this assumption. 

BOur measure of risk-taking, as has already been mentioned in 
Chapter I, is the individual's demand for the risky asset. In the 
present notation, this is simply the amount 'a' (out of initial wealth) 
devoted to the risky asset. This corresponds to the Damar-Musgrave 
concept of total (or social) risk-taking; while Atkinson-Stiglitz [5] 
has suggested a(l-t) as a measure of private risk-taking, where t is 
the marginal tax rate. 
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shall adopt the measures of risk-aversion introduced by Arrow [ 31and Pratt [55] . 

These are: absolute risk-aversion, A(W) = [-U"(W)/U'(W)] and relative 

risk aversion, R(W) = [-U"(W)W/UI(W)]. Pratt has offered the following 

interpretation: Consider an individual who is indifferent between an 

amount E(W) where W is a random variable with mean E(W) and an arbitrarily 

small variance 0
2; and a Gertain wealth Woo Being a risk-avertor, he 

will only accept the random outcome, W, if the mean E(W) is greater than 

Wo, Define 

TI = E(W) - Wo > 0, ... (IV-I) 

where we can conceptualise 'IT as an "insurance premium". Then Pratt 

shows that for sufficiently concentrated distributions 

1T 
A(W) ~ 2(2)' 

cr 
... (IV -2) 

Roughly speaking, then, absolute risk-aversion, A(W), equals twice the 

insurance premium per unit of variance for small risks. If we measure 

bets not in absolute terms but in proportion to W, then a similar 

interpretation can be obtained for relative risk-aversion. 

However, for our purp?ses we only require the relationship between 

wealth elasticities and assumptions on the risk-aversion measures. In a 

model without taxation Arrow [ 3] has shown the following results: 

(a) The wealth elasticity of the risky asset is greater than, equal to 

or less than zero as absolute risk-aversion is decreasing, constant 

or increasing; 

(b) The wealth elasticity of the risky asset is greater than, equal to 

or less than unity as relative risk-aversion is decreasing, constant 

or increasing. 

An extension of these results for the case of linearly progressive 



taxation is given in the appendix to this chapter. We find that the 

second result (b) is modified in the presence of a linear progressive 

tax schedule. Specifically, we now obtain: 

(c) The wealth elasticity of the risky asset is less than unity if 

relative risk-aversion is constant or increasing. 

Thus in the presence of a linearly progressive tax schedule decreasing 

relative risk-aversion is no longer sufficient to guarantee a wealth 

elasticity of the risky asset greater than unity.9 

These results can be interpreted as follows: The first (a) 
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states that if individuals become more risk-averse (in an absolute sense) 

as they become wealthier, then they allocate absolutely more of their 

investable wealth to the safe asset. Similarly, the second (proposition 

(c) above) says that if the individual's risk-aversion (in a relative 

sense) remains the same or increases as he becomes wealthier, then he 

allocates relatively more of his portfolio to the safe asset. Proceeding 

from this framework, we now analyse the effects of taxation. 

IV.2 Progressive Income Taxation 

In the case of a progressive tax on investment income with 

full loss offsets, after tax wealth is given by 

W = Wo + (l-t){rWo + a(X-r) - K} +K, ... (IV-3) 

where t is the marginal tax rate on investment income and K is the level 

of exemption on such income. The investor chooses 'a' to maximise 

9Arrow ( 3] has argued that absolute risk-aversion decreases as 
wealth increases, and it seems reasonable that risky assets are not 
inferior. However, his other hypothesis that relative risk-aversion is 
an increasing function of wealth may not be so obvious, and Stiglitz ~7] 
has discussed the difficulties involved therein. 
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E{U(W)} = !{U(Wo+(l-t) [rWo+acx. .... ;r)-K]+K)}dF(x), ... (IV-4) 

where the integration is over the range of X. If U" < 0, the necessary and 

sufficient condition for an interior maximum is 

E{U'(W) (X-r)} =0. · .. (IV -5) 

This can be interpreted as stating that the expected marginal utility of 

a unit of investment in each asset is equated at the optimum (i.e., 

E{U'(W)X} = E{U'(W)r}). In order to discover how increases in the tax 

rate affect risk-taking, we differentiate (IV-5) with respect to t, 

aa _ a (rWo-K)E{U"(W) (X-r)} 
at - l-t - (l-t)E{U"(W) (X-r) 2} . 

Implicit differentiation of (IV-S) also gives 

aa _ ( ) [l+(l-t)r]~{U"(W) (x-r)} 
awo _. - (l-t)E{U" (W) (X-r) 2} • 

From (IV-6) and (IV-7) we, therefor~have 

aa a 
at - l-t 

(rWo-K) aa. 
[l+(l-t)r] awo 

From (IV-8) it is clear that for r=O, 

aa a aa 
8t = l-t + K awo" 

· .. (IV-6) 

· .. (IV-7) 

· .. (IV -8) 

· .. (IV -9) 

where the first term on the r.h.s. of (IV-g) has the interpretation of 

the substitution effect: [a/(l-t)] = (aa/at)/U=U,and the second term is 

the usual income effect. Given decreasing absolute risk-aversion, 

(with aa/aWo > 0), social risk-taking increases (~rises) and, if we 

follow Atkinson-Stiglitz and regard a(l-t) as an indicator of private 

risk-taking, this also increases since we can rewrite (IV-g) as 

aa K 3a 
(l-t) at - a := (l-t) awo' ... (IV-IO) 

where the l.h.s. measures the change ln private risk-taking. It may be 
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noted that in the case of a flat rate proportional tax on investment 

income (i. e., K :;:; 0), as Stiglitz [68] and Mossin [48] ,have shown, 

private risk-taking remains unchanged. Also note that if we had a 

quadratic utility function (this implies increasing absolute risk-

aversion and hence oa/aWo < 0) the effect of the tax on social risk-taking 

would be indeterminate, but private risk-taking would decrease as the 

. k b . f' 10 rlS y asset ecomes ln erlor. 

For the general case of r > 0, it follows from (IV-8) that the 

hypothesis of decreasing absolute risk-aversion is not sufficient to 

determine the direction of changes in risk-taking: the magnitude of 

(rWo - K) is important. However, if we rewrite (IV-8) as 

oa 
oWo' 

... (IV-II) 

it is possible to determine the effects on (social) risk-taking. Clearly, 

given decreasing absolute risk-aversion, total risk-taking increases 

where relative risk-aversion is constant or increasing. For decreasing 

relative risk-aversion relative risk-taking, as measured by (t/a)(oa/ot), 

would increase if the effective marginal tax rate does not exceed 50%. 

This can be seen by comparing (IV-II) when multiplied by (t/a), and 

equation (A-IV-3) of the appendix. 

From (IV-8) it is also obvious that the effect of the tax on 

10Notice that for a flat rate proportional tax on income 
~.e., K=O) this conflict in the predictions between the general formula­
tion and the quadratic utility formulation does not appear. So long as 
r=O, total risk-taking always increases. In other words, for r=O 
(and K=O), the effect of the income tax on risk-taking is independent 
of the investor's attitude towards risk (except for that he is a risk-
avertor). 



11 
private risk-taking depends on (rWo-K) and is, therefore~ ambiguous. 
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Our major conclusion then is the following: An increase in the marginal 

tax rate, in a system with a linearly progressive income tax with full loss 

offsets, leads to an increased demand for the risky asset if (a) the 

wealth elasticity of the risky asset demand is positive, and is less than 

or equal to unity (or, alternatively, absolute risk-aversion is decreasing 

and relative risk-aversion is non-decreasing in wealth); or (b) relative 

risk-aversion is decreasing and the marginal tax rate does not exceed 50%. 

The detailed results are presented in Tables IV.l and IV.2. These results 

demonstrate the possibility that progressive (investment) income taxation 

may lead to increased total risk-taking rather than a decrease as might 

have been speculated. An intuitive rationale for this outcome is that 

by allowing full loss offsets and an exemption on (risky) income, the 

government shares part of the risk. Thus, although taxation reduces the 

probability of large gains, it also reduces the probability of large losses. 

In other words, the size of the bet has been reduced by taxation. 

IV.3 Treatment of Capital Gains 

In this section we examine the consequences for risk-taking of 

exemptions on capital gains. We must point out that, there is no unique 

way of treating this problem. In Case 1, we follow Stiglitz [68] and 

take the polar case of taxing the return on the safe asset alone. Under 

Case 2, we provide an alternative method and show how this modification 

affects the analysis. 

11 However, for a flat rate proportional tax (i.e., K=O), 
equation (IV-8) tells us that private risk-taking decreases, remains 
constant or increases as absolute risk-aversion decre~ses, remains 
constant or increases with wealth. 



Table IV.l Effects of an Income Tax on Risk-Taking: r~O 

Type of Absolute 
Risk-Aversion 
CACW) ) 

Decreasing 

Constant 

Type of Risk-Taking 
----------------------~------~-------

Social I Private 

+ + 

+ o 

Increasing ? 

Table IV.2 Effects of an Income Tax on Risk-Taking: r>O 

Type of Type of Relative Risk-Aversion CR(W)) 
Risk-Taking 
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Type ,0 

Absolute Decreasing Constant Increasing 

Risk-Aversion Social Private Social Private Social Private 
(A(W) ) 

Decreasing + ? + ? + ? 

Constant NA* NA NA NA + ? 

Increasing - NA . NA NA NA ? ? 

* It is impossible to have constant or increasing absolute risk-aversion 
with non-increasing relative risk-aversion. 
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Case 1: Final wealth, after a linearly progressive tax is applied to 

the income from the safe asset alone, is given by 

W = (Wo-a) (l+r) +a (l+X) -t {(Wo-a)r-K}. . .. (IV-12) 

Therefore, maximising expected utility where wealth is defined as above 

gives 

E{(Ut(W) (X-r(l-t))} = 0 · .. (IV -13) 

as the necessary and sufficient condition for an interior maximum (since 

we have assumed U"(W) < 0). To see the effect of a change in t, we 

obtain, upon implicit differentiation of CIV-13): 

da _ -rE[Ut(W)] + {(Wo-a)r-K}E{U"(W)(X-r(l-t))} 

at - E {U" (W) (X-r (l-t)) 2} 
... (IV-14) 

Hence we need to know the sign of 

rE[Ut(W)] - [(Wo-a)r-K]E{U"(W) (X-r{l-t))}, · .. (IV-IS) 

12 
which is positive if absolute risk-aversion is increasing or constant. 

The result is indeterminate if absolute risk-aversion is decreasing. 

However, we can re-arrange the terms in (IV-IS) as fo~lows: 

E ({UII (W) W + I} 
r U' (W) U' (W)] - E { u" (W) [(rWo-K) X +r (Wo+,K)] }. 

· .. (IV-16) 

For X > -1 (i.e., limited liability), the second term is positive, while 

the first is positive if R(W) < 1. Thus we have shown that: Linear 

progressive taxation of the income from the safe asset alone increases 

the demand for the risky asset if (a) absolute risk-aversion is increasing 

or constant, or (b) relative risk-aversion is less than or equal to 

12AS will be indicated in the appendix to this chapter, 
E{U"(W) (X-r(l-t))} >k 0 as absolute risk-aversion is decreasing, constant 
or increasing with wealth. Also note that unIess[(Wo-a)r-K] is positive, 
the investor does not pay any taxes. 
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unity.13 While restrictions on the value of R(W) are not easily inter-

pretable, the result that increasing absolute risk-aversion would encourage 

(total) risk-taking can be explained as follows: A tax on the income from 

the riskless investment is, in part, like a reduction in wealth and hence 

the assumption of inferiority of the risky asset encourages risk-taking. 

But, this explains only the income effect. There is also a substitution 

effect which favours a movement away from the safe asset (notice the 

first term in expression (IV-~S)). 

Case 2. Here we modify the treatment of capital gains by asserting that 

the return on risky assets has two components -- a "safe" component and a 

risky capital gains (or loss) term. One possible way to conceptualise 

this idea would be to refer to a bond which offers a known rate of return 

plus a "liquidity premium" in recognition of the uncertainty as to its 

end-of-period market value. Consequently, we examine the effects of 

exempting risky capital gains from taxation. 14 For simplicity, we equate 

the "safe" component of the return on the risky asset to the return on the 

15 safe asset. Final wealth, then, is given by 

13It must be pointed out that R(W) < 1 may well turn out to be 
implausibly low. In particular, Arrow [ 3]-has shown that if U(W) is to 
remain bounded as W becomes large, then R(W) cannot tend to a limit 
below unity. 

l4 In Case I we examined the consequences for risk-taking of taxing 
the return on the safe asset alone, while in the present case we are 
examining a tax on the equivalent of the safe rate of return on the entire 
portfolio. 

l5Notice that this is merely an algebraic simplicity. 
Normally, we would expect the "safe" component of the risky 
return (r l ) to be at least as_great as the return on the safe 
asset, r. In such a case, the derivative 3a/3t will be strengthened in 
the same direction by the difference (rl-r). Hence, in equating them we 
do not lose any generality. 
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W = (Wo-a)(l+r) +a(l+r+y) -t (rWo-K) 

or, W = (l+r)Wo +ay - t(rWo - K), ... (IV-17) 

where (r+y) equals X. For an interior maximum we require 

E {U t (W) y} = 0, •.. (IV -18) 

where W is defined by (IV-17). Proceeding in a manner exactly analogous 

to that presented above, we obtain: 

3a _ (rWo - K) 
at - (-) [l+r(l-t)] 

3a 
3Wo ... (IV -19) 

Evidently, 3a/3t <I> 0 as 3a/3Wo >/< 0 (given that (rWo-K) > 0, otherwise 

the individual may not be taxed at all). Hence we have shown that: 

Linear progressive taxation with exemptions of capital gains over and 

above the riskless rate of return leads to a decrease, no change or an 

increase in (total) risk-taking as the wealth elasticity of the demand 

for the risky asset is greater than, equal to or less than zero. 

As before, exempting capital gains implies taxing riskless income and 

this generates an income effect in an obvious way. Moreover, by equating 

the "safe" component of the risky rate of return to the rate of return on 

riskless investment, we eliminate any possible substitution among the two 

forms of investments. 

IV.4 The Pure Effect of Progression 

Although, the possibility that a proportional (investment) income 

tax may encourage risk-taking under full loss offsets is somewhat well 

known, it is almost universally held that a progressive tax is detrimental 

to risk-taking. In this section we examine the effect of progressivity 

"k k" 16 on rlS -ta lng. In comparing any two taxes, we have to choose a basis 

16 In Section IV.2 we have seen that a linearly progressive tax on 
investment income encourages private risk-taking if r~O, while under 



for the comparison. The most cornmon criterion is that both taxes 

yield equal revenue to the government. In the present case, however, 

there is the additional difficulty that the revenue raised by a tax on 

investment income is a random variable. Despite some unsatisfactory 

17 
aspects, we employ the equal expected revenue ~s one possible basis 

for comparison. We also examine an alternative criterion in which the 

taxes to be compared lead to equal reductions in expected utility. 

Case 1: The Revenue Criterion. For simplicity, we assume that the 
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return on the safe asset is zero. Therefore, expected revenue under the 

progressive tax is given by 

E(R) ~ Jt(aX-K)dF(x) , 

~ taX - tK, ... (IV-20) 

where X denotes the expected value of X, the rate of return on the 

risky investment. Differentiating CIV-20) totally and equating to zero, 

i.e., maintaining the same revenue, we have 

or, 

dE(R) = (tXda + aXdt tdK - Kdt) 

dtJ 
/dE(R) = 0 

tdK - tXda 
(aX-K) 

o 

... (IV-2l) 

We can now evaluate the change in risk-taking due to a compensated 

expected revenue change in progression as follows. Notice that the 

equilibrium condition for the investor's problem, equation (IV-5) with 

r=O reads 

similar circumstances, a flat rate proportional tax does not. However, this 
particular result does not provide a clear comparison of the two taxes 
since we did not employ any basis for the comparison. 

17For instance, it may not be possible to compute taxes yielding 
the same revenue in each state of nature. These difficulties have been 
discussed by Stiglitz [68]. 



· .. (IV-22) 

This defines optimal risk-taking as a function of the tax parameters: 

a = a (t, K) , 

which on total differentiation gives t 

da = ~~ dt + ~; dK. 

From (IV-21) and (~V-24) it follows 

da/ 3a tdK - tXda 3a 
IdE (R) = 0 = at [ (aX - K) ] + 3 K dK. 

