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ABSTRACT

Real-time optimization (RTO) is a supervisory strategy at the upper level of the in-

dustrial process automation architecture that computes optimal set-point trajectories

that are in turn passed on to the lower-level advanced controller for tracking. In re-

cent times, process industries have been operating plants in an increasingly dynamic

environment thus motivating the replacement of the traditional steady-state RTO

with a dynamic RTO (DRTO). Conventionally, the DRTO problem involved com-

puting optimal input trajectories without incorporating the effects of the lower-level

controller that motivated the development of a closed-loop DRTO (CL-DRTO).

A previously published CL-DRTO strategy optimizes set-point trajectories based on

an economic cost function, while including the lower-level MPC calculations with

an assumption that the process is open-loop stable. But the economic optimum,

in certain process industries, could lead to operating the plant at or around an un-

stable steady-state. Therefore, the goal of this research is to develop a CL-DRTO

formulation that enables handling unstable operating points via an underlying MPC

with stability constraints. In this work, we focus on a traditional two-layer DRTO

approach due to its close ties to the industrial automation architecture.

To this end, a stabilizing MPC that handles trajectory tracking for unstable systems is

embedded within the upper-level DRTO, resulting in a multi-level dynamic optimiza-

tion problem. Subsequently, this optimization problem is reformulated by applying

a simultaneous solution approach. The economic benefits realized by the proposed

strategy are illustrated through applications to both linearized and nonlinear dynamic

models for single-input single-output (SISO) and multi-input multi-output (MIMO)

CSTR case studies.

iii



ACKNOWLEDGEMENTS

First and foremost, I would like to express my sincere gratitude to my supervisors, Dr.

Christopher L.E. Swartz and Dr. Prashant Mhaskar, for their consistent guidance and

mentoring throughout my graduate studies at McMaster University. Their dedicated

support, both academic and financial, and the thought provoking discussions helped

me push my boundaries for the past two years. I would like to acknowledge McMaster

Advanced Control Consortium (MACC) for providing me with this opportunity and

resources.

I would also like to acknowledge my loving parents and brother for their tremendous

support and encouragement. I would like to thank my friends for their constant

support and companionship while also being good adventurers to travel with. A

special mention to my fellow MACC colleagues for the hours long silly debates that

made the past two years very memorable.

iv



Table of Contents

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Research Problem Statement . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Preliminaries 6

2.1 Literature Review: DRTO . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Literature Review: Stabilizing MPC . . . . . . . . . . . . . . . . . . . 10

2.2.1 Lyapunov based controller . . . . . . . . . . . . . . . . . . . . 11

2.3 Linear and nonlinear models . . . . . . . . . . . . . . . . . . . . . . . 13

2.4 Open-loop DRTO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.5 Closed-loop DRTO . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.6 Stabilizing MPC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

v



3 Stabilizing CL-DRTO 24

3.1 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2 Closed-loop problem reformulation . . . . . . . . . . . . . . . . . . . 28

3.3 Stabilizing CL-DRTO formulation . . . . . . . . . . . . . . . . . . . . 31

3.4 Alternate KKT formulation . . . . . . . . . . . . . . . . . . . . . . . 35

3.5 Inclusion of nonlinearity . . . . . . . . . . . . . . . . . . . . . . . . . 39

4 Case Studies 41

4.1 Case Study 1: Single-Input Single-Output (SISO) CSTR system . . . 42

4.2 Case Study 2: Multi-Input Multi-Output (MIMO) CSTR system . . 52

5 Conclusions and Recommendations 64

5.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.2 Recommendations for future work . . . . . . . . . . . . . . . . . . . . 65

References 66

vi



List of Figures

1.1 Common process automation architectures . . . . . . . . . . . . . . . 2

2.1 Schematic of a closed-loop DRTO approach . . . . . . . . . . . . . . 10

2.2 A schematic representing constrained stability regions together with

state constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Relationship between reference trajectory and the set-point provided

to the MPC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.1 Illustration of the closed-loop dynamic optimization for a single DRTO

step . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2 Relationship between reference trajectory and the set-point provided

to the MPC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.1 Target tracking without the end-point equality constraint . . . . . . . 44

