
















































































































































































































































One solution of this equation is 

or substituting for the skin depth 

E 
r 

• E exp(-z/B) cos( wt -z/o) 
ro 
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•••••••• 11 

•••••••• 12 

•••••••• 13 

where F. is e.n arbit rary amplitude factor, evaluated at z = O, t = 0. 
ro 

This field in the conductor may now be related to the 

externa l field at th" surfac() of the conductor. If the origin of 

the coordinates ia p laced at the surface , th en in the region z'>O, the 

medium is a perfect conducto r, and for z<O ., the medium is s. perfect 

dielectric. 

At the houndary stu:·face, z = 0, and 

E -:: E cos r ro •••••••• 14 

This is now considered as the source field which establishes the 

fieJ.a.s within. the con·.:luctcr. 

Since in a good conductor tl:e di splacement current is 

then 
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J ..• ".... 15 

and the condt·.ction current density at a;"l.Y point within the 

conductor is given b;y 

J • a E 
r r 

= o E exp(-z/5) cos(wt - z/6) 
ro 

•••••••• 16 

The time av . ., rage po wer density into the conductor, as given b;y the 

Poynting thE:orem is p z 

vhere '7 is the intrinsic i mpedance of th_, conductor 

Since for a good conductor a>>~c 

7J=~ 

= !.. (1 + j) 
a 

= fi /n/4 a 

•••••••• 17 

•••••••• 18 



Hence 

exp( -2z/S) cos tt/4 

2 
exp( -2z/8) W/m 
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•••••••• 19 

The total power loss, P, in the direction of the current, 

in a cylinder of radius R is the power crossing the conductor 

surface <Jhich is given b7 

p exp(-2z/5)l r dr dQ 

... z =. 0 

watts 

• ........ ~ 

(Since J = dE ) 
ro ro 

If the total current were distributed uniformly in one skin depth, 

then the current I is the integral of J over the entire depth of 
r 

the conductor 

I •••••••• 21 
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and since J ie the same form as E then 
r r 

J • J exp(-z/8) cos(wt - z/S) r ro 

In complex exponential form, 

Therefore 

Hence 

J • J exp(-~/5). exp(-jz/o) r ro 

• J exp(-z(l + j)/5) 
ro 

•••••••• 22 

. J
m (2.rr Jro 

I J. exp(-z(l+j)/!)R d9 dz 

0 0 
00 

= 21< J ro exp(-z(l + j)/0) (~ +S j) 1 
27tRSJ 

ro 
= (1 + j) 

2JtF.'1SJ 
I z _ ? 2 '££ co s(wt - n/4) 

•••••••• 23 

···$···~ 24 

Equation 24 establishes t he relationship between I and J • 
r 

Now ohmic power loss per unit volume is J 2/cr, aud the time 

a7er age power l e-ns i n a cylindri~al slab of radius R and thic knees 6 is 



ll3 

p 

. 2 ·I Jr dv () . . r (rio 
o Jo o 
J2 

ro 2c 
• ~ ttR a vatts •••••••• 25 

This power loss is the same as that in equation 20 and the current 

density ma:y be considered to exist only in the first skin depth, 

and to be uniform throughout that region. 



.APPENDIX B 

THEORY OF ELECTROKINEI'IC EFFECTS 

In electrokinetics, the electric charges on two surfaces 

in contact determine their relative motion in an electric field. 

The effects produced in the model may be ecplained on the basis of 

electrocapillary action, which is the change in surface tension of 

the interface between two Uquids, due to the application of an 

electric ~l potential. The simple theory of electrocapillarity is 

as follows ( 20 1 21). The superficial electronic charge density on 

the mercu.ry interface is q. This is a posi tive charge since 

thermodynamically, a metal in contact with an aqueous solution 

loses electrons. Because of the presence of an electrical double 

layer, the interface is ar~alagous to a parall~l plate condenser, 

with a poter.tial difference v bet we en t he plates. The work 

requ.ired to i nc r ease the c h.s-,rge on the plat es by dQ is v ~ dQ . Work 

is e.ls.o r equired to increase t h e area , due to sur f at::e tens i on forc es , 

hence the tot a l work dW (reversibl~) is 

dW ~ r dA + v.d~ •••••••• 1 

Since dW i s a cc t:.~plet e differ ent.ial, th t!>n. 
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interfacial 
surface tension 