Rearranging we obtain 

~~ / _ [~+ (a~-K) ~] 
/dE(R)=O - [1 +(tX ) aa] 

aX-K at 

· .. (IV-23) 

· .. (IV -24) 

· .. (IV-2S) 

· .. (IV-26) 

Recall that 3a/3t (as given by equation (IV-g)) and aa/3K (~t(da/aWo), 

which can be seen by differentiating (IV-22)) are both positive if 
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absolute risk-aversion is decreasing. Also notice that we require X > 0 

in order to guarantee an interior solution, and unless (aX-K) > 0 the 

investor is not taxed. Hence the following result: When the rate of 

return on riskless investment is zero and the wealth elasticity of the 

demand for the risky asset is greater than zero, a compensated expected 

revenue increase in progression encourages further risk-taking. 

Given the results of the preceding sections, this result can be 

explained as follows. Increased progression comes about through both 

increases in t and in K. Where the wealth elasticity of the demand for 

the risky asset is greater than zero, increased K, by itself, encourages 

risk-taking; while an increase in t, ceteris paribus (as seen in 

Section IV.2), also encourages risk-taking under these conditions. What 



74 

is interesting to observe is that such forces explain the investor's 

behaviour even when both the changes in K and t take place simultaneously 

such that the investor's expected tax payments do not change. 

Case 2: The Expected Utility Criterion. Let us now consider the effect 

on risk-taking such that the loss in expected utility -- due to propor-

tional and linear progressive taxes -- is constant. In the process, we 

assume that the safe asset has a positive rate of return. Moreover, we 

adapt a diagrammatic device developed by Stiglitz [68]. 

In order that we may use diagrams, we assume that there are only 

two states of nature: (1) state 8
1

, where the risky asset yields more 

than r, occurs with a probability PI; (2) state a2,where the risky asset 

yields less than r, occurs with a probability P2 such that Pl+P2 = 1. 

The individual's opportunity locus is depicted in Figure IV.l. If he 

purchases only the safe asset, he obtains the point S on the 45° line, 

where 

· .. (IV-27) 

At the other extreme, if he holds only the risky asset, the end of the 

period wealth is represented by the point T with 

W(8) = W [l+X(8)] 
1 0 1 

... (IV-28a) 

in the first state of nature, and 

· .. (IV -28b) 

in the other. Obviously, by allocating different proportions between 

the two assets, the investor can obtain any point along the line ST. 

On the same diagram CFigure IV.l) we have drawn indifference 

curves for different values of expected utility, 

· .. (IV-29) 
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Figure IV.l Optimal Portfolio Choice: An Exposition 

o~-----------~ ~v(e\) 
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and clearly the equilibrium is at the point Q, the point of tangency 

between the indifference curve and the opportunity locus. Also note 

that 

QT 
a = ST' 

i.e., the proportion of the initial wealth allocated to the risky asset 

is equal to the ratio of QT to ST. 

In Figure IV.2, the opportunity set, in the absence of any tax, 

is ST and the portfolio equilibrium at M. A flat rate income tax (i.e., 

K=O) shifts this opportunity set to SfT
f 

and the equilibrium to Q, Since 

the slope of the opportunity set is independent of the parameters of a 

linear tax schedule, Q also happens to be the optimum position for the 

equal expected utility progressive tax. But Q represents a-portfolio 

with higher total risk (~ under the progressive tax than the flat tax. 

This is so because the opportunity set is shorter under the progressive 

tax being only SfR: the higher marginal tax rate shifts ST to a position 

like S T , while the lump-sum subsidy tK then shifts this bodily to S_R 
P P y-

with R corresponding to a = Woo Therefore, we conclude: Risk-taking is 

greater under linear progressive taxation than under strictly proportional 

income taxation when both types of taxes lead to equal losses of expected 

utility for the investor. As seen in Figure IV.2, for equal losses of 

expected utility, the marginal rate of tax is higher in the progressive 

than in the proportional case, and this alone can account for greater 

(social) risk-taking in the progressive tax case (see the results of 

Section IV.2). 

IV.S Conclusion 

In this chapter we have presented a general expected utility 
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Figure IV.2 Proportional vs. Linearly Progressive Taxes 

We 
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formulation of the portfolio choice problem where the investor faces 

a simple progressive tax schedule. The analysis shows that a progressive 

investment income tax would typically encourage (total) risk-taking under 

very reasonable conditions, while private risk-taking is indeterminate 

(except where the rate of return on the safe investment is nil, in which 

case private risk-taking increases, remains constant or decreases as the 

wealth elasticity of the demand for the risky asset is greater than, 

equal to or less than zero). Exemptions on capital gains, on the other 

hand, are most likely to reduce the demand for the risky asset. Comparing 

a progressive tax and a proportional tax on alternative criteria, we have 

also shown that the former leads to more risk-taking than the latter. 
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Appendix to Chapter IV 

The relationship between the wealth elasticity of the demand for 

the risky asset and hypotheses on the risk-aversion functions, as stated 

in Section IV.I, were originally shown by Arrow [ 3] in a model without 

any taxes. Later Stiglitz [68] and Mossin [48] established these results 

for proportional taxation. In this appendix we extend these relationships 

for the case of linear progressive taxation on investment income. They 

can easily be extended for other linear tax schedules. 

A.IV.I Absolute Risk-Aversion and Wealth Elasticities. As shown in the 

text [equation (IV-7)], the derivative qa/qWo has the sign of 

E{U"(W) (X-r)}, which can be rewritten as (using the definition of 

absolute risk-aversion): 

-E{A(W)U'(W) (X-r)}. . .. (A-lV-I) 

Nnw, we show that the expression given by (A-lV-I) has the opposite sign 

uf 8A(W)/8W. This is seen as follows. Define W* = Wo[ltr(l-t)]+ tK. 

Then 

-E{A(W)U'(W) (X-r)} = E{[A(W*) - A(W)]U'(W) (X-r)}-A(W*)E{U'(W)(X-r)}, 

und using the first-order condition [equation (IV-S) of the text] 

-E{A(W)U'(W) (X-r)l = E{[A(W*) - A(W)]U'(W) (X-r)}. 

When (X-r) > 0, W > W* (see equation (IV-3) of the text). Hence if A(W) 

~s increasing with W, [A(W*)-A(W)] < 0, and {A(W*) - A(W)}(X-r) < 0. 

Similarly, when (X-r) < 0, W < W*, and if A(W) is increasing with W, 

[A(W*) - A(W)] > 0, so that{ A(W*) - A(W)} (X-r) is still negative. 

Thus we have shown that 
decreasing, 

-E{A(W)U'(W) (X-r)} >/< ° as A(W) is { constant, 
increasing. 



In other words, 

decreasing, 
as A(W) is' { constant, 

increasing. 
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A.IV.2 Relative Risk-Aversion and Wealth Elasticities. Using the same 

argument as above, we can show that 

- E{R(W)U'(W)(X-r)} > / < 0 as R(W) 
decreasing, 

is { constant, 
increasing. 

Or, E{U" (W) (W) (X-r)} > / < 0 as d~~W) <I> o. 

Using the definition of W, as given by equation (IV-3), we can re-write 

the above relation as 

E{U"(W) (X-r) [Wo+(l-t) (rWo + a(X-r)-K)+K]} >/< 0 as 

dReW) 
aw <I> o. . .. CA-IV-2) 

Using the expression for the derivative aa/aWo (given by equation (IV-7) 

of the text), the inequality (A-IV-2) can be rearranged as 

I <I> (Wo ~) + 
a awo 

tK 
a[l+r(l-t)] 

aa aR(W) 
awo as aw 

... (A-IV -3) 

This result is slightly different from that obtained by Arrow [ 3], 

In particular, even if relative risk-aversion is constant, wealth 

elasticity of the demand for the risky asset is still less than unity, 

and decreasing relative risk-aversion no longer guarantees that the 

investor allocates proportionately more of his portfolio to the risky 

asset as he becomes wealthier. 



PART 3: INTERTEMPORAL ANALYSIS 

" ... We look upon economic theory as a sequence of conceptual 
models that seek to express in simplified form different 
aspects of an always more complicated reality.H 

(Koopmans~ T.C.: Three Essays on 
the State of Economic Science.) 



CHAPTER V 

TAXATION IN A TWO-PERIOD TEMPORAL MODEL 

OF CONSUMPTION AND PORTFOLIO ALLOCATION 

In Part 2 of this study (Chapters II, III and IV) we have 

analysed the effects of taxation on risk-taking in the context of models 

all of which ignored the consumption-saving decisions. This practice, 

although analytically convenient, is not a satisfactory description of 

household decision processes. Certainly the decision to hold one's 

wealth in various forms is closely related to the objective of attaining 

future consumption plans that enable the individual to attain maximal 

expected utility. This view of individual decision-making implies that 

the discussion of portfolio selection is inseparable from the discussion 

of optimal consumption decisions under uncertainty. Such an integration 

of portfolio and consumption decisions allows the individual, by optimally 

choosing the amount devoted to consumption, to vary the amount of 

investable wealth. We can consider, therefore, the simultaneous 

determination of the size and the composition of the optimal portfolio. 

Recently Sandmo ([61], [62]) and Dreze and Modigliani [17], among others, 

have attempted such an integration of portfolio choice and consumption 

allocation over time. In light of this development it is natural to ask 

whether the effects of taxation on risk-taking [ the analysis of Part 2] 

depend in an essential way on the assumption of a fixed portfolio. 

Sanclmo's own attempt to answer this question was an exploratory first 

82 
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1 .step. In the present chapter we have used a separable utility function 

(a special case of Sandmo's general utility function) and have obtained 

more definitive results. In this sense, this chapter can be viewed as 

an extension of his results. This analysis will also allow us to examine 

the effects of taxation on intertemporal consumption decisions under 

uncertainty. This discussion clarifies the degree to which the predictions 

of the existing analysis of intertemporal consumption decisions (e.g., 

Musgrave [SO] and Hansen [29]), which was carried out in a world of 

certainty, carryover to the case of uncert~inty. Moreover, as will be 

shown in the next chapter (VI), the present framework can also be used to 

discuss the comparative effects of a tax on consumption rather than a tax 

on investment income. 

One other way, in which the present approach differs from those 

of the preceding chapters, is related to the nature of uncertainty 

involved. The single-period analysis, as pointed out by Sandmo [62] and 

Dreze-Modigliani [17], can be interpreted as being concerned with timeless 

risk prospects, i.e., the uncertainty will be removed before the saving-

consumption decision is made, while here we are concerned with temporal 

risk prospects. In this case the uncertainty about the yield of the risky 

asset is not going too be removed until the end of the first period, 

ISandmo [62] uses a utility function of the form U(C ,C
2

) and 
finds that taxation effects are difficult to evaluate when tfie return 
on riskless investment is non-zero. For the cases of no return on 
riskless investment and for taxation of the differential yield (i.e., 
the risky less the riskless rate of return), the effects on risk-taking 
are identical to those of the Stiglitz ~8] - Mossin ~8] single­
period analysis. 
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i.e., until after the saving-consumption decision has been made. 2 Dreze 

and Modigliani have established that behaviour under temporal uncertainty 

differs from behaviour under timeless uncertainty and, hence, it is 

worthwhile to examine whether taxation changes in a world of temporal 

risk yield the standard results of pure portfolio theory. 

Consumption and portfolio allocation decisions are assumed to 

satisfy maximisation of the individual's expected lifetime utility. The 

individual is presumed to live for two periods and the (current) 

consumption-portfolio allocation decision is made in the first period 

based on the subjective probability distribution of the outcomes. In 

the second period the household dissaves, consuming all its capital and 

the exogenous wage incomes. Both proportional and linearly progressive 

taxes (of the type discussed in Chapter IV) are analysed. It is found 

that the conditions for stimulatory effects of taxation on risk-taking 

require both the assumptions on risk-aversion made in the single-period 

analysis and additional sufficient conditions on the income elasticities 

of the demand for the risky asset and for consumption. Consumption 

taxes (both proportional and progressive) are most likely to discourage 

current consumption, while investment income taxes, depending on the 

income elasticity of consumption, may either encourage or discourage 

saving. 

2Mossin ([49], pp. 29-30) has offered the following illustration 
of the distinction between temporal and timeless risks: "Consider the 
following two situations. In both situations I offer you $1000 if a coin 
comes up heads, and in both situations the amount will be payable one 
year from today. However, in one situation the coin is tossed today (a 
timeless prospect), in the other a year from today (a temporal pro­
spect)". 
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The rest of this chapter proceeds as follows. In Section V.I we 

outline the model to be used throughout this and the next chapter, 

especially noting its assumptions and their behavioural implications. 

Proportional taxes are analysed in Section V.2, while Section V.3 

discusses linearly progressive taxation. Some conclusions are offered 

in Section V.4. The proofs and some background results are collected in 

the appendix. 

V.I Consumption and Portfolio Allocation Decisions 

The individual makes the portfolio allocation decision in the 

first period to maximise expected lifetime utility. In the second period 

he dissaves, consuming all his wage income, capital and the realised 

investment income. The intertemporal consumption allocation decision 

can be stated as 

max EF(CI ,C2) = V(CI ) + EU(C2), 

Cl = YI a-m, 
s.t. { 

C2 Y2 + a(I+X) + m(l+r), 

... (V-I) 

where both V an~ U are assumed to be twice continuously differentiable 

with positive and diminishing marginal utilities, thus guaranteeing 

risk-aversion and a diminishing marginal rate of substitution between 

present and future consumption prospects. It must, however, be noted 

that additive separability is a rather strong assumption (implying that 

the [expected] marginal utility of consumption in any period is a 

function of the level of consumption in that period alone)and we shall 

soon discuss the possible justifications for such an assumption.C1 and C2 
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are respectively current and future consumption,3 Y
I 

and Y
2 

are the 

· 4 
non-asset incomes received in the first and the second periods, while, 

as defined in Chapter IV, a and m are the amounts allocated to the risky 

and the safe assets respectively with X (a random variable) and r as 

their respective rates of return. The investor's problem, equation (V-I), 

involves choosing {CI ,C2 ,a,m} . However, by combining the budget 

constraints we can rewrite C
2 

as 

· .. (V-2) 

Now, substituting for C2 in (V-I) we can eliminate the constraints and 

restate the investor's problem as one of solving a two-good, two-period 

problem: 

· .. (V -3) 

The necessary conditions for the existence of an interior 

maximum are given by 

· .. (V-4) 

· .. (V -5) 

We may interpret these conditions as follows: 

(a) The first says that at an optimum, the marginal rate of time-preference 

3The assumption of constant relative prices among any group of 
commodities allows us to aggregate consumption programmes defined over 
such commodity groups into a single commodity (denoted by C

l 
or C2). S~e 

Hicks ([30], p. 33) for a discussion of this result known as the composlte 
commodity theorem. 

4To elaborate, we might follow Dreze~Modigliani and define Yl to include the net market value of the individual's assets, plus his 
labour income during the initial period. Similarly, Y

2 
will denote the 

present value of his future labour iricome, plus additional receipts from 
sources other than his current assets. 
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([V'(Cl)/E{U'(CZ)}]-l) equals the rate of return on the safe asset, which 

is analogous to Fisher's famous rule for optimisation over time [23]; 

(b) The second condition says that the expected marginal utility of a 

unit of investment in each asset is equalised at an optimum~ i.e.~ 

E{U'(CZ)X} = E{U'(CZ)r}. This is an extension of the usual interpretation 

of a portfolio equilibrium as discussed in Chapter IV. 

Since we have assumed strict concavity of both V(Cl ) and U(CZ)~ 

the above conditions are also sufficient for a utility maximum. S However, 

we do state the second-order sufficiency conditions as they allow an 

interesting economic interpretation. These conditions are: 

· .. (V-6) 

H - > 0 
- (l+r)E{U"(CZ) (X-r)} 

· .. (V -7) 

From eV-6) and eV-7) it also follows that 

E{U"(C ) (x_r)z} < o. 
Z • .. (V-B) 

Notice that (V-6) and (V-B) are always satisfied given our assumption of 

diminishing marginal utility in both periods. The interpretation of 

eV-7), however, requires a consideration of risk-aversion measures in a 

temporal framework. 