4.2 Target tracking with the end-point equality constraint . . . . . . . . . 44

4.3 Comparison of Quadprog and KKT solution . . . . . . . . . . . . . . 45

4.4 CL-DRTO strategy for target tracking . . . . . . . . . . . . . . . . . 47

vii



4.5 Comparison of the CL-DRTO and MPC performance for target tracking 48

4.6 CL-DRTO strategy for maximizing conversion . . . . . . . . . . . . . 50

4.7 Comparison of state evolution for nonlinear (NL) DRTO model and

linearized (L) DRTO model . . . . . . . . . . . . . . . . . . . . . . . 51

4.8 Comparison of linear (L) vs nonlinear (NL) plant with a linear model

based MPC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.9 Regulatory MPC target tracking . . . . . . . . . . . . . . . . . . . . . 54

4.10 CL-DRTO strategy for target tracking with no input scaling . . . . . 55

4.11 CL-DRTO strategy for target tracking with input scaling . . . . . . . 56

4.12 CL-DRTO vs constrained MPC for target tracking . . . . . . . . . . . 57

4.13 CL-DRTO strategy for target tracking with a SPH of 2 . . . . . . . . 58

4.14 CL-DRTO strategy for target tracking with a SPH of 4 . . . . . . . . 58

4.15 CL-DRTO strategy for target tracking with a SPH of 5 . . . . . . . . 59

4.16 CL-DRTO strategy for target tracking with a SPH of 10 . . . . . . . 59

4.17 CL-DRTO strategy for target tracking with a SPH of 20 . . . . . . . 60

4.18 Target tracking objective function value of CL-DRTO for various SPH

values and constrained MPC . . . . . . . . . . . . . . . . . . . . . . . 60

4.19 CL-DRTO strategy for a MIMO economic optimization . . . . . . . . 62

4.20 Comparison of the proposed nonlinear DRTO strategy and constrained

MPC for MIMO economic optimization . . . . . . . . . . . . . . . . . 63

viii



List of Tables

4.1 Design parameters for the DRTO and MPC layers in target tracking

case study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.2 Design parameters for the DRTO and MPC layers in economic case

study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.3 Parameter values for the dynamic MIMO CSTR system . . . . . . . . 53

4.4 Design parameters for the DRTO and MPC layers in target tracking

MIMO case study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.5 Design parameters for the DRTO and MPC layers in economic MIMO

case study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.6 Design parameters for the DRTO and MPC layers in economic MIMO

case study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

ix



Chapter 1

Introduction

In this chapter, we present the motivation for our research along with an outline of

the thesis, particularly, focused on the industrial automation architecture owing to

its significance to our research.

1.1 Motivation

In process industries, automation has been used as a key strategy to make economic

impacting decisions based on market conditions. Process automation engineers are

therefore consistently developing novel automation strategies to address the challenges

of rising costs, tightening environmental policies and a need for efficient operation. For

processes that operate on a large scale like oil refineries, power generation plants and

several others, a large number of these decisions have to be made online. One of the

traditional approaches for online decision making used in process chemical industries

is a two-layer hierarchical architecture. A comprehensive review of the real-time

optimization (RTO) strategy and the two-layer architecture in process industries is

given in Darby et al. [2011].
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Figure 1.1: Common process automation architectures

Fig 1.1a shows the two-layer process automation architecture associated with the

traditional RTO implementation. At the upper level of this architecture is the RTO

strategy that optimizes an economic objective function with output set-points as

the decision variables, which could in turn be realized by the classical proportional

integral derivative (PID) controllers that could be installed alongside the sensors and

transmitters of the plant. Owing to its simple structure, the PID control strategy

is implemented in the majority of process industries as the primary control system.

Despite its widespread use in the industries, PID controllers have several limitations

including the inability to directly handle process constraints and process interactions.

For these reasons, an advanced controller, typically model predictive control (MPC),

that can readily handle input constraints, state constraints and process interactions

(Garćıa et al. [1989]) is increasingly being utilized in a cascade fashion at the lower

level. Typically, the MPC optimization uses a linear dynamic model to predict the

output plant response, implemented in a rolling horizon fashion. Centralized MPC,

de-centralized MPC and distributed MPC are three ways of implementing the MPC

strategy in process industries depending on their operational requirements. A brief

review of successful industrial applications of various MPC strategies is given in Qin

and Badgwell [2003].
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Real-time optimization (RTO) is a supervisory strategy at the upper level of the indus-

trial process automation architecture that computes economically optimal set-point

trajectories that are in turn passed on to the lower-level model predictive controller

(MPC) for tracking. The set-points provided by the upper level (RTO) to the MPC

are used to compute optimal input moves, which are then passed on to the local PID

controllers in the plant. In the two-layer architecture, the RTO strategy typically

comprises a high fidelity nonlinear model, while the lower-level advanced controller is

based on a linear dynamic model. It is important to note that the time scale of the

RTO computation is usually a few hours while that of the underlying MPC is a few

minutes.