----~--------------~----------------~ ------~--~ 
-1 0 +1 

v volts 

(a) The Electrocapillary Curve 

(b) Production of the Elcctrocapill;,;.z-·y Curve 

Fig. Bl: The Electrocapil:!.ary C t!rVt'! 
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• "'...... 2 

~1is is t he fund&mental equation of electrocapillarity, 

and is named the I.ippmann equation, in honour of its discoverer. 

It infers also that if the expansion or contraction of a surface 

causes a flo\v of electd.c charge towards or a~;Jay from it, then the 

interfacial tension is dependent on the applied voltage. The 

relationship applies equally well to any two liquid media. The 

graph of this relationship, termed the electrocapillary curve, is 

lshcl'wn in Fig. Bl. It may be noted that the slope of the curve is 

numerice.lly equal to the surface charge density, q. Experimentally, 

it has been shown that the shape of the curve is a function of the 

nature of the metal phase and the concentration of the aqueous 

solution, but is independent of th<3 absolute value of potential or 

the nature of the electrode. 

Action of the mercur·y surface beneath an electrode, may be 

deduced from the electrocapillary curve. Fig. B2 shows the 

development of oscillatory forces in the surface of the mercury, 

leading to the production of stand:i.ng waves if an alternating current 

is applied between the electrode and the mercury. Fig. B3 ~lows the 

possible action on the application of direct current to the system. 



117 

I 

I 
- ---- - ---------1-----.,.----------- v 

0 

·-+===- v 
I ,. ~ 
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I I~ 
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(

I:, a J ·. 

v = V sin o)t 

~ 
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-----j--·-'-
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- -- -:A'- I 
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v -- -~ 

0 / I 

F(y,t) 
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----..._ I ; I 

-"""'', ' / ~ li F------ ~ "-.../-+---........ 
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0 

· F(y,t) is su.rfe.ce force due to change in y 

Fig. B2: Product:i.o .u o f Surfac e Oscilla tio ns by Alt ernating Cv.rrerd; 
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b 

a 

0 v volts 

F(y) 

1 
·~ lb vl -

c l v2 0 f v volt s 

---- ,_.,..,....----

merc ury 

Fig. B3: Ho vements o! Mercury Surfac e b;y El e-c troc aptlla ry Act i on 

Using D:i.r .ct c, r r .nt 
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APPENDIX C 

RECORD OF CURRENT DENSITY MEASUREMENTS 

This appendix lists the current density measurements taken 

on the model. 
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CURRENT DENSITY V.EA.SUREMENTS 

Model = 2-phase; Electrode Current = 100 A/phase; Frequency • 4oo hz; 

Probe used = ~ 2; Phase Sequence = ADBC; Phase angle with respect to 

0 
VAD; VA • V 0 ; VB = 0 V 90 ; El~ctrodes 'A' 0 at Q = 0 ; '0' at Q = 90° 

r = 0 inch r = 1.0 inch 

Q 0 
J A/rl I' Po Qo J A/ri Po 
X 104 

X 104 

45° o.oo6 0 10 5-35 -45 180° lead 

2.,54 30 45° lead 30 5.13 -84 200 

3.16 45 5() 45 4.8 -90 200 

3.5() w 50 6o 4.8 -102 200 

4.25 90 ;o 80 4.9 . -135 200 

3.84 120 45 3:,0 4.58 0 18o 

3.16 135 45 330 4.0 30 180 

2.2 150 45 315 3.3 90 110 

0.013 l8o 300 3.9 150 75 

2.4'1 2:!0 135° l eg 28o 5.0 180 70 

3.43 225 135 

4.12 2Lj{) 135 

4.53 270 135 

3.8i+ 300 135 

2.26 330 135 
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Model ~ 2-phase; f = 4oO hz; Phase Sequence = ADBC 