In the last chapter we have discussed the measures of risk-

SStrict concavity of V and U makes our additively separable 
F(Cl,C Z) strictly quasi-concave. See Arrow ([ 3], Chapter 4) and 
Stigum [70]. 
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aversion appropriate for single-period analysis. We now investigate 

whether these measures have to be modified in a temporal context. Dreze 

and Modigliani have shown that the measure of absolute risk-aversion 
U 

A(C2), in a temporal context is [(-) U~2 C
l
*], where U(C

l
,C

2
) denotes 

the utility function and Cl * is the optimal value of current consumption. 

They also find that a necessary and sufficient condition for this measure 

to be everywhere independent of Cl is that the utility function can be 

written as: 

· .. (V -9) 

Our separable utility function obviously satisfies this independence 

property. Thus, our measure of absolute risk-aversion is 

· .. (V -10) 

and the corresponding measure of relative risk-aversion is 

• .• (V -Ii) 

which are of the indentical form as those of the last chapter. Clearly, 

a logarithmic utility function, 

F(Cl ,C 2) ~ log Cl + (1-0) log C2, ... (V-12) 

(where 0 is a time discount factor) would imply constant relative risk­

aversion (of unity) and decreasing absolute risk-aversion. 6 Also notice 

6Evidently for constant relative risk-aversion, as stated in the 
appendix (Section A.V.I), E{U"(C 2) (X-r)C 2} ~ O. Using the expression 
for C2 [equation (V-2) of the text] the above condition is written as 

[Y
2 

+(YI-C
l

) (l+r)] [U"(C2) (X-r)] + aE[Ut1(C 2) (x_r)2] ;:: O. 

The second term is always negative for a risk-avertor, and, hence, for 
the equality to hold we require E(U"(C

2
) (X-r)] > O~ which is the condition 

for absolute risk-aversion to decrease with future consumption (see 
Section A.V.l of the appendix). 
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that the logarithmic utility function (V-12), satisfies the concavity 

assumptions made earlier in this section. In the subsequent discussion, 

therefore, we shall use the utility functions in (V-I) and (V-12) as 

alternative representations of the investor's behaviour. 

We are now in a position to discuss the economic interpretation 

of (V-7) which amounts to the following: In the context of the model 

described above, for H > 0, it is both necessary and sufficient that 

o < dCI/dYl < 1, i.e., H > 0 <=> 0 < dCI/dYl < 1, where absolute 

risk-aversion is decreasing and relative risk-aversion is non-decreasing. 

In the context of an unrestricted utility function, U(Cl ,C2), Dreze and 

Modigliani observed that the requirement 0 < dCl/oYl < 1, although 

representative of actual behaviour, was not guaranteed by the restrictions 

which they placed on preferences. Clearly, such a requirement, in our 

model, is an integral part of consistent behaviour. 7 In particular, the 

existence of the solution to the investor's problem is intimately 

related to the requirement that 0 < oCI/oYl < 1. One other behavioural 

7Essentially this is equivalent to assuming non-decreasing 
relative risk-aversion as one of the fundamental assumptions of our 
model. This assumption has been debated in the literature (Stiglitz 
[67]). However, in the present context this need not be a problem: 
If the assumption of decreasing absolute risk-aversion is accepted 
in the expected utility of wealth model as being "reasonable" because 
it guarantees the non-inferiority of the risky asset, we might just 
as well, accept the hypothesis of non-decreasing relative risk­
aversion as "reasonable" in an intertemporal model as it guarantees 
o < dCl/oYl < 1. In any case, all our results will be stated in terms 
of income elasticities of consumption and asset demand, and since these 
elasticities are in principle observable, our results are not specific 
with respect to particular risk-aversion hypotheses. By the same 
token, the empirical measure of these elasticities, if available, 
would automatically verify the "reasonableness" of alternative 
hypotheses on risk-aversion. 



implication of our model is stated as fOllows: In the context of the 

above model decreasing absolute risk-aversion guarantees the non­

inferiority of the risky asset, i.e., aa/aYl~' Notice that these 

results also hold for the alternative assumption of logarithmic 

preferences. The formal proofs are given in the appendix (Section 

A. V.l). 

Furth~r, in order to interpret some of our results, we shall 

require the following assumption: 

... eV-13) 

which is analogous to our measure of relative risk-aversion given by 

expression (V-II). These are simply the elasticities of marginal 

utility of consumption in each period and Arrow ([ 3], Chapter 3) has 

shown that they must "hover" around unity for both V(C I ) and U(C 2) to 

be bounded. The fact that (V-13) does not involve uncertainty (since 

this is independent of C2) does not affect the argument in any way 

(see Arrow [ 3], pp. 110-111). In particular, it can be shown that if 

V(C
l

) is to remain bounded as Cl becomes large, then the elasticity of 
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marginal utility of current consumption cannot tend to a limit below 

unity. Also note that for a logarithmic utility function, which is a 

close approximation to a bounded utility function, (V-13) holds with 

strict equality. Moreover, Fellner [22] has estimated these elasticities 

to be around 1.5 (U.S. data). This may also be taken as a possible 

justification for making such an assumption. We will refer to (V-13) 

as the boundedness hypothesis. 

To conclude this section, we note that if restrictions of the 

form 1 > acl/aYl > 0 and aa/aYl > 0 are taken for granted on grounds of 
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realism, the additively separable form of the utility function is a very 

natural case to consider: In such an event these conditions can be 

interpreted as pastula tes of cons istent behaviour. 

V.2 Proportional Taxation 

In this section we discuss the effects of proportional taxation 

of non-asset income, consumption and investment income on consumption and 

risk-taking. 

A Proportional Non-Asset Income Tax. The constraints, after the intro-

duction of a proportional tax on non-asset income (Y
I 

and Y2) at the 

rate 0 < t < 1, are 

a-m, 
} 

C2 ~ (1-t)Y2 + a(l+X) + m(l+r). 

On simplification (V-14) yields 

C
2 

= (l-t)Y2 + [(l-t)YI - CI ] (l+r) + a(X-r). 

Now, the problem 

Max 
{cl,a} 

· .. (V-14) 

· .. (V -15) 

· .. (V -16) 

where C
2 

is defined by (V-IS), yields necessary and sufficient conditions 

that are described by the equations (V-4) through (V-7) of the preceding 

section. To see the effects of taxation, we differentiate (V-4) and 

(V-S), where 

H 

given by (V-IS), to obtain: 

~ (-(l+r) [Y2 + Yl (I+r)]E{U1.I(C2)}) 

[Y2 + YI (l+r)] E{U"(C 2) (X-r)} 

where IHI is given by (V-7). From (V-17) we obtain 

• .. (V -17) 



aC
1 1 

[Y 1 + Y 2 (1 + r) -1] 
aC

1 
~ 

= (-) (-) 
aY

1 
I-t · .. (V -18) 

da 1 
[Y1 

-1 aa 
at (-) (-) + Y (1 +r) ] -13-

I-t 2 Yl 
... (V-19) 

where ac1/aY1 and aa/aYl are respectively given by equations CA-V-8) 

and (A-V-9) of the appendix. We have, therefore, the result that a 

proportional tax on non-asset income reduces both current consumption 

8 
and the demand for the risky asset if both are superior goods. This 
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is easily explained: The tax reduces exogenously given non-asset incomes 

and generates pure income effects. If we assume both present consumption 

and risk-taking to be superior goods, both are reduced. So far as 

intertemporal consumption substitution is concerned, this result confirms, 

(since Y
l 

and Y
2 

do not involve uncertainty), Musgrave's finding that 

"a tax on income eXCluding interest does not affect the choice between 

present and future consumption" e [50], p. 261). 

A Proportional Consumption Tax. In this case, the budget constraints 

are written as 

a - m); 
} · .. eV-20) 

C2 = (1-t)(Y2 + a(l+X) + m(l+r)); 

where t now denotes a proportional tax on consumption. The solution to 

the investor's problem, eV-16), where C2' in view of eV-20), reads 

C 2 = [( 1- t) {Y 2 + Y leI + r) + a eX - r)} -- C 1 (1 + r) ] , · .. (V-2l) 

yields the following necessary and, (given the concavity assumptions), 

8Alternatively, the assumptio~ of non-decreasing relative risk­
aversion and decreasing absolute risk-aversion are sufficient to yield 
this result. 
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sufficient conditions: 

= OJ · .. (V - 22) 

(1-t)E{U'(C 2) (X-r)} = o. · .. (V-23) 

Again, upon implicit differentiation, (V-22) and (V-23) yields: 

H · .. (V-24) 
(1-t)E{U"(C

2
) (X-r)Y} 

where IHI gives the appropriate second-order condition for the consumption 

tax case and 

Y = [Y2 + (l+r)Yl + a(X-r)]. 

From (V-24) it can be seen that 

and 

da a { -l} - = (-) [1 - Y + Y e 1 +r) dt I-t 1 2 
1 
a 

da 
dY ], 

1 

· .. (V -25) 

... (V-26) 

· .. eV-27) 

where aCl/dY
l 

and da/dYl are respectively given by equations (A-V-IO) 

and (A-V-ll) of the appendix. Clearly, if both consumption and the risky 

asset are superior goods, both current consumption and private risk­

taking9 are reduced by a proportional consumption tax. Total risk-taking, 

however, would increase, remain constant or decrease as the elasticity 

of the demand for the risky asset with respect to the present value of 

non-asset income is smaller than, equal to or greater than unity. 

However, given the appended discussion on risk-aversion and income 

9Recall that in Chapter IV we have defined a(l-t) as the measure 
of private risk-taking. 



elasticities (Sections A.V.2 and A.V.4), we can formally interpret 

(V-27) as follows: 

An increase in the proportional consumption tax 

(a) stimulates (total) risk-taking where absolute risk-aversion is 

decreasing, relative risk-aversion is increasing and the income 

elasticity of consumption is at least as great as that of the risky 

asset demand; 

(b) has no effect on risk-taking where relative risk-aversion is 

constant and the income elasticity of consumption equals that of the 

risky asset demand;lO 

(c) discourages risk-taking where relative risk-aversion is constant 

(decreasing) and the income elasticity of consumption ~s smaller (no 

larger) than that of the risky asset demand. 

These results are in conflict with the conventional analysis . 
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which does not consider uncertainty. For instance, Musgrave concluded: 

"A tax on consumption, present and future, is thus equivalent to a tax 

on income excluding interest. This equivalence holds true provided that 

there is no saving without subsequent consumption ... " ([50], p. 262). 

Unlike the case of proportional taxation of non-asset income, a 

proportional consumption tax generates a substitution effect when we 

introduce uncertainty via capital risk. The substitution effect 

encourages risk-taking (see equation (V-27)), i.e., 

constant 
> o. ... (V -28) 

10This result can be regarded as a precise characterisation of 
Feldstein's result [20]. Feldstein provided a counter-example to the 
previous literature by showing that, in the model he considered, a pro­
portional tax has no effect on risk-taking. In the appendix (Section 
A.V.S) we point out the shortcomings of his demonstration. 
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This effect arises due to the fact that while the tax reduces current 

consumption, it also reduces the probability of large gains (and large 

losses) in future consumption (due to loss offsets), and consequently 

households allocate relatively more of their portfolio to the risky 

asset such that future consumption may not turn out to be too small. 

Thus the substitution effect leaves expected utility at the same level 

as before the tax. However, the income effect, as usual, tends to 

reduce risk-taking. 

A Proportional Investment Income Tax. The constraints are now modified 

as follows 

(a + m), 

C2 = Y
2 

+ (a + m) + Cl-t) (aX+mr) . 

Or simplifying, 

· .. (V -29) 

As a solution to (V-16) we obtain the following first-order conditions: 

· .. (V-30) 

· .. (V -31) 

where r* = [l+r(l-t)] and Cz is given by (V-29). Proceeding in the 

manner of the previous cases, we obtain 

· .. (V -32) 

or using (V-3D) 

aC l V'(C l ) l 
aY + V" (C ) c 1 ' 

1 1 1 -' 

... (V-33) 



----------------------------------

and 

3a a 
[ 1 -

r (l-t) 
Yl ~)] 

at (l-t) (r*) (-a aY l 

rC
l V' (C

l
) 

] aa 
... (V-34) + (r*) [1 + V"(C )C ay' 

1 1 1 

where 3Cl /aYl and 3a/aYl are respectively given by equations (A-V-12) 

and (A-V-13) of the appendix. First, from equations (V-33) and (V-34) 
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we note that where the return on the riskless investment is zero (which, 

in an intertemporal model implies a zero marginal rate of time preference 

at the optimum) the effect of a proportional investment income tax is 

to leave current consumption unchanged and"to increase (total) risk-

k " 11 ta lng. Private risk-taking in this case remains unchanged. Under 

logarithmic preferences of the type (V-12), (V-33) reduces to (since 

[V" (C ) c / V' (C )] == 1) 
III 

... (V-35) 

and the second term on the r.h.s. of (V-34) drops out. We therefore 

obtain the following: For investors whose preferences can be described 

by a logarithmic utility function, an increase in the proportional tax 

on investment income will reduce, leave unchanged or increase current 

consumption as the income elasticity of consumption is greater than, 

equal to or smaller than unity; this tax will also encourage risk-taking 

if the income elasticity of the demand for the risky asset is at most as 

great as unity. Private risk-taking will however decrease. Notice that 

IIThis has also been pointed out by Sandmo [62]. 
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although for an income elasticity of asset demand greater than unity 

risk-taking may decrease, it does not seem very likely given reasonable 

"t d f t and r. 12 magnl u es 0 It is interesting to note that the effects of 

an investment income tax on risk-taking for logarithmic preferences are 

identical to those obtained for a general utility function in a single-

period framework. 

In the general case where the utility function is given by (V-I) 

and r f 0, the interpretation of eV-33) and eV-34) would run as follows: 

An increase in the proportional tax on investment income 

(a) discourages current consumption where the investor exhibits non-

decreasing relative risk-aversion, consumes a constant fraction of income 

(i.e., CI ~ kYl , where Y
I 

is the total income in that period, implying 

(YI/CI) (aC1/ay1) ~ 1) and has an elasticity of marginal utility of 

consumption at least as great as unity; 

(b) encourages risk-taking where the investor exhibits decreasing 

absolute risk-aversion, invests a non-increasing proportion of income 

into the risky asset as income increases and has an elasticity of 

marginal utility of consumption at least as great as unity. The 

difficulty in obtaining any straight-forward results in the case of an 

investment income tax can be intuitively explained as follows. A tax on 

investment income is effectively a tax on future consumption and hence 

the substitution effect would work in favour of current consumption and 

risk-taking (see the first terms in (V-32) and (V-34)). However, these 

l2For instance, if r ~ 10% and t = 50% this would require a value 
of the income elasticity of the risky asset demand greater than 21 for 
risk-taking to decrease. Also notice that in an intertemporal context, 
an elasticity greater than unity may not correspond to the hypothesis 
of decreasing relative risk-aversion. See the appendix discussion in 
Section A.V.2. 
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stimulatory effects mayor may not be outweighed by the income effects. 

One other special case may be of interest. This is the case for 

an individual, who, before the tax change, is neither a borrower nor a 

saver, i.e., Cl = Yl . In such a case, it is seen from (V-32) that an 

increase in the tax rate stimulates current consumption. In a somewhat 

different context, Professors Feldstein and Tsiang [21] have interpreted 

such a result as indicating that if tax decreases are directed towards 

the low-income groups in which saving is non existent or relatively low, 

a positive stimulus to saving is more likely. 

V.3 Progressive Taxation 

In this section we derive results similar to those of the 

preceding section for the case of linearly progressive taxes. As in 

the last chapter, the tax schedule is linear with a marginal tax rate 

which applies both above and below a constant exemption level, K. 

A Progressive Non-Asset Income Tax. The budget constraints are now given 

by 

Cl = (l-t)(Yl-K) + K - (a+m) 

C2 = (1-t)(Y2-K) + K +a(l+X) + ~(l+r) 

where t is the marginal rate of tax on non-asset income and K is the 

level of exemption as defined above. Substituting for m in the expression 

for C2, we have 

C2 = (l-t) [Y l (1+r)+Y2] + Kt(2+r) + a(X-r) - Cl(l+r) . 