Traditionally, a steady state model of the plant is used at the RTO level. The ex-

ecution of these steady state optimization calculations is therefore inhibited by the

requirement for the system to reach steady state conditions. For processes that have

frequent transitions or exhibit slower dynamics, using a steady state RTO could re-

sult in a sub-optimal performance. This limitation motivated the development of a

dynamic RTO (DRTO) wherein a dynamic model of the plant is used at the RTO

level. The first implementations of the DRTO strategy (Kadam et al. [2002], To-

sukhowong et al. [2004]) were based on an open-loop framework wherein, the opti-

mization computations are performed independent of the underlying control system.

This might result in sub-optimal performance depending on the tuning of the lower

level controller. Recently in Jamaludin and Swartz [2017b], a closed-loop DRTO was

proposed wherein the effects of the underlying controller are accounted for in the

DRTO formulation.

In Jamaludin and Swartz [2017b,a], an input-constrained quadratic dynamic matrix

control (QDMC) based on a linear state-space model is used as the lower level ad-

vanced controller. The limitations of a DMC algorithm is given in Lundström et al.

[1995]. Only stable plants can be described by the internal state-space model of the
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DMC. Therefore, the underlying assumption in this control design is that the plant

is being operated around an open-loop stable operating point, which comprises the

majority of processes, but not all. Open-loop unstable processes occur in process in-

dustries typically in the presence of heat integration, recycle or exothermic reactions

(Muske and Rawlings [1993b]). While optimizing the economics of the process, an

unstable steady state or points around the unstable steady state could be the desir-

able operating points. Therefore, it is important to control the process at or around

an unstable steady state. To ensure the applicability of the CL-DRTO system to

unstable processes, it is essential for the underlying controller to be specifically de-

signed to handle unstable operating points, and for the DRTO scheme to be able to

encapsulate such a control design.

1.2 Research Problem Statement

The primary goal of this research is to design a CL-DRTO strategy that could readily

be applied to open-loop unstable processes while taking into account the effects of

the underlying control system. The objectives of this research are to:

1. Choose a stabilizing MPC and modify it to be encapsulated into the DRTO

optimization

2. Formulate a closed-loop DRTO by incorporating the stabilizing MPC problems

as subproblems, to form a multi-level dynamic optimization problem

3. Reformulate the multi-level dynamic optimization problem into a single-level

mathematical program with complementarity constraints (MPCC) using a si-

multaneous solution approach

4. Apply the stabilizing CL-DRTO strategy to a process described by a nonlinear

differential-algebraic equation (DAE) model
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1.3 Thesis Outline

1. In Chapter 2 we present a brief literature review to elaborate on the current

state of the art DRTO strategies and existing stabilizing MPC formulations.

2. In Chapter 3 we present a closed-loop DRTO with a stabilizing MPC at the

lower level. This multi-level dynamic optimization is reformulated into a single-

level MPCC by replacing the stabilizing MPC subproblems with their equivalent

Karush-Kuhn-Tucker (KKT) optimality conditions.

3. In Chapter 4 we validate the proposed approach by applying the CL-DRTO

strategy to single-input single-output (SISO) and multi-input multi-output (MIMO)

CSTR case studies. The case studies include linear plant models, nonlinear plant

models, target tracking and economic objective functions at the DRTO level.

4. In Chapter 5 we summarize the key contributions of our study and lay out

the potential future directions for this research.



Chapter 2

Preliminaries

In this chapter we provide a brief literature review of state of the art dynamic real-

time optimization (DRTO) strategies and stabilizing model predictive control (MPC)

strategies to cover the essential background for our work.

2.1 Literature Review: DRTO

Real-time optimization (RTO) is a supervisory strategy at the upper level of the indus-

trial process automation architecture that computes economically optimal set-point

trajectories that are in turn passed on to the lower-level model predictive controller

(MPC) for tracking. Traditionally, the high fidelity model used at the RTO level

is a nonlinear steady-state model. The execution of these steady state optimization

calculations is therefore inhibited by the requirement for the system to reach steady

state conditions. The resulting optimal solutions therefore do not recognize the tran-

sients needed to get to these steady-state optimal values, and as such, may lead to

suboptimal dynamic operation. In certain cases, the economic steady-state optimum

may not even be achievable dynamically due to the violation of certain (safety) out-

6
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put constraints along the way. As such, this may lead to suboptimal performance

for processes that have frequent transitions or exhibit slower dynamics. To circum-

vent this limitation two different methodologies were proposed; the two-layer dynamic

RTO (DRTO) as illustrated in Fig 1.1b and the one-layer economic model predictive

control (EPMC) as illustrated in Fig 1.1c.