r = 2.0 inches r = 3.0 inches 

Qo J A/m2 ,fl Po Qo J A/m2 ,fl Po 

X 10'+ X 104 

i!J 7.68 -6o 1&) 0 2.26 0 0 

30 5.49 -102 170 lag 30 2.74 . 72 
0 20 lead 

45 4.94 -90 16o 45 2.74 90 20 

6o 5.49 -90 170 6o 2.81 90 20 

· 70 7.54 -90 1&) 90 3-02 108 1&>0 lag 

110 7.41 -102 40 120 1.74 72 
0 200 lag 

120 3-77 -102 lt() 135 1.37 90 210 

135 2.74 -90 t5o 1~ 1.51 114 1~ 

150 3-77 -90 90 1&) 3.07 1&) 65° lead 

16o 7.96 -90 16> 200 2.74 -120 70 

i!JO 6.58 -90 65 laad 225 2.4o -90 70 

210 5.01 -90 65 24o 2.61 -78 70 

225 4.66 -90 65 2:'/0 2.95 0 70 

290 4.12 -84 45 l ag 300 1.37 €(l 120 

315 2.26 -90 45 315 1.10 90 135 

340 5.9 -90 45 330 1.17 120 165 
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r = 4.0 iriches r = 5.0 inches 

go J A/m2 pO Po 90 J A/m2 pO Po 
X 104 

X 104 

0 1.1 42 0 ;o lead 0 0.82 72 45° lead 

;o 1.71 78 a> ;o 1.44 90 ;o 

45 1.85 90 a> 45 1.58 90 ;o 

6o 1.85 96 a> 6o 1.58 90 30 

90 1.37 126 20 90 0.96 90 Lto 

120 0.96 -48 0 120 lag 120 0.48 90 100 

135 0 .. 96 -90 90 135 0.55 90 135 

l;o 0.96 -48 90 150 0.55 90 170 

18o 1.03 -14-'t to0 lead 18o 1.17 ?8 0 135 lag 

200 1.51 -120 to 200 1.65 90 120 

225 1.65 -50 6o 225 1.85 90 120 

240 1.65 -90 f:IJ 240 1.78 90 155 

Z70 1.1 -leo 90°1ag Z70 1.1 90 135 

300 6.82 -144 90 300 0.55 90 16o0 lead 

315 0.82 -90 8o 315 0.55 90 135 

330 o.82 -135 120 330 0.55 90 110 lead 
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gO J A/m2 E'o go J A/m2 ~0 

X 104 
X 104 

0 1.1 42 0 30 lead 0 0.82 72 45° lead 

30 1.71 78 20 30 1.44 90 30 

45 1.85 90 20 45 1 • .58 90 30 

60 1.85 96 20 . 6o 1.58 90 30 

90 1.37 126 20 90 0.96 90 4o 

120 0.96 -48 0 120 lag 120 0.48 90 100 

135 0.96 -90 90 135 0.55 90 135 

150 0.96 -48 90 150 0.55 90 170 

18o 1.03 -144 60° lead 180 1.17 78 
0 135 lag 

200 1.51 -120 60 200 1.65 90 120 

225 1.65 -90 60 225 1.85 90 120 

24o 1.65 -90 60 240 1.78 90 135 

270 1.1 -180 900 -.Lag 270 1.1 90 135 

300 0.82 -141~ 90 300 0.55 90 160° lead 

315 0.82 -90 80 yr::: J..,., 0.55 90 135 

330 0.82 -135 120 330 0.55 90 0 110 lead 
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·Model = 2-phase; f = 40ohz; Input current = 100 A/phase; Probe used = 