. . . eV-36) 

The necessary and sufficient conditions to the investor's problem given by 

eV-16) and eV-36) are again described by equations (V-4) and eV-S) where­

C2 is now given by eV-36). Proceeding in the manner of the preceding 



section we obtain: 

... (V-37) 

I { -1 -1 3a 
(-) (l-t) [Y I + Y2 (l+r) ] - K[l + (l+r) ]~; 

1 

... (V-38) 

where (acl/ayl ) and (aa/ay
1

) are respectively given by equations 

(A-V-8) and (A-V-9) of the appendix. These results can be stated as 

13 follows: Where both current consumption and the risky asset are 

99 

superior goods, a linearly progressive tax on non-asset incomes decreases 

or increases both current consumption and risk-taking as the present 

value of non-asset incomes exceeds (in which case the investor is a net 

tax-payer) or falls short of (in which case the investor is a net 

receiver) the present value of exemptions on such incomes. 

Notice that the stimulatory effects on consumption and risk-taking 

in the latter case are clearly the implications of a negative (non-asset) 

income tax, and hence these results accord well with intuition. Also 

notice that, as in the case of a proportional non-asset income tax, no 

substitution takes place between present and future consumption. 

A Progressive Consumption Tax. Linearly progressive taxation of consump-

tion implies the following budget constraints for the individual: 

CI ~ (l-t)(Y l - a - m) + Kt; 

C2 (l-t) [Y 2 + a (l+X) + m(l+r)] + Kt; 

13 .. .. f . k . An alternatlve lnterpretatlon ln terms 0 rlS -averSlon 
hypotheses is given by the footnote 8. 
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where now t is the marginal consumption tax rate and K is the exemption 

parameter. As before, we can simplify the above constraints and obtain 

C2 = [(1-t){Y2 + Yl (l+r) + a(X-r)} - Cl(l+r) + Kt(2+r)]. 

· .. (V -39) 

Also notice that equations (V-22) and (V-23) in conjunction with (V-39) 

characterise an optimum for the individual. The effects of a change in 

t on the investor's saving and risk-taking behaviour are given by: 

1 { -1 -1 aC l = (-) (l-t) [Yl + Y2(1+r) ] - K[l+(l+r) ]} w; 

2K 
(l-t) 

1 

· .. (V-40) 

aa 
aY

l 

· .. (V -41) 

where (acl/ay
l

) and (aa/ay
l

) are respectively given by equations 

(A-V-lO) and (A-V-ll) of the appendix (where C2 is to be read in the 

manner of eV-39)). 

The effect of the consumption tax on consumption is the same as 

in the case of taxation of non-asset income:for acl/aYl > 0, 

-1 Yl + Y2 (l+r) 
[ -1 ] ; 

1 + (l+r) 
· .. (V -42) 

(i.e., as K <I> the equivalent "permanent income stream"). Also note that 

if there is no investment in the risky asset, the individual is a net 

receiver if K exceeds his permanent income, and for K equal to his 

permanent income, he is not affected by the taxation policy. Therefore, 

the stimulatory effects on current consumption, as argued in the case of 

progressive taxation of non-asset income, is not surprising. We have, 



therefore, the following result: Where consumption is a superior 

good,14 linearly progressive taxation of consumption decreases, leaves 

unchanged or increases current consumption where the equivalent 

permanent income stream is greater than, equal to or smaller than the 

exemption level. 
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In order to interpret the effects on risk-taking we refer to the 

appendix discussion on relative risk-aversion and income elasticities 

(Section A.V.4). However, in view of (V-4l), we note that unlike the 

purely proportional tax on consumption, private risk-taking may not be 

reduced by a linearly progressive tax on consumption. The effects on 

social risk-taking is stated as follows: An increase in the marginal tax 

rate in a system with linearly progressive taxation of consumption 

stimulates risk-taking where (a) absolute risk-aversion is decreasing, 

relative risk-aversion is non-decreasing and the income elasticity of 

consumption is at least as great as that of the risky asset demand; or, 

alternatively, where (b) relative risk-aversion is decreasing, the 

marginal tax rate is at most 50% and the income elasticity of consumption 

15 is no larger than that of the risky asset demand. 

A Progressive Investment Income Tax. The appropriate constraints for a 

progressive tax on investment income are 

a - m) I 
a(l+X) + m(l+r) -t[aX + mr - K] . 

or, 

14 See footnote,8. 

15A f f h' 1 . f' th s a matter 0 act, t lS ast statement specl les e 
conditions for (t/a) (3a/3t) to be positive. 



C2 = [Y 2 + (Yl-C1) + Kt - (1-t){(Y1-Cl)r + a(X-r)}], 

... (V -43) 

where t is the marginal investment income tax rate and K is the 

exemption level. Again an intertemporal equilibrium is described by 

the equations (V-3D), (V-31) and eV-43). As before, we obtain: 

dC
l 

dt 

da 
at 

rC l 
V I (C

l
) 

] 
dC

l = ( r*) [1 + V"CC )C dY
l 1 1 

K dC
l 

+ (-) ay' r* 
1 

C~) [1 _ r(l-t) (Y 1 ~)] 
l-t (r*) a dY 1 

K aa. 
+ (r*) ay-, 

1 

rC
l 

V I (C
l

) Y
1 

+ -
dC

l 
( r*) [V lI (C )C 

1 1 C1 
-aY] 

1 

... (V-44) 

V'CC 1) aa 
+ V" (C ) C ] dY

1 1 1 

... (V -45) 

where (r*) - [1 + r(l-t)], and aC 1/3Y1, aa/dY l are respectively given 

by equations (A-V-12) and (A-V-13) of the appendix. 

Where the rate of return on the riskless investment is zero, 
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unlike the proportional investment income tax case, current consumption, 

private (and social) risk-taking are all increased by linearly progressive 

taxation of investment income. The existence of a lump-sum exemption on 

investment income generates income effects thus stimulating both 

current consumption and private risk-taking; social risk-taking, however, 

is increased when this exemption-generated income effect reinforces the 

positive substitution effect. The above interpretation requires that 

both current consumption and the risky asset are superior goods. 

In general, however, the effects of taxation are somewhat 

difficult to interpret. Specifically, even assuming a strictly pro-
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portiona1 consumption function (e.g., C
1 

= kY1' k > 0), equation 

(V-44) does not allow any straight-forward interpretation. However, for 

the case of logarithmic preferences the first term in (V-44) and the 

second term in (V-4S) drop out. We are, therefore, led to the following 

conclusion: For investors whose preferences can be described by a 

logarithmic utility function, linearly progressive taxation of investment 

income increases current consumption (or, risk-taking) where the individual 

allocates a non-increasing proportion of income to consumption (or, to 

the risky asset) as income increases. Due to the last term in eV-4S), 

our previous remark that an income elasticity of asset demand greater 

than unity may not decrease risk-taking is further strengthened. 

Similarly, an income elasticity of consumption in excess of unity is 

not sufficient to reduce current consumption. 

There is one other case where the effect of the tax on risk­

taking is unambiguous. This does not require the assumption of 

logarithmic preferences (see equation (V-4S)): Linearly progressive 

taxation of investment income encourages risk-taking where the investor 

exhibits decreasing absolute risk-aversion, invests a non-increasing. 

proportion of income in the risky asset as income increases and has an 

elasticity of marginal utility of consumption at least as great as unity. 

V.4 Summary and Conclusion 

The main results of this chapter can conveniently be summarised 

in the following tables. 



Type of tax 
Base 

Non-Asset 
Income 

Consumption 

Investment 
Income 

Table V.I Effects of Taxation on Current Consumption 

Type of Taxation 

Proportional 

NEGATIVE 

dC 
lif ')yl > o. 

o 1 

Progressive 

pas, ZERO, OR NEG 

-1 
y 1 + Y 2 (l+r) 

as K >/< ( -1 ). 
1 + (l+r) 

NEGATIVE pas, ZERO, OR NEG 

dC 
lif _yl > o. 

d 1 

(a) ZERO if r=O; or 

(b) POS, ZERO or NEG 
y 1 aC1 < 

as C aY /> 1 
1 1 

and the utility is 
logarithmic; or 

--------------------------
(c) NEGATIVE if 

(i) dR(C
2

)/dC
2 
~ 0, 

(ii) (YI/C I ) (dC1/aYI) = ] 

and, 

(iii)The boundness 
hypothesis is 
satisfied. 16 

-1 
Yl + Y2 (1+r) 

as K >1< ( -1 ). 
1 + (l+r) 

POSITIVE 

or 

and the utility is 
logarithmic. 
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16 Recall that [(-) V"(CI)Cl/Vf(CI )] > 1 denotes the boundedness 

hypothesis. 
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Table V.2 Effects of Taxation on Total (Social) Risk-Taking 

Type of tax 
Base 

Non-Asset 
Income 

Consumption 

Type of Taxation 

Proportional Progressive 

NEGATIVE POS, ZERO, OR NEG 
r~--~~--:-----------------r-----:----Y~+Y;(I+r)=I----------

1f W O. as K / < ( -1) . 
1 1 + (l+r) 

(a) POSITIVE if 
( i) a a/ d Y 1 > 0, 

(ii) aR(C2/ac2>c, and 

(iii)(Yl/a)(da/ay l ) ~ 

(Y/C
1

) (ac/ayl ); 

--------------------------
(b) ZERO if 
(i) aRCC2)/dC2 = 0, and 

(ii) (Y 1/ a) (aa/ ay 1) = 
(Yl/C l ) (acl/ayl ); 

~-------------------------

(c) NEGATIVE if 
(i) aR(C2) 

dC <0 and 

Cii) 

2 
Y 

(--.l) (~) > 
a aY

l
-

Yl dCl 
(C) Car)' or, 

1 1 

8R(C2) 
= 0 and dC

2 

Y 1 8a Y
l dCl 

---> --a dY l Cl dY l 

POSITIVE 
r--------------------------------
: f (a) (i) a a/ d Y 1 > 0, 

(ii) 8R(c2)foC2 ~ 0, and 

(iii) (Yl/a) (da/dYl ) ~ 

(Y1/C l ) (acl/ay1); 

or, 

(b) (i) aR(C2)/ac2 < 0, 

(ii) (Y l/a ) (aa/ ay 1) ~ 

(Y1/C1)(8C1/aY1)' and 

(iii)t ~ 1/2. 

continued .0. 
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Table V.2 (continued) ... 

POSITIVE POSITIVE 

Investment 
Income 

if (a) r=O; or 
(b) (Y

1
/a) (aa/ay

1
) ~ 1 

and the utility is 
logarithmic; or 

(c) (i) aa/aYl > 0, 

(ii) (YI/a) (aa/ay l ) 

~ 1, and 

(iii)the Boundedness 
hypothesis is 
satisfied. 

if (a) r=O and3a/3Y
1 

> 0; or 

(b) (Y1/a)(3a/ay
l

) < 1 and 

the utility is logarithmic; 
or 

(c) (i) aa/3Y1 > 0, 

(ii) (Y1/a)(aa/ay
l

) 

~ 1, and 

(iii) the Boundedness 
hypothesis is 
satisfied. 



Type of tax 
Base 

Consumption 

Investment 
Income 

* 
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Table V.3 Effects of Taxation on Private Risk-Taking* 

____________________ !rr~_~~ !~~ _________________________ _ 

Proportional Progressive 

NEGATIVE AMBIGUOUS 
---------------------------------------------------------

if 3a/ClYl > O. 

(a) ZERO if r = 0; 

(b) NEGATIVE if the 
utility function is 
logarithmic. 

POSITIVE 

if r ::: a and 

Cla/8Y1 > o. 

The present formulation does not yield any prediction of the 
effects of a non-asset income tax on private risk-taking. 
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From Table V.l it is clear that the effects of both proportional 

and progressive taxation of non-asset income and of consumption are to 

discourage current consumption for typical individuals (since we would 

expect the exemption level to be smaller than "permanent income"). 

These results, however, do not involve any intertemporal substitution of 

consumption and are pure income effects. On the other hand, the effect 

of an investment income tax (both proportional and progressive) on 

consumption is le~s straight-forward. Specifically, this tax --

essentially on future consumption -- encourages a substitution in favour 

of current consumption, but the income effects render the total effect 

somewha t ambiguous. Nevertheless, 'if we regard an income elastici ty to 

consumption of less than or equal to unity as typical, this tax stimulates 

current consumption (this, however, requires logarithmic preferences). 

Proportional consumption taxation or an investment income tax is 

most likely to reduce private risk-taking (see Table V.3). 

Apart from taxation of non-asset income and where the return on 

the riskless investment is zero, the results regarding total risk-taking 

are considerably more ambiguous. Consumption and investment income taxes, 

although they encourage a substitution in favour of risk-taking, are 

difficult to interpret. Alternative sets of conditions for these results 

to be unambiguous are detailed in Table V.2. 

The main conclusion, therefore, is that while hypotheses on risk-

aversion functions are more or less adequate in determining the effects 

of taxation on risk-taking in single-period analysis,17 they are no 

l7Compare, for instance, the results of Chapter IV(Tables IV-l 
and IV-2). 
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longer adequate in an intertemporal context. In particular, we frequently 

require the knowledge of the various income elasticities (and their 

relative magnitudes) in addition to assumptions on risk-aversion. However, 

these results can still be regarded as meaningful in that, at least in 

principle, the magnitudes of these income elasticities can be determined. 
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Appendix to Chapter V 

A.V.l Proof of the Results Stated in Section V.I: In this section we 

prove the results stated in the text (Section V.I): 
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(a) H > 0 <=> 0 < acl/aY
1 

< 1, where absolute risk-aversion is decreasing 

and relative risk-aversion is non-decreasing; 

(b) da/3Yl > 0 where absolute risk-aversion is decreasing. We will refer 

to them as Qropositions Ca) and (b) respectively. 

Before outlining the proofs, let us state two important results: 

Lemma A.V.l In the context of the model described in Section V.l of the 

text, E{U"(C )(X-r)} >/< 0 as absolute risk-aversion decreases, remains 
2 

constant, or increases as C
2 

increases; 

Lenuna A. V. 2 Under the conditions of lemma A.V.I, E{U"(C
2

) (X-r)C
2

} <I> 0 

as relative risk-aversion increases, remains constant, or decreases as 

C
2 

increases. 

The proofs of these lemmas, being similar to the one given in the appendix 

to Chapter IV(Section A.IV.I), are omitted. 

In the text we have seen that the necessary and sufficient 

conditions for an interior optimum of the problem given by (V-3) are 

described by equations (V-4) and (V-S) of the text. Now, differentiating 

eV-4) and (V-S) with respect to Y1, we obtain 

H = 

... (A-V-I) 

where jHj is defined by (V-7) of the text. 

181 have benefitted from my discussion with Abhijit Sen on some 
of the appendix results. 
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Proof of Proposition (b) . From (A-V-l), we have 

... (A-V -2) 

Since V"(C l ) < 0, lemma A.V.l guarantees that 3a/dYl > O. Q.E.D. 

Proof of Proposition(a). First we prove the necessity part of this 

result, i.e., H > 0 -> 0 < 3C1/3Y1 < 1. However, in order to show this 

we require the following: 

Lemma A.V.3 In the conext of the model described in Section V.l of the 

text, 

6 =: [E{U II (C2 (X-r)2} + (1+r)E{U"(C
2
)(X-r)}] < 0, 

where absolute risk-aversion is decreasing and relative risk-aversion is 

non-decreasing. 

Proof of the Lemma: Multiplying through by [Y2(1+r)-1 + (a+m)], which is 

positive, we have 

-1 -1 2 [Y
2 

(l+r) + (a+m)] 6 = [Y2 (l+r) + m] E{U"(C
2

) (X-r) } 

+E{U"(C2) (X-r) [a(X-r) + Y
2 

+ (l+r) (a+m)]} .... (A-V-3) 

Recalling that C2 = [Y2 + a(l+X) + m(l+r), we can rearrange (A-V-3) 

as follows: 

-1 -1 2 [Y2 (1+r) + (a+m)] 6 = [Y
2

(1+r) + m] E[U"(C
2
)(X-r) ] 

Clearly, therefore, given leJl1'11a A.V.2, 6 is negative. Hence the lemma. 

From (A-V -1), we have 

aCl 1 
3Y

l 
== {I - H 

If H > 0, aC
l
/3Y

l 
< 1. 

require 

•.. CA-V-5) 

However, for aC
l
/3Y

l 
> 0 at the same time, we 



Noticing the determinantal value of H, this requires 

[E{UII (C
2

) (x-r)2}E{U"(C
2

)} - (E{U II (C
2
)(x-r)})2] > o. 