Economic model predictive control (EMPC) was proposed as an alternative to the

traditional two-layer approach in which a single layer combines both the economic

and the tracking optimizations. The objective function of an EMPC can either be

entirely based on economics, or a hybrid between economic and regulatory perfor-

mance weighted with appropriate tuning parameters. A key difference between an

EMPC and RTO, is that the plant economics are optimized at the controller sampling

frequency in the EMPC approach. The EMPC approach is intended to address the

issue of model inconsistencies that occur in a traditional two-layer approach. Am-

rit et al. [2011] provided a rigorous analysis of using terminal regions and penalties in

EMPC that guarentees closed-loop stability. Heidarinejad et al. [2012] proposed an

economic MPC based on Lyapunov techniques with two operating modes. Economic

optimization is performed in the first operation mode, where the MPC maintains the

system in a predefined region. In the second operating mode, the EMPC drives the

system to the optimal steady state and the Lyapunov constraints guarantee closed-

loop stability. Ellis and Christofides [2014] implemented a Lyapunov based economic

model predictive control (LEMPC), that can accomodate a time-varying economic

objective function. They perform a theorotical analysis of LEMPC, demonstrating

the property of closed-loop stability. A comprehensive review of EMPC approaches,

formulations, closed-loop stability and performance is presented in Ellis et al. [2014].

A terminal penalty, terminal constraint and the control tracking term in the hybrid

objective function might still require optimal targets to track, that are computed

by the economic optimization layer. Therefore, the implementation of an EMPC
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strategy, particularly for a sufficiently small sampling time, is difficult since the entire

optimization should be performed within the sampling time. Recent advances in

large-scale dynamic optimization algorithms and increasing computational power are

promising developments towards adressing this challenge. However, the two-layer

approach is commonly used in the process industries due to its multi-layer reliability.

Therefore, in our current work, we focus on the two-layer approach to be consistent

with the automation architecture commonly applied in the process industries to enable

implementation of the proposed strategy without having to completely re-design the

traditional architecture.

In the two-layer approach, one of the earliest attempts to bridge the gap between a

traditional steady-state RTO and MPC was to use a two-stage LP-MPC (QP-MPC)

cascade control strategy Qin and Badgwell [2003]. In this strategy a new optimization

layer is inserted in between the RTO and the MPC layer. The objective of LP-MPC

(QP-MPC) is to provide set-points to the lower-level MPC based on the optimal

operating points obtained from the infrequent RTO optimization. The model used in

this layer is consistent with the dynamic linear model used at the lower-level MPC and

is executed at the same frequency as the MPC. Stability analysis and performance of

the two-stage LP-MPC (QP-MPC) for both constrained and unconstrained cases are

discussed in Ying and Joseph [1999].

Within the DRTO paradigm, the first implementations were based on an open-loop

framework. Kadam et al. [2002] employed a vertical decomposition approach to form

a two-layer structure, in which the upper-level DRTO has an economic objective func-

tion that is optimized with the input trajectory as the decision variable. The resulting

output response based on the computed optimal input trajectories is used to construct

the set-point trajectory for the lower level MPC which then computes the optimal

control input. Re-optimization is triggered based on a disturbance sensitivity analysis.

Würth et al. [2011] proposed a similar approach, using a neighboring-extremal MPC
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strategy for the lower level controller. A time scale separation of the disturbances is

performed wherein only the slower trends of the disturbances were considered at the

upper level.

In Tosukhowong et al. [2004], a slow-scale reduced order dynamic model is utilized at

the RTO level and the MPC target tracking is implemented at a higher frequency;

the upper layer optimizations are performed independent of the underlying control

system. Due to the presence of disturbances and modeling errors, the DRTO set-

points may not be feasible for the underlying controller. Consequently, they suggest

passing the set-points to a coordination level that finds a feasible set-point, achievable

by the lower-level controller, that is closest to the solution provided by the DRTO in

a least-squares sense. The frequency with which the DRTO is executed is determined

based on the eigenvalues of the system around the steady-state.