N2 2; Phase B in position 

r = 0.0 inch r = 1.0 inch 

J A/m2 1>0 ~0 Qo J A/m2 I' ~0 

X 104 
X 104 

45° 3.56 0 5° lead 10 6.17 . -48 0 85° lag 

3.64 30 30 30 5.35 -72 90 

3.91 60 63 45 5.08 -90 100 

4.11 90 90 60 5.21 -114 110 

4.11 120 120 80 6.17 -150 135 

3.84 150 150 90 5.76 

3.77 1eo 190 280 6.04 0 65 

3.97 210 145° lag 300 5.01 48 45 

4.18 240 120 315 4.46 90 0 

4.25 270 90 330 4.53 138 0 20 lead 

4.05 300 65 350 5.76 168 30 

3.77 330 36 
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Model == 2-phase; f = 400 h~; phase sequence = ABDC 

r = 2.0 inches r = 3.0 inches 

fiJO J A/m2 pO ~0 fiJO J A/m2 I' ~0 

X 104 
X 104 

20 10.29 84 0 100 lead 0 2.6 0 120° lead 

30 5.49 84 90 20 2.4 60 100 

45 4.0 90 90 30 2.3 78 100 

60 4.0 90 8o 45 2.2 90 90 

70 4.7 96 65 60 2.2 102 80 

290 12.3 90 20 70 2.26 114 8o 

300 5.8 90 10 90 2.26 180 45 

315 3.91 90 0 270 2.7 -180 0 135 lag 

330 4.60 90 20° lag 290 2.3 -120 190° lead 

340 5.76 90 45 300 2.2 -102 185 

315 2.2 -90 180 

330 2.2 -72 170 

340 2.26 -60 155 
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r = 4.0 ilichea r = 5 .o inches 

Qo J A/m2 I' f30 Qo '[. A/m2 /Jo f30 

X-104 
X 104 

0 1.3? 72 80° lead 0 0.96 90 10° lead 

20 1.37 78 80 1.1 90 36 

30 1.37 90 90 1.23 90 45 

45 1.51 90 90 1.3 90 54 

60 1.51 90 100 1.23 90 63 

70 1.51 90 100 1.17 90 70 

90 1.37 114 120 1.1 90 9C 

2:10 1.37 -72 110 1.23 -90 90 

290 1.4 -78 150 1.37 -90 110 

300 1.51 -90 160 1.4 -90 125 

315 1.58 -90 170 1.51 -90 135 

330 1.51 -90 180 1.4 -90 150 

34o 1.58 -66 180 1.37 -90 16o 
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. VARIATION OF CURRENT DENSITY J with Depth z Below Surface of l-Iodel 

Probe = N2 3; Input Current = 100 A/phase 

}-electrode model Q = 60°; p = 90°; r = 2.0 inches 

frequency = 60 hz frequency = 1000 hz 

z J A/m2 ao J A/m2 ao J A/m2 ao 

inches X 104 
X 104 

X 104 

0 1.44 45° lead 2 • .58 0 37 lead 4.80 00 

0.2 1.44 45 2.15 18 3.55 18° lag 

o.4 1.44 45 1.87 0 2.70 27 

0.6 1.29 45 1.51 0 12 lag 1.90 54 

o.8 1.2)l 40 1.29 23 1.4o 72 

1.0 1.15 30 1.00 36 1.10 90 

1.2 1.15 27 0 .. 93 54 0.90 99 

1.4 1.03 Zl 0.79 63 o.8o 108 

1.6 1.0 27 0.79 72 0.70 120 

1.8 1.0 27 0.72 75 0.62 124 

2.0 1.0 27 0.'12 75 0.55 126 

2.1 0.93 7./ 0.72 75 0.50 130 
(=max) 
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Model = 3-phase; Electrode Current = 100 A/phase; Frequency = 6o hz; 

Probe used = N2 l; Phase B in position Q = 0°; Phaae Sequence ABC; · 

Phase angle B with respect to Voltage VBN 

r = 0.0 inch r = 1.0 inch 

,_o J A/m2 /Jo ~0 Q 0 
J A/m2 ~0 

X 104 
X 104 

45° 1.6 0 135° lead 10 3.5 174 0 

1.6 30 120 20 3.2 156 0 9 lead 

1.6 69 85 30 2.8 138 18 

1.6 90 60 4o 2.5 120 20 

1.6 120 23 50 2.4 108 ?:1 

1.6 144 0 60 2.4 90 36 

1.6 150 
0 20 lag 70 2.4 78 45 

1.6 180 45 80 2.7 72 50 

1.6 210 75 s-o 3.0 6o 54 

1.6 240 100 100 3.5 48 54 

1.6 270 130 110 3.9 24 60 

1.6 300 160 

1.6 330 190 
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Model = 3-phase; Electrode Current. = 100 A/phase; Frequency = 60 hz; 