Adding and subtracting [(1+r)E{U"(C
2

)}E{U"(C
2
)(X-r)}] to the above 

expression would imply 

Given lemma A.V.3, the first term is positive. Further, since X > -1, 

the last term is negative by virtue of lemma A.V.l. Therefore, the 

entire expression is positive. This completes the necessity argument. 

Now, we show sufficiency, i.e., 0 < 8C l / dY l < 1 => H > o. 

Again, since VI/(C )E{U"(C )(X_r)2} > 0, equation (A-V-S) implies that 
1 2 

aC
l
/3Yl < I obviously requires H > O. Q.E.D. 
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A.V.2. Relative Risk-Aversion and Income Elasticities. In this section 

we derive some basic results on the relationship between income 

elasticities of consumption and of the risky asset demand and hypotheses 

on relative risk-aversion. 

Using the definition of C2 as given by equation (V-2) of the text, 

lemma A.V.2 states that 

+ aE{U II (C
2

) (X_r)2} 

8R(C
2

) 
as > /< 

8C
2 

0, 

where R(C2) denotes relative risk-aversion (see the expression (V-II) of 

the text). Multiplying through by 

1 8a 
(a(1+r)E[U"(C 2)(X-r)] ) 8Yl ' 
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which is positive where absolute risk-aversion, A(C2), is decreasing, we 

obtain 

In view of equations (A-V-2) and (A-V-S), this reduces to 

(l ~) {y + Y2(I+r)-1} 
a 8Y I 1 

</ 
> 

We can state this result as follows: 

Cl 8a 8C I 
[ 1 + - -"I - - -;;;'----Y ]. 

a oY 1 a 1 

... (A-V -6) 

... (A-V -7) 

(a) where absolute risk-aversion is decreasing and relative risk-aversion 

is increasing 

1 d -I} YI8a YI dCI 
(- -.-?-- ){y + Y

2 
(l+r) < I if (- a--) < (c av-- ); 

a dY1 1 a YI I 1 

~b) where relative risk-aversion is constant 
19 

(c) where relative risk-aversion is decreasing 

1 8 -I} YI d Y1 dCI 
(-~){Y + Y (l+r) > 1 if (-~) > (CdY ~. 
a dY 1 1 1 a 8Y 1 1 1 

Also note that for constant R(C
2
), (l~ { Y

1 
+ Y

2
(1+r)-I}>1 if 

a dY 1 

19As already mentioned in Chapter IV, it is impossible to have 
non-decreasing absolute risk-aversion where relative risk-aversion is 
non-increasing. 
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A.V.3 Taxation and Income Elasticities. In this section we outline the 

derivation of income elasticities of consumption and the risky asset 

20 
demand in the context of alternative tax structures. 

Non-Asset Income Tax. Differentiating equations (V-4) and (V-S) w.r.t. 

Y
I 

we obtain: 

del _ 1 2 
dY

l 
- (l-t){l - (ff)(V"(Cl )E{U"(C

2
)(X-r) })}; ... (A-V-8) 

~ = l [ (-) (l+r) (1-t)V"(C
1
)E{U"(C

2
) (X-r)}]; dY

l 
H 

... (A-V-9) 

where /HI is given by (V-7) of the text. 

Cons~mt>tion Tax. Similarly from (V-22) and (V-23) we obtain: 

... (A-V-lO) 

... (A-V-ll) 

where /HI is implicitly defined by (V-24) of the text. 

Investment Income Tax. As in the previous cases, equations (V-30) and 

(V-3l) yield 

dCl _ 1 2 2 
[1 - (-IJ) (l-t) V" (C

l
)E{U"(C

2
) (X-r) }], dY 1 - 1. 

... (A-V-12) 

and 

~ - -HI [(-) (r*) (1-t)V II (C
l

)E{U"(C
2

) (X-r)}], aY
l 

- ... (A-V-13) 

20It can easily be checked that the income effects 'da/'dYl and 
dCI/'dYl are independent of whether a tax is proportional or progressive 
(in the sense defined here). However, they are dependent on the type of 
tax; e.g., whether it is a tax on consumption or on investment income. 
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where (r*) ~ [l+r(l-t)] and H is given by the appropriate second-order 

conditions. 

A.V.4 Relative Risk-Aversion, Income Elasticities and Taxation. In 

Section A.V.2 we derived some results on the relationship between hypotheses 

on relative risk-aversion and income elasticities of consumption and the 

risky asset demand. We now ask how these results are affected by the 

introduction of alternative taxes. 

Proportional Consumption Tax. In this case C
2 

is given by (V-2l) and 

consequently, the inequality (A-V-6) is modified into 

(
(l-t) da { -I} (1-t)E{U II (C2) eX-r)2} 

--) Y + Y
2 

(l+r) + 
a dY I I (1+r)E{U~eC2)(x-r)} 

C 
<I> (~3a 1 

a dY
l 

. 

Again, in view of equations (A-V-IO) and (A-V-Il), we obtain 

, .. (A-V-14) 

1 C1 da dC1 
[1+(-1{-a--y - ~y } J. 

l-t all 

.. ,(A-V-IS) 

Canparing (A-V-lS) to (A-V-7) it is evident that the results of Section 

A-V-2 are all valid for a proportional consumption tax. 

Progressive Consumption Tax. C
2 

now is given by equation (V-39) of the 

text and, proceeding in the above manner, we obtain 

I da 
{y I + -I} Kt(2+r) (da ) (- ---) Y

2
(I+r) + a dY

l a(l+r) (l-t) dY
l 

</ [1 + (-~){ 
C1 da dCl 

> l-t a aY
I 

- d\' }] ... (A-V-16) 
I 

instead of (A-V-lS). In view of the second term on the l.h.s. of the 

inequality, the preceding results are modified: In the presence of a 
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linearly progressive tax on consumption, 

1 d a { -1} Yl daY dC 
(- -", -) Y + Y (l+r) < 1 if ( ) < (..l.. 1) 
aOY 1 1 2 a~ Cl~ 

where absolute risk-aversion is decreasing and relative risk-aversion is 

non-decreasing. Also note that for decreasing relative risk-aversion 

we can state the following:. 

Kt (2+r) 
(l+r) (l-t) (~ ~~ ) > [1 

1 
Y 

if (-.l~) > 
a aY l 

Investment and Non-Asset Income Taxes. Proceeding in this manner one can 

obtain similar results for investment and non-asset income taxes. But 

this is not pursued here since we do not use such results in order to 

evaluate any of our results. 

A.V.S Feldstein on Taxation and Risk-Taking. In the context of a two-

period model, Feldstein [20] assumes that the second period uncertain 

income CW) is, in the absence of taxation, entirely consumed in that period. 

To avoid "the complications of dynamic analysis", he takes this income as 

the appropriate tax base. He further restricts the utility function such 

that it implies constant relative risk-aversion and. has constant 

elasticity. We, therefore, have V(C) ::; exeS, where a,S are arbitrary con-

stants. In the absence of taxation (C = W), expected utility maximisation 

requires 

ex J wS f. (W)dW 
1 

> a J wS f.(W)dW 
J 

1 

... (A-V-l7) 

for state-i to be preferred to state-j. After a proportional tax at the 

rate (l-t), the preceding argument would require that 
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a J t B wB f. (W)dW > a J t B wB f.(W)dW. . .. (A-V-18) 
l J 

But since t B > 0 and is non-random, relations (A-V-17) and (A-V-18) are 

equivalent. Therefore, the preference ordering of the distribtions is un-

changed by the introduction of a proportional tax on W. This leads Feldstein 

to conclude that a proportional tax has no effect on risk-taking. 

The fact that the above result depends crucially on the tax base 

considered can be seen most easily by re-interpreting W as final wealth 

such that W ::: IVa + Y, wh ere Wo is ini tial weal th and Y is the uncertain 

income. Evidently, a proportional wealth (consumption) tax has no effect 

on risk-taking, while an income tax would, in general, have some effects. 

The effect of a consumption tax obtained in an explicit inter-

temporal context (Section V.2 of the text) brings out further limitations 

,--. f Feldstein's "counter-example". It is seen, contrary to Feldstein, 

that the assumption of constant relative risk-aversion is by no means 

sufficient for a pl'oportional consumption tax to leave risk-taking 

-:":Dchanged; income elasticities are relevant. More specifically, it has 

been shown that under constant relative risk-C'~version, risk-taking would 

be discouraged where the income elasticity of the risky asset demand 

exceeds that of consumption. 



CHAPTER VI 

CONSUMPTION TAXES VERSUS INVESTMENT 

INCOME TAXES: IMPLICATIONS FOR 

IMPATIENCE AND RISK-TAKING 

The question of the differential effects of a tax on consumption 

(expenditure) as opposed to a tax on income has been a major controversy 

in fiscal policy.l The existing analysis, by analytically separating 

the consumption (saving) and investment decisions has failed to come to 

grips with the problem. This is true both of the applications of the 

Fisherian theory of saving and of the single-period theories of risk-taking 

behaviour for analysing the problems of fiscal policy. 2 Both Hansen [29] 

and Musgrave [50], who develop intertemporal models of income disposal 

by households w1der certainty (with no asset choice), tend to agree that 

a proportional consumption tax does not encourage (nor discourage) a 

substitution of present over future consumption (consumption in both 

periods are, however, reduced by the tax if they are normal goods); while 

an equal revenue proportional income tax encourages a substitution in favour 

of present consumption. This latter effect is also accompanied by an 

income effect thus rendering the total effect ambiguous. 3 Nevertheless 

lsee, for instance, Goode [24] and Kaldor [32]. 

2See Hansen [29] and Musgrave [50] for a discussion of fiscal policy 
in a Fisherian model of saving behaviour; and part 2 of this study for an 
analysis of the effects of taxation in models of optimal composition of a 
.gi ven portfol io. 

3I1ansen ([29], p. 147) in fact concluded that the consumption tax 
will lead to a greater decrease of real consumption than the income tax 
would. This, he argued, was due to the fact that for equal revenue 
requirements the consumption tax rate is larger than the income tax rate. 

118 continued ... 
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this substitution effect (encouraging present consumption) induced by 

the income tax is often taken to imply that an income tax discriminates 

against saving. 4 However, in models where opportunities for investing in 

safe and risky assets are allowed, current saving no longer constitutes 

future consumption even when we require that the expected present value 

of life-time consumption equals the expected present value of life-time 

wealth: the introduction of capital risks makes future consumption a 

risky prospect. Thus with the introduction of uncertainty the Hansen-

5 
Musgrave results become suspect. 

Kaldor [32], on the other hand, ,vi thout formally specifying his 

model arrives at some interesting conclusions. He argues that a tax on 

consumption does not discriminate against risk-taking but in fact 

discriminates in favour of saving; while a tax on investment income 

(or, a fortio!,i, a tax on total income) discriminates against both saving 

and risk-bearing. 

Without attempting to settle the issue in its entirety, we plan 

to investigate the differential incidence of these taxes on household 

This, however, need not be so. In models ",here all savings are for 
future consumption (Hansen included), 

where 
to be 

Cl 
::: Y

l 
S 

{ C ::: Y
2 

+ S (l+r), 
2 

the notation is of usual 
of the same magnitude as 

significance. Clearly a tax on (C
l

+C
2

) has 
a tax on [Y

1 
+ Y

2 
+ Sr] to yield equaI 

revenues. 

4This view is taken, for instance, by Goode and Kaldor. 

SIndeed in Chapter V, ';I;e have shown that in the presence of capital 
risks, a proportional consumption tax is no longer neutral; the substitution 
effect encourages risk-taking which may either stimulate or reduce future 
consumption depending on whether the individual makes a loss or a gain. 
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consumption and risk-taking decisions in a simple two-period 

temporal model which we have introduced in the last chapter. For 

simplicity we compare a consumption tax with a tax on investment income 

h h 1 
. 6 rat er t an a tax on tota lncome. 

It is seen that for low rates of tax (less than 50%) and low 

expected return on the risky investment (less than 100%), the differential 

incidence of a consumption tax is to raise both current consumption 

(i. e., discourage saving) and risk-taking. If these restrictions on tax 

rates and expected profit rates are satisfied, the differential incidence 

of a tax on investment income would also, under the additional restriction 

of zero rate of return on riskless investment, be to encourage current 

consumption and risk-taking. It is also seen, even more surprisingly, 

that under the latter set of conditions when both the consumption and 

the investment income tax rates are equally large, the differential 

Incidence of a conswnption tax encourages current consumption and 

risk-taking more effectively than a tax on investment income. This 

latter result requires that propensities to consume and to invest in the 

risky asset are identical under the alternative budgetary policies. 

The analysis is performed for the balanced budget incidence of an 

increase In the consumption tax (or, alternatively, investment income 

tax) used to finance matching lump-sum transfers to the household. As 

Diamond [15] has point ed out, this is equival ent to the differential 

incidence of a consumption tax (or, an investment income tax) increase 

6This need not worry us unnecessarily. In terms of our model, 
wage income plus investment income "is total income, and in such contexts, 
Musgrave has pointed out that "what matters in the case of the income 
tax is whether or not future interest income will be taxed" ([50], 
p.260). 



7 and a lump-sum tax decrease. 

VI.1 A Tax on Consumption 

As already indicated in Chapter V, the individual makes the portfolio 

allocation decisions in the first period to maximise expected lifetime 
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utility. In the second period he dissaves, consuming entirely his wage 

income, the capital and the realised investment income. The intertemporal 

consumption allocation decision can be stated as 8 

C1 = (Yl - a - m)(l-t) + K1, 

C2 (l-t) [Y2 + a(l+X) + m(l+r)] + K2, 

... (VI -1) 

where t is the consumption tax rate, Kl and K2 are the "matching" lump-

sum transfers received in each period, and the rest of the notation is that 

of Chapter V. C
2 

can be rewritten by combining the constraints as 

7Since a direct comparison of taxes raising equal expected revenue 
does not appear to be analytically tractable, it seems worthwhile that an 
indirect comparison as suggested below would convey some notion .of the 
comparison of two taxes: We combine the analyses for each of the consump­
tion and investment income taxes with lump-sum taxes under matching tax 
distributions (or equivalently with tax proceeds going back to the same 
taxpayer). That is, ilJe have not compared the investment income tax with 
a lump-sum tax in both periods; rather we compare it with a lump-sum tax 
falling only in the second period, because the investment incomes are 
realised in this period also. The analogous point is made by Diamond [15] 
in the context of incidence of an interest income tax ina neoclassical 
growth model. Incidentally, the above a1 so corresponds to Kal dor I s 
suggestion for comparing different taxes. 

8Recall that in the last chapter we have assumed that both V and 
U are twice continuously differentiable with positive and diminishing 
marginal utilities, thus guaranteeing risk-aversion and the diminishing 
marginal rate of substitution between present and future consumption 
prospects. 
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Now substituting for C
2

, we can eliminate the constraint and restate the 

maximisat ion as 

· .. (VI -2) 

The necessary and sufficient conditions for the existence of a 

. . by9 maxlmum are glven 

· .. (VI -3) 

(l-t)E[U ' (C 2) (X-r)] = O. · .. (VI -4) 

Differentiating the first-order conditions, (VI-3) and (VI-4), 

we can obtain: 

H da 
at 

and, 

dCl 

H 
3Kl 

= 

-(l+r)E[U"CC
2

)Y] 

(1-t)E[U"(C
2

) (X-r)Y] 

(1+r)2 E [U"(C )] 
2 

-(l-t) (1+r)E[U"(C2) (X-r)] 

... (VI-S) 

... (VI-6) 

where H is glven by the appropriate second-order conditions and 

Y = [Yl (l+r) + Y2 + a(X-r)]. Using the expressions for dC1/3Y
1 

and 

3a/3Y 1 as given by (A-V-IO) and (A-V-ll) of Chapter V, we can state the 

above derivatives as follows: 

9 h . . f T e lnterpretatlon 0 these conditions are discussed in Chapter 
v. 
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dCl 
Y

l 
-1 dC

l (-) 
+ Y

2
(1+r) 

-at 
::: ( l-t J dY I 

· .. (VI -7) 

da (~) [1 -
I da 

{Y
l 

+ 
-1 }] , dt 

,-

a~ 
Y 2 (l+r) 

l-t 
· .. (VI -8) 

and 

dCI 1 
dC

l 

~ (l-tJ d)" 
I 

· .. (VI-9) 

da 1 da 

~ 
(--) ~, l-t · .. (VI -10) 

1 

a 
where the expression (l-t) has the interpretation of the substitution 

10 . 1 da /. 
effect, l.e., (l-t) = dt 

EF(C
l

,C
2

) = constant. 