More recently, a closed-loop DRTO framework was proposed in Jamaludin and Swartz

[2017b]. In this study, the DRTO formulation accounts for the effect of the underlying

model predictive controller on the predicted response of the plant. In this closed-loop

DRTO (CL-DRTO) framework, MPC optimization problems are embedded into the

upper-level economic optimization to generate the predicted plant response under

the action of constrained MPC, creating a virtual closed-loop system. In comparison

to the open-loop approach, the reference trajectories (for both the outputs and the

inputs) are the decision variables of the primary economic objective function. These

reference trajectories are passed down to the lower-level MPC, that calculates the

optimal control inputs to be applied to the plant. Fig 2.1 shows a schematic of the

closed-loop DRTO approach. Accurate approximation strategies have been devised in

Jamaludin and Swartz [2017a] that significantly reduce the CL-DRTO computation

time. In Li and Swartz [2019], the CL-DRTO strategy was extended to dynamic coor-

dination of distributed MPCs. This closed-loop formulation predicts the interaction

between the distributed MPCs and helps coordinate the local MPCs with no direct
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contact between them.

Figure 2.1: Schematic of a closed-loop DRTO approach

2.2 Literature Review: Stabilizing MPC

Open-loop unstable processes occur in process industries typically in the presence of

heat integration, recycle or exothermic reactions (Muske and Rawlings [1993a]). For

instance, a first order exothermic reaction with recycle in a continuous stirred tank

reactor (CSTR) could exhibit three steady-states as shown in Uppal et al. [1974],

with one of them being an unstable steady state. Although a linearized model (valid

over a narrow range around the steady state) can be used in the predictive control

framework, a formulation that can handle unstable operating points is necessary.

Early work in the area of model predictive control focused primarily on the needs

of process industries. Research on model based control was therefore motivated by

industrial requirements. Due to its simple nature, step response or impulse response

was used to model the plants, and control algorithms were developed using these
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models. These input or step response models cannot represent unstable plants and

therefore the proponents of MPC for industrial applications restricted the algorithm

to stable plants or relied on a long horizon that is equivalent to the settling time of

the plant to address the issue of stability. The growing popularity of MPCs propelled

academic research where a theoretical study of stability analysis emereged. Several

methodologies have been proposed to address the issues of stability, feasibility and

optimality of standalone MPC formulations, of which a comprehensive review is given

in Mayne et al. [2000]. Stability-guaranteeing MPC formulations mostly employ some

form of endpoint stability constraint and/or penalty, relying on the control horizon

to be sufficiently large to ensure feasibility and stability. Mhaskar et al. [2005] pro-

posed a Lyapunov based MPC that guarentees stability along with input and state

constraint satisfaction for nonlinear systems. They explicitly characterize a set of

initial conditions from which guaranteed feasibility and stability can be achieved. In

the next section, Lyapunov techniques are introduced very briefly.

2.2.1 Lyapunov based controller

Stability in the sense of Lyapunov (I.S.L) is very useful, particularly, for nonlinear

systems. A function V (x) is a Lyapunov function if, V (x) is positive definite and

V̇ (x) is negative semidefinite. A system is stable around an equilibrium point (can

be chosen as origin without loss of generality) if such a Lyapunov function exists and

it is asymptotically stable if V̇ (x) < 0 , that is, if V̇ (x) is negative definite. Let a

continuous time nonlinear state-space model of the system be represented as follows:

ẋ(t) = f(x(t)) +G(x(t))u(t) (2.1)

x ∈ X , u ∈ U
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where x ∈ Rnx , u ∈ Rnu denotes state and input vectors, X ⊆ Rnx , U ⊆ Rnu

denotes the constraints on the state variables and the manipulated inputs. Consider

the nonlinear system shown in Eqn 2.1 for which a control Lyapunov function, V (x),

exists. For this system to be stable I.S.L, it must satisfy the following conditions:

� V (x) must be positive definite

� V̇ (x) ≤ 0 , which implies dV (x)
dx
∗ [f(x(t)) +G(x(t))u(t)] ≤ 0

To design a stabilizing controller, the above conditions can be added as contraints

to a predictive control optimization. For this Lyapunov based controller, an explicit

set of initial conditions can be constructed from which input and state constraint

satisfaction can be obtained (Mhaskar et al. [2005]).