Probe used = N£ 1; Phase B is ~osition; Q = 0°; Phase Sequence ABC; 

Phase angle ~ with respect to voltage VBN 

r = 2.0 inches r = 3.0 inches 

Qo J A/m2 Po ~0 J A/rl pO ~0 

X 104 
X 104 

0 2.8 0 0 

10 2.5 24 0 

20 ?.0 103 0 1.8 42 0 9 lead 

30 3.3 102 0 9 lead 1.4 60 2? 

40 2.3 102 18 1.3 78 2:1 

50 1.8 102 2:1 1.2 90 .30 

6o 1.8 96 40 1.1 90 30 

70 1.9 90 45 1.2 102 36 

8o 2.3 102 54 1.2 114 36 

90 3.5 102 54 1.4 120 36 

100 ?.4 lo8 60 1.8 144 54 

110 2.4 162 54 

120 2.8 180 60 
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r = 4.0 inches r = 4.5 inches 

,.o J A/m2 ' 0 
~ J A/m2 ~0 

X 104 
X 104 

0 0.5 0 0 0.3 0 0 

10 0.6 60 45° lead 0.4 90 60° lead 

20 0.6 84 45 0.45 90 50 

30 0.7 90 36 0.6 90 40 

40 0.7 90 36 0.6 90 36 

50 0.7 90 36 0.6 90 36 

6o 0.75 90 30 0.6 90 36 

70 0.7 90 36 0.6 90 36 

8o 0.7 90 36 0.6 90 36 

90 0.7 90 36 0.6 90 36 

100 0.7 132 36 o.-45 90 36 

110 0.6 150 45 0.4 120 18 

120 0.5 180 60 0.3 138 0 
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Model = 3-phase; Electrode current = 100 A/phase; Frequency = 400 hz; 

Probe used = N2 1; Phase B in position Q = 0°; Phase sequence ABC 

Phase angle ~ with respect to VBN 

r = 4.0 inches r = 5.0 inches 

Qo J A/m2 Po 130 J A/m2 130 

X 104 
X 104 

0 1.1 0 9° lead 0.6 0 0 

10 1.2 42 36 1.0 60° lead 60° lead 

20 1.4 66 36 1.2 84 54 

30 1.45 84 36 1.2 90 45 

40 1.5 90 36 1.4 90 45 

50 1.5 90 36 1.4 90 40 

60 1.4 90 36 1.4 90 40 

70 1.4 102 36 1.35 90 36 

8o 1.3 108 36 1.25 96 36 

90 1.2 120 36 1.15 114 36 

100 1.1 132 36 1.0 114 36 

110 1.0 150 45 o.8 96 0 

120 0.8 180 7.5 0.8 0 72 lag 0 45 lag 
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Model = 3 phase; Electrode current = 100 A/phase; Frequency = 400 hz; 

Probe used = N2 1; ~lase B in position Q = 0°; Phase sequence ABC; 

Phase angle ~ with respect to VBN 

r = 0.0 inch r = 1.0 inch 

QO !1. A/m2 Po ~0 go J A/m2 Po f30 

X 104 ·x 104 

60° 3.4 0 1.50° lead 10 6.5 '168 9° lead 

3.4 30 125 20 5.5 1.50 22 

3.4 6o 100 30 4.7 138 30 

3.4 90 70 40 4.4 126 36 

3.4 120 50 50 4.2 1o8 45 

3.4 150 0 60 4.1 90 54 

3.4 180 35° lag 70 4.3 90 54 

3.4 210 60 80 4.6 84 54 

3.4 240 90 90 5.2 72 60 

3.4 270 . 125 100 6.2 66 60 

3.4 300 150 110 '1.0 48 60 

3.4 330 185 

3.4 360 210 
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r = 2.0 inches r = 3.0 inches 