These comparative sta.tic results can be easily interpreted. Equations 

(VI-g) and (VI-IO) indicate that lwnp--sum transfer changes increase 

consumption and risk-taking by generating simple income effects without 

influencing the intertcmporal consumption substitution possibilities. In 

view of (l~t) being the substitution effect in the risk-taking function, 

equations (VI-7) and (VI-8) can be interpre,ted in the following manner: a 

10 
It can be seen that both for the consumption and the investment 

income taxes 

da I a 
at E (Utility) = Constant = (I-E)' 

For the consumption tax, for instance, for constant expected utility we 
must have: 

let EFCC
l

,C
2

) = V(C
l

) + E[U(C
2
)], then dE(F) = a requires 

{VICCI ) - (1+r)E[U I CC
2

)]}dC
I 

+ (1-t)E[UI(C
2

) eX-r)] da 

= aE[U' (C
2

) (X-r)]dt -{(l+r)dK
l 

+ dK
2

}E[U'(C
2
)] 

This together with equations (VI-8), (VI-IO) and (VI-IS) yields the 
result shown. 
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proportional consumption tax reduces present consumption due to the 

income effect. A substitution effect arises due to the fact that present 

consumption is reduced by the tax, but the individual is able to 

maintain his former level of expected utility by investing more in the 

risky asset. However, the income effect tends to reduce risk-taking. 

The total effect on risk-taking, therefore, depends on the magnitude of 

. l' .. 11 lncome e astlcltles. 

If the tax variables are such that the individual, in each period, 

receives as a lump sum exactly equal to what is expected to be taken 

from him by the consumption tax, then the tax variables must . f 12 satls y 

Kl t (Y 1 a - m), 
} ... (VI-II) 

K2 t[Y
2 

+ a(l+X) + m(l+r)], 

where X denotes the expected value of X. (VI -11) can also be rewritten as 

... (VI-12) 

To maintain this relationship changes in the tax variables must satisfy 

dKl _ da oa 8KI 8a 8K2 (l+r)- ::: Y + t(X-r) [- + + ] 
at at dK; at aK2 at ' 

... (VI -13) 

11 
These results have boen discussed in detail in Chapter V 

(S e c t i on V. 2) • 

12 . 
An alternative would be to base the lump-sum transfer on the 

realised return on the risky asset (X) rather than on the expected return 
(X). This would imply a different lump-sum transfer for each individual 
even if we assumed all individuals to be identical with respect to non­
asset jncome and preferences. Basing the lwnp-sum transfer on the expected 
value of X (as here) results in a single lump-sum transfer which is the 
same for all identical individuals. Also notice that, although the expected 
tax payments equal the lump-sum transfer received, the individual cannot 
ignore the taxation policy as he does not realise that this indeed is the 
case. This is implicit in all balanced-budget studies. 
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where Y = [Y
1 

(l+r) + Y
Z 

+ a(X-r)]. But from the first-order conditions 

we see that 

aa aa 
~K - (l+r)""-K ' 
a 1 a Z 

and consequently (VI-13) can be rewritten as 

or, 

a K1 -1 a Kz -1 1 .ca-t + (l+r) at] = Y (l+r) + {t(l+r)- (X-r)} 

{~ + aa aK1 -1 aKz 
at aK

1 
[~+ (l+r) ~ ]} 

aK aK
Z 

[_1 + (1 +r) -1 1-
at 6t- J 

- - aa 
[Y + t (X-r)a--t] 

[(l+r) - t(X-r) ~] aK
l 

· .. (VI-14) 

· .. (VI -15) 

We can now evaluate the change in risk-taking and in consumption 

from a consumption tax rate and a lump-sum transfer change which \\fould 

leave zero expected net revenue in each period. We can call these the 

"expected revenue compensated changes". Note that the first-order 

condi tions, (VI-3) and (VI-4), implicitly define optimal first period 

consumption and optimal risk-taking as functions of the tax parameters: 

a* = a(t,K-" K2), 
L 

· .. (VI-16) 

C *= 
1 

C (t, Kl , KZ) . ... (VI-I?) 

From (VI-16) we obtain 

da* aa 8a 8K aa aK2 1 
at = --- + 

8Kl 
--+ aK

Z 
8t ':I ..... 8t v .... 

or, using (VI-14), 

8a* 8a 8a aK
1 -1 

8K2 
~ 

-+ aK
1 

[-+ (l+r) -]. at at at · .. (VI-I8) 

This together with (VI-lS) yields the subsidy compensated tax derivative 



da* 
-at) 

comp 
t X-r ~] 

[1 - (l-t) (l+r) dY
l 
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... eVI-19) 

Since (X-r) > 0, the numerator is always positive. The sign, therefore, 

depends on the denominator, i.e., 

da* >/< at) a as 1 
comp 

Note that for t 0.50 the requirement is 

X-r da 
(l+Y) 8Y · 

1 

... (VI-20) 

Since 'da/dYl > 0 and r is usually small (a reasonable upper bound for the 

real rate of return on a safe asset might be .10), a sufficient condition 

for (VI·-20) to be positive is that;r < X .::: 1 (for t .::: .50). 

We can therefore conclude that so long as the expected return on 

the risky asset does not exceed 100% and the consumption tax rate is 

below 50%, the balanced budget incidence of a consumption tax is to 

increase risk-taking. If high tax rates (i.e., t > 0.5) happen to be 

combined with high expected profit rates (i,.e., X > 1), risk-taking may 

actually decrease. The general point, however, is that the result depends 

on t, X, rand 'da/ dY
1

, the first being a government parameter and the 

rest being determined in the market. 

LikevJise, we can evaluate the expected revenue compensated change 

in optimal current consumption. From(VI-17) we have 

de * 
1 

at 
'del 'del 'dK l aC2 dK2 

::: h + 'dK
l 

3-t + 'dK
2 
at ... (VI -21) 



As before, together with (VI-14) and (VI-IS), the above reduces to 

::: 

camp 

- - da 
Y + t(X-r) at 

[ - aa] 
(1 +r) -t (X-r)ai( 

1 

or, using equations (VI-7) through (VI-IO), 

a (X-r) 

[(l+r) (l-t) 2 
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· .. (VI -22) 

Notice that (VI-22) admits of similar interpretation as that of (VI-19). 
8C I * 

As before, the sign of -- ) is the sallle as that of at camp. 

{I - (-~) (~-r) aa } , and thus the preceding comments apply. That is 
I-t 1+1' 8Y1 

so long as the expected return on the risky asset is small (less than 100%) 

and the consumption tax rate is low (less than 50%), the balanced budget 

incidence of a consumption tax is to increase current consumption. 

However, if we started from a situation of no tax (t ::: 0 and 

K. = 0), the above expressions are simplified a great deal: 
1 

~_~* / t=O 

camp 
· .. (VI -19a) 

· .. (VI -22a) 

Clearly both of these effects are positive given that both current 

consumption and the risky asset are superior. 
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VI.2 A Tax on Investment Income 

While the model remains the same as that of the preceding 

section, we now introduce a tax on investment income (rather than a tax 

on consumption) accompanied by a matching lump-sum transfer. The 

individual budget constraints can now be written as 

a - m, 
} · .. (VI -23) 

C
2 

= Y
2 

+ (a+m) + (l-t) [aX+mr) + K, 

\I/here the notation is the same except that t is now the investment 

income tax rate. On substitution, (VI-23) reduces to 

· .. (VI -24) 

and the maximisation problem reads as 

maximise 
{c1,a} 

V(Cl ) + E[V{Y
2 

+ (Yl-Cl ) [l+(l-t)r] + (l-t)a(X-r)+ K}]. 

... (VI-2S) 

We proceed as before and state the necessary and sufficient 

conditions for the existence of a maximum: 

· .. (VI -26) 

(1-t)E[V'(C
2

) (X-r)] = 0, · .. (VI-27) 

where we have defined 

(1'*) = [1 + r (l-t)]. 

We also find that the first-order conditions, (VI-26) and (VI-27), 

upon implicit differentiation express the derivatives of the consumption 

and l'isk-taking functions as follows: 

(-) (r*)E [V" (C2) {(Y l-C l ) r+a(X-r)}] -rE [V' (C2)] 

H 

(1-t)E[V"(C2) (X-r){(YI-Cl)r+a(X-r)}] 

· .. (VI -28) 
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H 

(r*)E[U"(C )] 
2 
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· .. (VI -29) 

Furthermore, using the expressions for 8Cl/8Yl and 8a/8Yl , as given by 

equations (A-V-12) and (A-V-13) of the last chapter, the above derivatives 

simplify to: 

and 

8C l Clr VI(C l ) 
at - (----r*) {VII (C jc 

1 1 

8C
l 

+ I} ay 
1 

Cl r Y 1 8C l 
(- r*) {c-; ~f~ 

V I CC
l

) 

+ v"tc }C } 
1 1 

_~__ {I _ r (~-=-"Q. 
l-t r* 

· .. (VI -30) 

· .. (VI -31) 

· .. (VI -32) 

· .. (VI -33) 

Since this is effectively a tax on future consumption, the substitution 
13 r V'CC l). . 

effect, which equals (-) (r*) CVII(C )) ln equatlon (VI-30), tends to 

13 As indicated 
substituting equations 

dK/ 
E(utility) 
=constant 

1 

in footnote 10 this can be ascertained by 
(VI-30), (VI-32) and 

aE[U'(C2 (X-r)]dt 
::: (Y 1 - C~ rd t +. E [U I (C 2) ] 

(1-t)E[UI(C2)(X-r)] VI(Cl ) 
E[UI(C )] dt +(r* - E[UICC )])dCl 

2 2 
continued 
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work in favour of current consumption, which mayor may not be out-

weighed by the income effects. Risk-taking may also increase due to the 

positive substitution effect as in the conswnption tax case. Also note 

that the terms in { } are likely to be positive for any set of conceivable 

14 
parameter values. For r = 0, 

r=O 
::: 0, · .. (VI -30a) 

da 
at) 

r=O 
· .. (VI -32a) 

We now analyse the differential incidence of an investment income 

tax increase and a lump-sum tax decrease on impatience and risk-taking. 

Since investment income taxes are paid only in the second period, for 

distributional neutrality, we require that the lump-sum is also paid out 

in that period such that expected net revenue is nil, i.e., 

K = t [aX + mr], 

or 

· .. (VI-34) 

Again, to maintain (VI-34) changes ~n the tax variables must satisfy 

dK [(YI-Cl)r + a(X-r) + t(X-r) da + ~ dK] at - dt dK dt 
dC I dCl ak 

tr[-dt + 8lc- 8t ], 

in the total derivative of the optimal C
l
*, 

dCI dCl 
del * = a:t dt + a-I(" dK. 

14Also note that for a logarithmic utility function the factor 
V I (C 1) 

fvTicc)C + 1) drops out. Once again we refer the reader'to Chapter V 
1 I 

(Section V. 2) for a more satisfactory discussion of these results. 
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or, 
- - 8a 

dK _ [(Yl-Cl)r + a(X-r)] + t(X-r)at 

8t - da ael 
[1 - t(X-r) 3K + tr dK ~ 

· .. (VI-3S) 

From the solution to the first-order conditions, (VI-26) and (VI-27),upon 

implicit differentiation, we obtain 

8a* 
at =: 

dC * 1 
dt= 

da 
- + dt 

da dK 
dK at' ... (VI-36) 

· .. (VI -37) 

which together with (VI-3S) allows us to evaluate the expected revenue 

compensated changes in consumption and risk-taking. That is, 

[(Y1-c1)r + a(X-r)] + t (X-r) 
da dCl 

~~ I ~ ~~ + ~~ -at- tr -at [ 
dCl 

{I - t (X-r) 
da 

comp -- + tr 3K } dK 

or, using equations (VI-30) through (VI-33), 

] , 

a tr del' a (X--r) r tr VI (Cl ) da 
Cf-t) [1 + (1'*) dY 1 ] + [ - 1'* -- + (1'*) (l+y-*)v,,(C

l
) ] 3Y 1 

da* I "d--
t camp C-X ) "a tr del [1 _ t -r _0 _ + (--;-) ( ___ )] 

r* dY
l 

r dY
l 

... (VI-38) 

which is, in general, indeterminate. However, for 1'=0, this simplifies 

into 

da* 
d't) 

1'=0 

comp 

- da 
X8Y 

a 1 
(l-t) [1 + Cla 

1 - tX -dYl 

Clearly, the sign of eVI-38a) is the same as 

] . · .. (VI -38a) 
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since 0 < 8a/8Yl < land t < 1. If t < .5 is combined with X < 2 risk­

taking will increase. 

In the preceding manner, from (VI-37) and (VI-35), we obtain 

de 
[(Yl-Cl)r+a(X-r)] + t(X-r) ~~ - tr dtl 

[ ~, 

- da dCl 
(1 - t(X-r)3i< + tr aK ) 

dC * 1 
at) 

camp 

or, using equations (VI-30) through (VI-33), 

d~~ *; :::; 
camp 

... (VI-39) 

A set of sufficient conditions for this effect to be positive is 

(i) utility is logarithmic, 

(i i) y~ ~~ > Y 1 d a ,an d 
Cl dY l - a dY l 

(iii)X ~ 1, 

none of which are necessary. Par r 0, this again sImplIfies into 

X dCl 
(~-) 
1-t dY

l 
r==O 

::; ... (VI-39a) 

[l-tX ~ ] dY
l 

camp 

which would be positive if t ~ 0.5 and X < 2, neither being necessary. 

Thus we can conclude that for the case of zero rate of return on riskless 

investment the balanced-budget incidence of an investment income tax 

increase and a lump-sum tax decrease is to raise both current consumption 

and risk-taking if the expected rate of return on the risky asset times 

the tax rate is less than unity. 
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VI.3 The Two Taxes Compared 

As we have indicated in the introductory remarks, it is difficult 

to compare two taxes directly' in terms of an analytical model. Such 

considerations led us to attempt an indirect evaluation of these taxes 

by comparing each with a lump-sum tax levied on the individual (or 

equivalently with tax proceeds going back to the same individual paying the 

tax). This method allowed us to arrive at qualitative results that 

required information regarding certain government and lnarket determined 

parameters (i.e., all being observable) arid could be reasonably interpreted. 

One such class of results was obtained for the special case when the 

return on riskless investment was zero. Let us rewrite these results as 

follO\</s: 

and 

~i~ / 
r=::O 

comp 

::~k I 1'=0 = 

comp 

~/· 3t. 
1 

r::::O 

comp 

3C1*/ r==O = 

3t. 
1 comp 

a 
[1 

- 3a 
(---) + X 3Y] 1-t c 1 ... (VI-19b) 
-------~.--

[1 
tc - 3a 

- C -----) X --- ] 
l·-t 3Y

I C 

... (VI-22b) 

a 
[1 ] , (l-t) + 

1 
(1 

- 3a - tiX dY
I

) 

... (VI -38b) 

aX dCl 
(---) 

3~ I-t. 
1 

... (VI -39b) 

where tc and ti denote consumption and investment income tax rates respectively. 



134 

If we choose equal tax rates as a basis of comparison, then comparing 

(VI-1gb) and (VI-38b) it is seen that 

I 
r::::O 

da* 

~ 
> da 

"dt-:- , , , (VI -40) 
1 

comp 

To see this rewrite (VI-38b) as 

r::::O a 
X(l-t.) ~] + (l-t. ) [1 

~ .. a,~ I 1 dY
l .. , (VI -38c) 1 

:=; 

dt. 
1 [1 

-da 
- t x--- ] 

camp idYl 

da* r::::O aa* / r~O 
Now, assuming that dt--:-

/ camp 
and -- are positive, i. e, , the 

at 
I C comp 

denominators are positive, the denominator of (VI-38c) is greater than 

that of (VI-1gb), Furthermore, the numerator of (VI-38c) is smaller than 

that of (VI-1gb). These results require that the propensities to invest 

in the risky asset is the same whether the individual is paying a 

. . . 15 f . consumptIon tax or an J.nvestment J.ncome tax. There :ore, we arrIve at 

the interesting conclusion that if the tax I'a te and the expected ra tcs of 

profit are such that the balanced budget incidence of a consumption tax 

and that of a tax on investment income is to encourage risk-taking, then 

for equally large tax rates, a tax on consumption encourages risk-taking 

more effectively than a tax on investment income. This assumes identical 

propensities to invest in the risky asset in the two situations. On 

lSComparing equations (A-V-lO) through (A-V-13) of last chapter, 
it can be seen that for r::::O and for the same values of Cl and C

2
, the 

propensity to consume (and to invest in the risky asset) are the same 
under the altenlative bud~etary systems, Hmvever, C

1 
al:d C

2 
will, in. 

general, not be the same J.n the two budgetary sys terns (1. e., consumptIon 
tax and investment income tax). . 
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balance, this result may seem to support Kaldor's intuition, but not 

quite. His main contention was that a tax on consumption would be neutral 

so far as risk-taking was concerned, while a tax on investment income 

(or, a fortiori, a tax on income) would discourage risk-taking. On the 

other hand, the basis of our result is a situation where the balanced 

budget incidence of both these taxes were to encourage risk-taking. 