Controller satisfaction of state and input constraints can be obtained if the closed-loop

state evolves within the region φx,u, where φx,u = {x ∈ X : V̇ (x) < 0}. Therefore,

stability I.S.L is guaranteed if the state trajectory x(t) remains in the set φx,u. This

can be achieved by constructing the largest invariant set contained in φx,u. Using

the level sets of the Lyapunov function V (x), Ωx,u can be constructed such that

Ωx,u = {x ∈ Rnx : V (x) ≤ Cmax
x,u } where Cmax

x,u is the largest positive number for which

Ωx,u ⊆ φx,u. A visual representation of this initial set is shown in Fig 2.2.
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Figure 2.2: A schematic representing constrained stability regions together with
state constraints

2.3 Linear and nonlinear models

In our work, both linear and nonlinear discrete time dynamic models of the plant are

considered at the DRTO level. In general, nonlinear dynamic model of the plant is

represented as follows,

x̂DRTOj+1 = fDRTO(x̂DRTOj , ûDRTOj )

ŷDRTOj = hDRTO(x̂DRTOj )
(2.2)

where, x̂DRTOj ∈ Rnx , ŷDRTOj ∈ Rny and ûDRTOj ∈ Rnu represent the predicted

states, outputs and inputs of the system respectively. fDRTO represents the dynamic

model of the plant and hDRTO represents the relationship between states and the

outputs of the system. This model can be obtained by discretizing the set of nonlinear

ordinary differential equations (ODE) system using a scheme such as a backward Euler

approximation, orthogonal collocation of finite elements or multiple shooting. In our

work, implicit Euler approximation is used with a finite element interval of ∆tMPC ,
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the sampling time of the MPC.

A linear model shown in Eqn 2.3 is used at the MPC level. Note that a linear

model could also be used at the DRTO level for steady-state calculations as well as

to generate the predicted plant response. Linear continuous state-space model could

be obtained by discretizing a nonlinear ODE system around the desired steady state

of the system and can be converted to a discrete time model as shown below.

x̂DRTOj+1 = Ax̂DRTOj +BûDRTOj

ŷDRTOj = Cx̂DRTOj

(2.3)

2.4 Open-loop DRTO

In OL-DRTO, the objective is to optimize an economic cost function with the input

trajectory as the decision variable, that is determined based on the predicted open-

loop dynamics of the plant. The resulting plant response based on the computed

optimal input trajectories, at the end of each DRTO interval is used to construct

the set-point trajectory for the lower level MPC. These optimization computations

are performed independent of the underlying control system. In this section the

formulation of an OL-DRTO as shown in Jamaludin and Swartz [2017b] is presented.

maximize
ûDRTO

φDRTOecon (x̂DRTO, ûDRTO, ŷDRTO)

s.t. x̂DRTOj+1 = fDRTO(x̂DRTOj , ûDRTOj ) , j = 0, . . . , N − 1

ŷDRTOj = hDRTO(x̂DRTOj ) , j = 1, . . . , N

ymin ≤ ŷDRTOj ≤ ymax

umin ≤ ûDRTOj ≤ umax

(2.4)

where, x̂DRTOj , ŷDRTOj , ûDRTOj , fDRTO and hDRTO are defined in the previous section,
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φDRTOecon represents an economic objective function, umin and umax are input constraints

that describe the physical limitations of the system, ymin and ymax are the output

constraints imposed on the problem. The set-points provided to the lower-level MPC

is constructed based on the resulting open-loop plant response computed based on

the optimal input trajectories.

Depending on the tuning of the lower level controller and modeling errors, the op-

timal trajectories determined by the DRTO system may not be achievable, as the

economic optimization does not capture the behaviour of the underlying controller.

Furthermore, in Jamaludin and Swartz [2017b], it is shown that the CL-DRTO strat-

egy outperforms the OL-DRTO particulary when the lower-level controller is detuned.

For these reasons, we focus our work on a stabilizing CL-DRTO approach and in the

next section, we present the existing CL-DRTO formulation.

2.5 Closed-loop DRTO

Within a two-layer DRTO configuration, it is important to account for the behavior of

the underlying MPC due to its impact on the plant’s dynamic response. Jamaludin

and Swartz [2017b] proposed embedding MPC subproblems within the DRTO for-

mulation to generate the predicted closed-loop response. These MPC subproblems

within the DRTO have to be consistent with the lower-level MPCs formulation and

tuning parameters. The primary objective of the CL-DRTO strategy is to compute

economically optimal reference trajectories that are provided as set-points to the

underlying MPC system. This CL-DRTO strategy can be seen as a cascade MPC

framework, with an EMPC scheme in the upper-level providing set-points to the lower

level regulatory MPC, both of which can operate at different frequencies.