Qo J A/m2 f30 J A/m 2 ~0 

X 104 
X 104 

0 2.7 0 0 

10 2.65 30 18° lead 

20 6o7 90 5° lead 2.4 54 24 

30 4.0 96 27 2.2 72 36 

4o 3.4 90 36 2.0 84 4o 

50 3.1 90 45 1.9 90 40 

60 3.1 90 45 1.9 90 45 

70 3.1 - 90 1.9 90 50 

80 3.4 90 1.9 108 54 

90 4.0 90 2.0 120 54 

100 6.7 90 2.3 138 6o 

110 2.6 162 60 

120 2.8 180 63 

( Mod.el = 3 pha~e ; Elec trode c urr ent = 100 A/phase ; Frequency = 4oO hz . ) 
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Variation of current density J with Input current I and frequency f. 

3-electrode model 

I Amps J X 104 
J X 104 

J X 104 
J X 104 

J X 104 

6ohz 400hz 1000 hz 2000 hz 4000 hz 

40 o.8 1.0 1.6 2.6 5.0 

60 1.2 1.6 2.6 3.8 

80 1.6 2.1 3.5 5.0 

100 1.8 2 .. 4 3.8 6.25 

120 2.2 2.9 4.5 

140 2.6 3.4 5.2 

160 3.0 3.9 

200 3.6 4.8 
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Variation of current density J with Input current I and frequency f. 

4-electrode model 

r = 1.0 inch; Q = 30 0 

I Amps - J X 104 
J X 104 J X 104 

J X 104 
J X 104 

J X 10 4 

60 hz 100hz 400hz 1000 hz 2000 hz .3000 hz 

40 1.51 1.51 2.33 3.? 5.?6 8.23 

60 2.13 2.2 3.43 5.42 8.5 

80 2.?4 2.9 4.4 ?.i3 11.11 

100 3.5 2.57 5.49 8.78 

120 4.11 4.32 ?.27 10.42 

llfO 4.8 4.94 7.68 12.34 

180 6.17 6.51 10.01 



SYMBOL 

A 

B 

GLOSSARY OF ¥~N TERMS 

NAME 

Surface Area 

Flux Density 

c1 Current Scaling Factor 

CJ Current Density Scaling Factor 

c 

D 

E 

f 

e 

g 

H 

I 

J 

l 

NR 

N~, 

p 

p 

q 

Q 

Size Scaling Factor 

Electric Flux Density 

Electric Field Intensity 

Frequency 

Force 

Acceleration due to Gravity 

Magnetic Field Intensit y 

Current 

Current Density 

Length 

Reynolds Number 

Froude Number 

Power 

Instantaneous Power 

Surface Charge Density 

Charge 

UNIT 

Metre2 

Weber/n1etre2 

Coulomb/motre2 

Volts/metre 

Hertz 

Newton 

Metre/sec2 

Amperes/metre 

Amperes 

Amperes/metre2 

Metre 

Watts 

Watts 

Coulomb/ uetre2 

CculorJb 

136 
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SYMBOL NAME UNIT 

Rc Radius of Electrode Circle Metre 

~ Radius of Furnace Metre 

T Temperature oc 

t Time Second 

• Voltage Volts 

v Velocity Metre/sec 

w Work Joule 

Temperature Coefficient of 0 -1 
a c 

Conductivity 

p Phase Angle Degrees 

'Y Surface Tension Newton/met re 

s Sk.i.n Depth Metre 

£ Permittivity Farads/uetre 

g Cylindrical Co-ordinate Radians 

lL PerllleabiLi.ty Henry/metre 

v Vise'osity Newton-sec/ met r e 2 

a Electrical Cord.ucti vity Jtiho/metre , Angular Posit ion Ra.dians 

41) Angular Velocity Radians/sec 

1') Intrinsic Impedance Ohm 

,. 
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