To see the effects of equal tax rates on consumption, we compare 

(VI-22b) and (VI-3gb) letting tc = tie Once again, we start from the 

situation where both these effects are positive. As before, the denominator 

of (VI-3gb) is greater than that of (VI-22b), while the nume-rator of 

(VI-3gb) is smaller than that of (VI-22b). Thus under identical propensities 

to consume and invest in the risky asset, 

Cle * I dt~ 
r=O I r=O 

camp 

... (VI -41) 

camp 

Thus we conclude that if the initial rates of tax (equal) and the expected 

l'eturn on the risky asset are such that the balanced budget incidence of 

a consumption tax (with matching lump-sum t-ransfers) and a tax on invest-

ment income (with matching lump-sum transfer) were to stimulate current 

consumption, a tax on consumption did this more effectively than a tax on 

investment income. This is contrary to the result under certainty. The 

general consensus of the literature that a tax on income (or investment 

income) discourages saving as compared to a tax on expenditure (consumption) 

is not borne out by this model which incorporates uncertainty via capital 

risks. 
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VI.4 Conclusion 

We investigated the balanced budget incidence of a tax on consump­

tion (with matching lump-sum transfers) and of a tax on investment income 

(with a matching lump-sum transfer) in the context of a simple two-period 

model of consumption and portfolio allocation decisions under uncertainty. 

The analysis suggests that when the rate of return on the safe investment 

is zero, when the tax rates (on consumption and on investment income) are 

low (less than 0.5) and when the expected return on the risky asset is 

less than 100%, both current consumption and risk-taking <lre encouraged 

under both the systems of budget policy. It is also shown that under 

such circumstances, if the propensities to consume and to invest in the 

risky asset are identical under the two budget policies and that the two 

tax rates are equally large, the differential incidence of a consumption 

tax is to encourage risk-taking and to discourage saving (encourage current 

consumption) lllore effectively than that of a tax on investment income. 

While these results are fairly restrictive, they at least point out that 

the introduction of uncertainty alters the "standard ll results of fiscal 

policy in an important way. 



CHAPTER VII 

GENERAL CONSUMPTION TAX IN AN INFINITE HORIZON PORTFOLIO MODEL 

In a recent paper Hagen [26] claims to have shown that optimal 

consumption and risk-taking decisions are not influenced by the imposition 

of a proportional consunption tax with full loss offset provisions. 

Although the consumption-saving decision is unaffected by the introduction 

of a proportional consumption tax in simple intertcli1poral, say, two-period 

models under the conditions of certainty, this is not true in similar 

models under uncertainty. This has been explained in Chapter V. Further, 

we have shown that a proportional consumption tax influences the inter-

temporal consumption decision by affecting risk--taking. Thus , given the 

l~esul ts of Chapter V, Hagen IS resul t seems sUl'prising. 

Hagen uses a dyn;?Jnic programming model of IIlul tiperiod portfolio 

choicel which allows jntermediate consumption and investment in two 

assets: one risky asset with a random rate of return and one riskless 

asset with a known rate of return. He also assumes an infinite horizon. 

Except for the time-dimension and, as we shall see, the solution 

algorithm, the structure of the problem is identical to those-discussed 

in Chapters V and VI. Consequently, therefore, we would expect the 

predictions obtained from the two-period models to appear as special 

cases of the results obtainable from a decision process with an 

IThe pioneering work on dynamic programming approaches to multi­
stage decision processes is credited to Richard Bellman [6], while its 
application to multi-period conswnption-portfolio allocation decisions 
has been advanced by, among others, Hakansson [28]. 
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arbitrary horizon. But, as will be shown, this is not the case. However, 

Hagen's own explanation for his simple results refers to the simplifying 

assumptions he made with respect to the investor's preferences, namely, 
00 j-1 

additive one-period preferences (i.e., U(C1 ,C 2,···) = Ej=l a U(C j ), 

o < a <1) and that the investor's one-period preferences are represented 

by U(C) = cB, 0 < B <1 (i.e., inplying constant relative risk-aversion). 

The purpose of this chapter is to provide an explanation for the 

apparently puzzling result obtained by Hagen. This is done in two steps. 

In Section VII.I we point out, by means of a counter-example that the 

restrictions imposed on the investor's preferences, ~l.0nc,cannot be the 

explanation for a gencral consumption tax to leave the optimal consumption 

and risk-taking decisions unaffected. Then, in Section VII.2,we argue that 

although the particular solution algorithm used by Hagen, in conjunction 

with the above-mentioned restrictions on preferences, yields a set of 

demand functil)ns describing a local maximum to the investor's problem, 

these demand functions are In their .!!~E~icit fonn in the sense of not 

being completely described by the parameters (and other exogenous 

variables) of the model, and, consequently, Hagen is incorrect when he 

uses these demand functions as if they were fully described by the 

parameters of the model. Section VII.3 concilldes this chapfer. 

VII.l A Counter-Example 

In this section we show that the restrictions imposed by Hagen 

on the investor preferences, alone, cannot lead to his result. This is 

considered in a two-period model liliich is simply a special case of Hagen's 
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model. We let U(C
l

,C 2), where C
j 

is consumption in period j, represent 

the investor's preference ordering over various two-period consumption 

programmes and, following Hagen, we assume that it is of the form: 

° < a,S < 1, 

where (J. expresses the investor's impatience to consume. 

The decision problem is, therefore, 

Max EU(C l ,C2) = CIS + aE[C
2

S], 
{C

1
,a,m} 

s.t. (l-t) [W-a-m] 

C2 ::: (l·-t) [a(l+X) +111(1+1')], 

} 

· .. (VII-I) 

· .. (VI I - 2) 

· .. (VII-3) 

where W is the \\lealth available for consumption and investment at the 

beginning of period 1 and the rest of the notation is that of Chapter V. 

Substituting for m and C
2 

in (VII-2) we have 

Max CIS + aE[{(l-t) [W(l+r) +a(X-r)] - C
1 

(l+r)}S]. 
{Cl,a} 

· .. (VII·-4) 

The first --order conditions for an int erior solution are given by: 

SC
l

S- 1 - as(1+r)E[c
2
S- l ] ::: 0, 

S-1 (1-t)aSE[C 2 (X-r)] = 0. 

· .. (VI 1-5) 

. .. (VII-6) 

Diffel~entiating (VII-S) and (VII-6) with respect to the tax rate and 

. . h d' ~. 2 Inl tial weal t , an solvIng, ',.'e ootaln 

· .. (VII-7) 

· .. (VII-8) 

2 These results (in their slightly generalised form) are discussed 
in Chapter V and hence we omit the actual derivation here. 
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Obviously, aa/at = 0 when (W/a)(aa/8W) = 1. It is interesting to note 

that this wealth elasticity of risky asset demand is unity under 

constant relative risk-aversion utility functions in single-period 

analysis, but is no longer so even in this simple two-period context. 

For this wealth elasticity of risk-taking to equal unity we now require 

that the \'<[ealth elasticity of consumption demand is also unity. These 

results have been discussed in the appendices to Chapters IV and V. This 

completes our counter-example. 

It may further be pointed out that Hagen's argument (p. 287) that 

U(Cl ,C 2, ... ) and U(Cl(l-t), C2 (1-t), ... ) represent the same preference 

orJering is incorrect. To see this let us write down the investor's 

pro bl em before and after the imposition of the tax:, 

c/3 
+ aE[{[W(l+r) + a(X-r)] - Cl (1+r)}P ]; ... (VII-9) 

Max 
{Cl*,a} 

(C
l
*)8 + aE[{(l-t) [W(1+r) + a(X-r)] - Cl *(1+r)}8]; 

... (VII-IO) 

where C1* denotes after-tax consw~tion in period 1. Clearly, in terms 

of the appropriate decision variables (i.e., after-tax consumption), 

(VII-IO) is not a linear transformation of (VII-g) unless the 

investor chooses to consume all his wealth in the first period. 

VII.2 The Infinite Horizon AlgoTithm3 

Parallel to the assumptions made in the preceding section ''<Ie 

assume that the investor's preference ordering over various infinite 

horizon consumption programmes takes the following form: 

3Since the purpose of this section is to point out the inapprop­
riate use (by Hagen) of the infinite horizon algorithm, the exposition 
follows that of Hagen very closely. 



... (VII-II) 

where U(C
2

,C3, ... ) denotes the prospective utility of the consumption 

program. Applying equation (VII-II), recursively, then 

... (VII-12) 

In the case of a general conslunption tax, as is obvious from equations 

(VII-3) and (VII-4), the capital on hand at two succeeding decision 

points is related by the following difference equation: 

Wj+l + [(l-t){Wj(l+r) + aj(X-r)} - Cj(l+r)], ... (VII-13) 
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where W. 1 and C. are expressed net of the tax and where we.assume X is 
J+ J 

distributed independent of time j . As before, a. and C. are the only 
J J 

decision variables facing the investor in every period. We make a 

further assumption that the investor can bo]~row any cl!110unt as long as he 

insu:ces that the pCOb~lbility that the terminal value of capital at the 

end of any period will be non--negative is one, i. e. , Pr{W. > O} = 1 
J -

for all j. This implies that the investor can borrow any amount at the 

riskless rate, r, insofar as the default risk is non-existent. 4 

Now we introduce the functional f.(W.) denoting expected utility 
J J 

obtainable from consumption over all future time, evaluated at c1.ecision 

point j, ,vhen capital is W. and an optimal strategy is followed \\fith 
J 

respect to consumption and investment in all subsequent periods. 

Pormally then, 

4 In the context of a dynamic progr8mming formulation, as 
Hakansson pointed out, this borrowing-lending opportunity is necessary 
to guarantee an analytic solution to the investor's probl em. 
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f. (W.) == max E [U (C. , C. 1"")] /W .. 
] ] ] J+ J 

· .. (VII-14) 

From (VII-II) we obtain by the principle of optimality,S for all j 

f. (W.) == max E[U(C.) + a{max E[U(C. I'C, 2" .. )]/W. l}]/W" ] ] ] J+ J+ J+ J 

... (VII-IS) 

and from (VII-14) and (VII-IS): 

f.(W.) == max{U(C.) + aE[f. leW. I)]}' all j. 
J ] J J+ J+ 

· .. (VI I -16). 

Since X is identically distributed in every period j, we drop the 

time subscript and using (VII-13) 3nd (VII·-16), state the investor's 

decision problem as 

feW) == lilax 
O_~C~yl (l-t) 
a>O 

s.t. 

{U (C) + cd2 [ f [ 1 -- t) [ (W - --~--) (1 + r) + a (X - r) ]) ] } 
l-t 

· .. (VI I -17) 

C Pr{(l-t) [a(X-r)+(W-T_t -) (l+r)] > O} == 1. 

. .. (VII-18) 

We are now searching for a consumption function C*(W) and an investment 

fVllction a-k(W) maximising the functional (VII-I'?) subject to the 

constraint (VII-IS) where V(C) = CS, 0 < S < 1. 

Stipulating an arbitrary finite horizon and denoting CN(W) and 

aNeW) as the optimal decisions with respect to consumption and investment 

in the risky asset when there are N periods left to the horizon and the 

initial wealth is W, Problem (VII-17)-(VlI-l8) then is restated as 
CN {V(CN) + aE(fN_I ((l-t) [aN(X-r) + (W-I~-t) (l+r)J))} 

· .. (VII-19) 

5'1'he principle of optimality states that an optimal strategy has 
the property that \;,1ha tover the initial state and the initial decision, 
the remajning decisions must constitute an optimal strategy with regard 
to the state resulting from the first decision [ 6]. 
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s.t. 

Pr · .. (VI 1-20) 

,,,here fNCW) == 0 for N < O. 

For N ::; 1 we have the corner solution C1 ::: W(l-t) and f1 (W) ::: U[(l-t)W] 

::: (l-t)BW Bsince f (W) ::: 0 and V(C) ::: CB. 
a .. 

For N ::: 2 we have 

f 2(W) ::: max 
B B C2 B 

{C 2 + aE[(l-t) [a
2

(X-r) + (W-1-=-t)(1+r)] ]} 

s.t. 

O<C <W(l-t) 
a> 3-
2- · .. (VII-21) 

Pr 
C2 {(l-t) [a2 (X-r) + (1\1 - T-t) (1+1')] > 0 } ::: 1. . .. (VII-22) 

Because of the specific form of the utility function, (VII-21) and (VII-22) 

can be rewritten as 

f 2(W) ::: max 
O~C2.::JV (l-t) 

s.t. 

Pr 

:3 >0 
2-

. { a 2 (X-r) 
C

2 
(W - I-t) 

{ ( [ .C2]I)B C2 + a (l-t) W - 1-t 

a 2 (X-r) B 
E [(--~-- + l+r) ]} 

2 (lV-1 _
t

) 

+ (l+r) > 0 } ::: 1. 

· .. (VII-23) 

· .. (VI 1-24) 

Before we can solve (VII-23) -(VII-24), let us note the following 

result due to Hakansson. It has been shown that the problem 

max 
Z>O 

s.t. 

Pr 

h (Z) = max {E[{(X-r)Z + Cl+r)}B]} 
2>0 

{(X-r)2 + (l+r) > 0 } ::: 1, 

· .. (VII-2S) 

· .. (VII-26) 
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has a maximum and the maxImIsIng value, Z*, is finite and unique ([28], 
C 

pp. 593-595). Identifying a2/(W-l_~) as Z, Hagen argues from the 

solution to (VII-25)-(VII-26) that the maxinmm to (VII-23) with respect 

to a2 subject to (VII-24) (keeping C2 constant) is given by 

· .. (VII-27) 

where k:::h(Z*) and the maximising value of a
2 

is given by the relation 

a
2 

-~----

C2 (w- --------) 
l-t 

Z*. 

Hagen then obtains the fil'st-o]:dcr condition to (VII-27) with }~espect 

to C as ' 2 - . 

Solving (VII-·;?'8) for C
2
* (optional (2) we have 

C * :::: 
2 

and, [Tom the definition of Z 
C 

a2 * (W) :::: (W - l~t-) Z * . 

. W, 

· .. (VI I -28) 

· .. (VI I -29) 

· .. (VI I -30) 

Notice that for N=2, the above model is identical to the one studied in 

section VII.l. But \\rhcn we substitute (VII-29J into (VII--3D), the 

optimal risk-taking filDction seems t6 be independent of the tax and 

cOl1sequently the results of the preceding section, equations (VII~7) and 

(VII-8), are contradicted by this dynam.Lc progrlimming formulation of the 



145 

portfolio choice model. This confirms our claim that apparently the 

infinite horizon model does not yield, as a special case, the results 

obtained from the simple two-period models. 

Returning to the infinite horizon problem, we substitute (VII-29) 

into (VII-27) to obtain an expression for f
2

(W) as a function of W alone. 

Iteratively then we can solve for CN*(W), aN*(W) by letting N=3, . .. , etc. 

Proceeding in this manner and defining 

C*(W) 

a*(W) 

and assuming convel'8,cnce, Hagen derives6 

-1/1 S 
C* (W) [1- (ak) -]W(l-t), 

l/l-S 
a*(W) (ak) Z*W. 

... (VII-31) 

... (VI t -32) 

From these results Hagen concludes that the conswnption tax has the 

sL1 me effect on net consumption as if initial WC;J-I th had been reduced 

by the con:;umption tax rate and consequently the optimal risk-taki.ng 

strategies ace unaffected. 