The models shown in Eqn 2.2 and Eqn 2.3 form the core part of the DRTO opti-



16

mization and are utilised to make the future predictions of the plant response. As

discussed, closed-loop behavior is obtained by having the MPC problems embedded

within the economic optimization. Incorporating the MPC subproblems within the

DRTO optimization results in a multi-level dynamic optimization problem. This for-

mulation was first implemented in Baker and Swartz [2008] where an interior point

algorithm was used to solve multi-level optimization problems that stem from incorpo-

rating the constrained MPC response into a primary linear or quadratic optimization

problem.

This CL-DRTO framework has a primary DRTO optimization problem that finds

economically optimal reference trajectories over a finite DRTO prediction horizon

N . Within this primary optimization, a series of MPC subproblems (shown in Eqn

2.9) are executed and the first control move from each MPC subproblem is used

by the primary DRTO problem to generate the predicted dynamic response (and in

turn compute the objective function and ensure that constraints are satisfied). The

formulation of a CL-DRTO is shown in Eqn 2.5 below:

maximize
yRef ,uRef

φDRTOecon (x̂DRTOj , ûDRTOj−1 , ŷDRTOj )

s.t. x̂DRTOj+1 = fDRTO(x̂DRTOj , ûDRTOj ) , j = 0, . . . , N − 1

ŷDRTOj = hDRTO(x̂DRTOj ) , j = 1, . . . , N

ymin ≤ ŷDRTOj ≤ ymax

hRef (yRef , uRef , ySP , uSP ) = 0

ûDRTOj = ûj,0 , j = 0, . . . , N − 1

ûj,0 ε arg min φmpc −→ Inner MPC subproblems

s.t. umin ≤ u ≤ umax

(2.5)

where, u represents the optimal control action determined by the inner MPC sub-
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Figure 2.3: Relationship between reference trajectory and the set-point provided to
the MPC

problems, ûj,0 ∈ Rnu represents the first input move determined by the inner MPC

subproblems, hRef is an equality constraint that relates the reference trajectory to the

set-points provided to the lower-level MPC, N represents the DRTO prediction hori-

zon, and φDRTOecon represents the economic objective function that is being optimized.

yRef and uRef represent the output and input reference trajectories respectively, deter-

mined by the upper-level DRTO and ySP , uSP are subsets of the reference trajectory

that are passed on to the MPC for tracking. umin and umax are vectors of input

constraints that describe the physical limitations of the system. ymin and ymax are

the output constraints imposed on the problem.

Fig 2.3 presents a visualization of a single DRTO execution. For a DRTO prediction

horizon of N, there are N MPC subproblems solved at every interval of sample time

∆tMPC . An output reference trajectory yRef is computed over this prediction horizon

and each of the N MPC subproblems receives a subset of this reference trajectory
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as it’s target to track. Since each of the MPC subproblems has its own prediction

horizon and is performed in a rolling horizon manner, the first control move from each

of these N subproblems is implemented as the optimal DRTO input move ûDRTO and

this serves as the connection between the DRTO and the embedded MPC problems.

Common solution approaches for dynamic optimization problems are a sequential ap-

proach and a simultaneous approach. A sequential solution method would involve

solving iteratively the primary DRTO and the closed-loop simulation incorporat-

ing the MPC optimization subproblems until convergence. When the control step

saturates, the input constraints in the MPC subproblems may result in derivative

discontinuities in the primary DRTO problem. In this study, therefore, we follow

the simultaneous solution approach presented in Jamaludin and Swartz [2017b]. The

CL-DRTO problem is reformulated by replacing the inner MPC subproblems with

their equivalent Karush-Kuhn-Tucker (KKT) optimality conditions. This transforms

the original multi-level dynamic optimization problem into a single-level mathemati-

cal program with complementarity constraints (MPCC). An illustration of a general

quadratic program (QP) transformed into its equivalent KKT optimality conditions

is shown in Eqn 2.6 and Eqn 2.7.

Remark 1. We remark that closed-loop predictions are commonly used to account

for the effects of uncertainty in the predicted response in robust MPC formulations.

A brief survey of robust MPC along with the key idea of closed-loop predictions is

presented in Bemporad and Morari [1999]. If there is no disturbance or modeling

errors, the optimal control step calculated by the first MPC subproblem within the

CL-DRTO and the lower level MPC are the same.
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This transformation can be illustrated using the general QP form:

min
z

1

2
zT H z + gT z

s.t. A z = b, (2.6)

z ≥ 0

whose KKT optimality conditions are:

H z + g − AT ν − η = 0

A z− b = 0, (2.7)

zi ηi = 0, i ∈ I

(z,η) ≥ 0

More details of the KKT optimality conditions are discussed in Section 3.2. In the

next section, we present the stabilizing MPC used in our research.