But what Hagan fails to realise that although equations (VII-3l) 

and (VII-32) describe a local maximum to the investor's problem (given 

by equations eVII-17) and (VII--lS], they are still in their implicit 

form. In pal'ticular, k :::; h(Z*) is _a function of (a,C,t) from the 

definition of Z*, clnd Hagen is incorrect when he treats k as a constant 

in deriving the first-order condition to the problem: 

. 6St~ictlY spcaki~g, the converg~nce of.CN*(W), aN*(W) together 
\\I].th the l11l1_qucncss of ax(W), C*(W), WhlCh del'lves from the concavity 
of U(C) and feW), guarantees that (VII-31) and eVII-32) are the solutions 
to the problem described by the equations (VII-17-(VII-18). 
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(3 C2 13 
f

2
(W) :::: max {C + ak[(W --) (l-t)] } 

2 l-t 
O~C2~W (l-t) 

which (the first-order condition) is 

Thus we have shown that C*(W) and a*(W) as given by equations (VII-3l) 

and (VII-32) are not fully specified in terms of the parameters of the 

model (in particular the tax rate), and hence cannot be used to analyse 

the effects of a change in the consumption tax rate (a parameter). This 

also explains why this infinite horizon algoTithm, as used by Hagen, 

docs not yield the results obtained from the simple two-period models 

as special cases. 

VII.3 Conclusion 

To conclude this chapter we obscl.'ve that while continual 

taxation of the return to saving affects the accumulation of risky 

capi ta lover t i !lle (1nd this JJlay have signiflcCl [it -l'cpcrcus510ns on optimal 

consumption and investment strategios under unccrtainty, the particular 

analysis offered by Hagen is misleading. Thus the problem of the effect 

of a propo~rtional consumption tax Oil optimal consumption and risk-taking 

decisions in an infi11i te hOl'i zon model remains unsolved. 



PART 4: CONCLUSION 

" .. . [Our] purpose ... is not to provide a definite 
progrrnnme for fisc:11 policy. It is l'ather to 
show how problems of economic policy in general, 
~-1.nd vI fiscal policy in particular) ought to be 
de~ll t \'lith 'in economic ~1nalysis" 

(Hansen [29], p. xv). 



CHAPTER VIII 

SUlvlMARY OF RESULTS AND THEIR IMPLICATIONS 

We have been concerned with the economic effects of taxation 

policy on household saving and investment decisions under uncertainty. A 

consideration of the alternative approaches to a theory of decision-making 

under uncertainty -reveals that maximisation of expected utility is a 

fund3J11ental axiom of rational behaviour (Ch3pter I). lve have also 

observed that the rationale of lilinimising the probability of loss (i.e., 

the safoty-first principle) may also be regarded as a rational decision­

making rule in a vwrld of unceJ ;:li.nty. Both of these approaches have 

been investigated by earlier writers. Specifically, a utility function with 

the arguments being the nlCClI1 :Jnd the varLJnce of the investment returns 

-- a specie) 1. case of the expected l!"tility rJPproach -- has been very 

popular for well over a decade (e.g., see p,Iarkowitz [44], Tobin [72] 

and BiEa'wag and Grave [ 7J). On the other hand, the s(,]:lina1 \\'0 ck by 

Damar and :l'lusgrave [16] and two other exploratory papers by Marschak [46] 

and Roy [59] were related to the ration~le of minimising the probability 

of loss. The limitations of the former approach (i.e., mean-variance) 

have been reviewed in Chapter I, and in Chapter II we have shown that it 

has been difficult to construct a model of bcllaviour that is consistent 

with the safety-first principle and, in fact, none of the above-mentioned 

approaches succeeded in describing behaviour that is consistent with the 

minimisation of the probability of loss. 

In Chapter I I I we have argued that a chance--constrained programming 

approach to the pl'oblem of portfolio choice can be regarded as a reasonable 
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description of the investor's concern for safety. In this framework it 

is also possible to unambiguously determine the effects of taxation 

(proportional and lwnp-sum) on risk-taking. In particular, we have seen 

that both a lump-sum tax and a proportional tax on investment income 

with full loss offsets encourage a movement from the low-risk assets 

towards the high-risk assets. This result is consistent with the original 

suggestion of Domar and Musgrave and also with the predictions of the 

mcon-varian.ce models. This resul t is not surprising since taxation with 

full loss offsets iwplies that the government is sharing the investor's 

risk. This leads to the distinction between _!_~~_~~ (social) Tisk (which 

includes the share of risk -takjng of the gOVCl'11mcnt) and pr_~~~~ risk 

(which is baTHe by the :investor hir:1self). The chance-constrained 

[ormulaticJn does not yield any results on private risk-taking. However, 

if the ui:ility function is defined in teuns of the )"_i~}~_ (expected value) 

1 ,lnd the risk Cj?l'obable loss) then if losses can be fully offset, a 

proportio!al tax on pOl'tfolio income le,-lves total l'isk··taking uncha.nged 

but private risk-taking is reduced; and, in the no--loss offset case, ooth 

total and private risk-taking are reduced (Chapter II). 

In the context of the chance-constrained programming approach to 

portfolio selection, we have also observed that the qualitative results 

(e.g., the effects of taxation and portfolio separation) are the same, 

both for nOl'lnally distributed asset rettrcns' and for the ~J.ltc:rnat:ive 

assumption of a lognormal securities market. 

Although these results are fairly straight-forward, the models 

IThese definitions of 1!yield" and "risk" have been offered by 
Damar and ~~sgrave. 
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they emerge from are somewhat restrictive. The yield-risk model (as 

01 ) 1 0 0 Ok 12 interpreted 1n C1apter II implies t1at the 1nvestor 15 r1S -neutra . 

This is at variance with the common assumption in the theory of risk-taking 

behaviour that rational decision-makers are risk-averters. The chance-

const1'ained progl'3..1mling models, on the other hand, also lack sufficient 

general ity as they require specific assumptions regarding the pl'obabili ty 

distribution of the asset returns in order to derive any results. This 

is unsatisfactory since we do not have conclusive empj_rical evidence 

regarding the clistribution of rates of return on investments. 

The 8;clleral expected utility of weal th fOl'mulation of the portfolio 

problc-m suggested by 1\1'1'01'1 [ 3] overCOrJ1CS the difficul ties mentioned above. 

Hossin [48], Stiglitz [68] and Ahsan [ 1] have analysed the effects of 

pi:oportional taxation in this context. These Tcsul ts suggest that a 

proportional tax on investment jncon~; with full loss offsets is most likely 

to encourage total risk-taking cmd to di.scourage (leave unchanged) private 

r.i.:::;k--takLng if the J'Llte of rctu:r:n on the riskless i.nvestment, r, is zero 

(positive). TiJxing the equivalent of the riskless rate of return on the 

entire portfolio (i.e., exemptb1g the risky capital gains (or loss) from 

taxation) discou]'ages risk-taking if the l'isky asset is superior. 

In Chapter IV we have extended these results for the case of a 

simple (linearly) progressive tax schedule. Assuming only that the investor 

is a l'isk-<lv8rtor :1nd that the risky asset is superior, '\I1e have shQlvn that 

lil1carly IH'ogressive tClxation of investment income (with full loss offsets) 

--------------------~-----~---------------------

2This is clear from the property of straight line indifference 
curves (see Chapter II" Figures 11.2 and 11.3). Alternatively .. the 
assumption of constLlllcy of the mal'ginal utility of weal th (which implies 
risk neutrality) is rather restrictive. 
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encourages (total) risk-taking. The effect on private risk-taking is 

ambiguous if r > 0, but positive if r = O. Likewise, linearly progressive 

taxation of the equivalent of the riskless return on the entire portfolio 

is seen to discourage risk-taking by generating a simple income effect. 

The intuitive reasoning behind these results are as follows. By allowi_ng 

full loss offsets3 and an exemption on risky income, income taxation 

reduces the probability of both large losses and of large gajns. Effectively, 

therefore, the size of the bet has been reduced by taxation of investment 

income. On the other hand, exempting capital gajns implies tclxing riskless 

income eTnd this generates an income effect in an obvious ls·ay. t,Iol'cover, 

by tc~xing the equivalent of the riskless return on the entire portfolio 

(not just the ilh.::ome from the riskless investment), we eliminate any possible 

substitution ~:nl1ong the two forms of investments. 

We have a] so sho\,/n that a linearly progressive tax on investLh"'nt 

111"":0111e leads to greater (total) l,'isk-taking than a flat rate proportional 

-i-,,:{ hrhere both these taxes lead to equal losses of expected utility for the 

. i~stor, and al so ",he1'0 both these taxes yield the same c.x.pccted Tevenue. 

!··..:r instance" if both the tax structures are to lead to equal losses of 

expected ui-ility, the marginal tax rate has to be higher in the pTogressive 

ti-1Cin in the proport 1.onal tax case, and this alone o.ccounts for greater 

r-:_:3k-taking in the vcogressive case. 

Both the gene_cality of these l'esults (Chapter IV) and the fact that 

they are reasonably interpretable are surprising, especially in view of 

the l'estricti ve nature of the resul ts in the preceding literature. Ho\vcver, 

3As mentioned in Chapter IV" in these general pxpectcd utili.ty 
models the assumption of incomplete loss offsets docs not seem to yield 
cmy unambiguous results (e. g." see Stiglitz [68]). 
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it may still be argued that an ordering over the probability distribution 

of final wealth is not an adequate description of household decision processes. 

Evidently, household consumption-saving decisions and the investment 

(borYmving-lending) decisions arc interrelated. This calls for an inte­

gration of portfolio and consumption allocation decisions over time. Such 

an integration allows households, by optimally choosi.ng consumption, to 

vary the amount of investable wealth. Thus both the size and the com.posi-

t ion of the optimal portfo lio are simul taneous ly determined. I-fence, it is 

very il11portant to ask how the Ftcdictions of the single-period analysis 

(obtained under the ;J:;sulllption of a fixed investable weal th) are modified 

'hen \Ve q:t.ke the invcstlllcnt fu.nd a variable. This has been the task of 

Chcrptc'r V. 

In this 1a L t er can text, Ive have shown that the kind of ~~ J)ri9:~.~_ 

res Lrictions that we have pl:J.ccd nn the investor's preferences in the 

s:ingle·-period analysis (nnmely, risk·-aversion and the non-inferi.ority of the 

risky:Jsset) cLec fl.O :Ic.ll1ger suffici(::nt (even if He now ~1J.d the (Jssumption 

t.:ha t COIl:3U111ption is also superior) to cletellnine the effects of taxation. 

Spccifjca1ly, the effects of taxation of investment income in this two­

porioel model have the same intcrpret3.tion as those obtained in a single­

period fr;:1]'1(,\\lo1'k (Ch'~)1?ter IV) only if we have a logaritlunic utility 

fUllCt ion in the i11t e:c t cnporal con i- ()xt. No tice that the resu1 ts we 

obtained in the singlc-·pcc.i.odf..cGJIlCWork \Vere valid for any concave utility 

funct ion of 'deal th. IIoh'cvcr, thc,'e arc some special cases where the 

effects of taxation arc l.1Ilal!lbiguously detcrm i.ned if we assume that the 

I'isky Clsset and conSl.':llplion are superi.or (or alternativ()ly, that 

absolute risk-aversion is decreasing and relative risk-aversion is non-
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decreasing). These are as follows: 

(a) Taxation of non-asset income (both proportional and the linearly 

progressive) typically discourD-ges both current consv.mption and (total) 

risk-taking by generating simple income effects; 

(b) The effect of a consumption tax (both proportional and the linearly 

progl~cssive), likelvise, is to reduce current consumption; 

(c) Where the rate of return on l'iskless investment (r) is zero, a 

p.coporU_l'T;.al tax on i.nves tment income leaves current consumpt ion unch8ngcd 

and increases it if we have a lin~;arly progressive tax. On the other hand, 

(total) risk-taking is encouraged by a tax on investment income (both 

P .. cofJorticmal and ld.'ogl.'cssive) if r ~ O. [<'u1'Lher, private ·cjsk-taking is 

discouraged by a pl.'oport Lonal consl 11 ;'pLion tax, and an investment income 

L:8X either leaves it unchanged (if the tax is proportional) or cnCOU(~lgC!S 

it (if the tax is p.cogL'essive). 

Consumption taxes, in genc;!ral, induce a substitution effect 

<.:ncOlH·;lging (total) l'lsk--taki.ng, but this is also accc'JllpLlnic)d by il1l'()J:lC 

cf[(;cts and, hence, the resul ts Clore inclei.:ecmina te (even if I' ::: 0). 

Investment income taxes, on the other hand, gCilc:.cate s1J:)stitution effects 

encour:=tging both risk-taking and carrt;nt COllsUJllption. In these cases we 

~ccquire both assllmptions on ·.celative risk-aversj.on and additional 

restrictions on the relative magnitudes of the income elasticities of 

consuJllption (l\ld the risky asset demand. The detailed results have been 

pcesented in Tables V.I, V.2 (Jnd V.3. IIOivever, to give an indication 

of the general results, let us ment ion the follOiving: A proportional 

consumption tax discourages (total) risk-tak:i ng whel'e relative risk­

aversion is constant and the income elasticity of consumption is no larger 
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than that of the risky asset demand. 

In the last chapter (VII), we have further indicated that if we 

arbitrarily extend the decision horizon to an infinite one, there IS no 

cOlllpell.Lng reason for the above results (obtained in a two-period model) 

to be drastically modified as, for instance, one might infer from a study 

by Hagen L~6]. 

The un8mbiguity of our gencral results obtained in an inteytclllporal 

context, therefore, depends Cl'tlCL3l1y on the relative fJ1o.gnituues of the in­

come elasticities of consllJ!lptioll and the risky asset demand. Our analysis 

also indicates the kind of empirical knowledge that is required in oruer to 

mcaniDgfully disclJSS the ~lrl-'plicatlons of altcJ'native taxafion policies. 

By the sanlC token, it suggests that if all the necessary measures of 

elasticities are obt;)illablc, \'Ie can also detennine \\"hich assumptions on 

tho rLsk-avcr::; ion iil(;;lSnreS (l1:0 l!iOre l'C:;lsonahle than oLilr:rs (eithc.;r fOJ' l~he 

soc iety as a ,dl0 Ie or for dir Lcn:::ll t groups in soci ety) . 

Wc further pl1csue the f:eamework of intel~temporal (:on~:;udlption­

IJorf-folio cL':;ci':.>ion _,-n Chupter VI, whel'e we investigate the long--ch::baled 

al't:.:".lcnt of the coltlparative effec.ts of a tax on consumption rather than a 

tax on (inveshM'nt) income. We find that where the Tate of Teturn on 

the riskless investxwnt is 1.01:'0, the tax rates are low (i. e., less than 

50%) and ~lere the expected rate of return on the risky investment is less 

tkln 100%, the balD_need budget incidence of a consUlIlption tax and of an 

invcJtmcnt income tax (with matching lump---S1Jffi transfers) is to cncouTage 

both current consumption (i.e., discourage saving) and risk-taking. It 

has also been 511O\vn that under these ccmd Ltions ;:lnu vdle1'8 the pro})cnsiLies 

to consume and to invest in the risky asset (ll~e identical under the 
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alternative budgetary policies and the two tax rates are equal, the 

differential incidence of a consumption tax is to encourage risk-taking 

and to discourage saving more effectively than a tax on investment income. 

11-.e g(;neral consensus in the literature that a tax on income (investment 

:income) discourages saving as compared to a tax on expendIture (consumption), 

where the t\vO tax rates are equal, is not bocne out by this simple model 

which incorporates uncertainty via capital risks. 

Our imporL:l1lt conclusion in this last section, therefore, is 

that, while the jlttcrpretation of the results obt~:dned In this fra.mework 

rClluire additional 1,-1l0\vlcclge of the investor's preferences (i. e., the 

propensities to c\)n:~ume ;llld to :i nvest jn the risky <ls:~ct) anu other Jmrcket 

;Jnd govcl'nmcnt par,'ll!leters (i. e., the eA1H?ctcd rates of l'cturns, the tax 

rates etc.), which aTe not i1)]p1 i_ed by the a p~~_io_l~~ J:csti'lctions on 

prcfi.;:rCllCcs ,Jlone, it c~3tablishcs tJlat r~he -introduction of uncertainty 

at"Cects the jmplications of fiscal pOlicy in ("in j)!lportan t 'I'lay. 
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