2.6 Stabilizing MPC

As discussed in Section 2.5, the multi-level dynamic optimization needs to be refor-

mulated and this requires the calculation of KKT optimality conditions of the inner

MPC subproblems. Therefore, this approach is valid for several MPC formulations

that use a linear model and a quadratic objective function, that result in a convex

quadratic problem. Convex QP problems have a unique global optimum for which

the KKT optimality conditions are both necessary and sufficient. In this work, as one

possible candidate for a stabilizing MPC formulation, the model predictive control

formulation proposed in Muske and Rawlings [1993b] is utilized. In this formulation,

an infinite horizon open-loop objective function as shown in Eqn 2.8 is minimized to
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obtain the optimal input ũm, where ũm =
[
ũT0 ũT1 . . . ũTm−1

]T
. ũk represents the

input step determined by the MPC at time k in deviation from its set-point uSP .

minimize
ũm

∞∑
k=0

(ỹk)
TQ(ỹk) + (ũk)

TR(ũk) + ∆ũTk S∆ũk (2.8)

ỹk is the output in deviation from ySP and ∆ũk is defined in Eqn 2.9 as the difference

between ũk and ũk−1. Q, R, and S are symmetric positive semi-definite penalty

matrices on the outputs, inputs and change of the inputs respectively. m represents

the prediction horizon, which together with Q,R and S form the tuning parameters

for the MPC optimization. The infinite horizon problem shown in Eqn 2.8 can be

expressed as a finite horizon open-loop objective function by introducing a terminal

cost function with a penalty matrix Q. Thus, the MPC finite horizon optimization

can be written as follows,

minimize
ũm

(x̃m)TQ(x̃m) + ∆ũTmS∆ũm+

m−1∑
k=0

(x̃k)
TCTQC(x̃k) + (ũk)

TR(ũk) + ∆ũTk S∆ũk

s.t. x̃k+1 = Ax̃k +Bũk , k = 0, . . . ,m− 1

∆ũk = ũk − ũk−1 , k = 0, . . . ,m

ũmin ≤ ũk ≤ ũmax , k = 0, . . . ,m− 1

ũk = 0 , k ≥ m

x̃um = 0

(2.9)

In the state-space model of the plant shown in Eqn 2.9, x̃k represents the states of the

system in deviation from its set-point xSP and therefore, x̃0 represents the current

state of the plant in deviation form. The constraint x̃um = 0 requires the unstable

modes (if any) of the states to go to zero by the end of the horizon (the so-called
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terminal stability constraint). Vector ũm that optimizes the infinite horizon objective

function is computed and the first input value is implemented on the plant. This

strategy is repeated at each time step in a rolling horizon fashion. ũmin and ũmax

are input constraints that describe the physical limitations of the system in deviation

form.

The pair (xSP ,uSP ) can be calculated as xSP = fDRTO(xSP , uSP ), where fDRTO is the

nonlinear model of the plant. If a nonlinear model of the plant is not available, the

linearized state-space equation can be used to find xSP and uSP as xSP = AxSP +

BuSP . If an output target yt is given, then the steady state set-point pair (xSP ,uSP )

can be computed as shown below ( Muske and Rawlings [1993b]). The optimization in

Eqn 2.10 ensures that the target of yt is achieved if the corresponding input set-point

uSP is within the input constraints, otherwise, a target ySP = CxSP that is closest to

yt is achieved. Here Qs represents the error penalty matrix.

minimize
xSP ,uSP

(yt − CxSP )TQs(y
t − CxSP )

s.t. xSP = AxSP +BuSP

umin ≤ uSP ≤ umax

(2.10)

For open-loop stable process, Q can be used to capture the infinite horizon cost of the

stable modes and computed as the solution of the discrete Lyapunov equation shown

below,

Q = CTQC + ATQA (2.11)

For open-loop unstable processes Q needs to be modified to only capture the infinite

horizon cost of the stable modes. To achieve this, the state space is decomposed into

stable and unstable modes, and the penalty and terminal stability constraints are
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calculated by first computing Ṽu, Ṽs and Js as follows:

A = V JV −1 =
[
Vu VS

]Ju 0

0 Js

Ṽu
Ṽs

 (2.12)

Q = Ṽ T
s ΣṼs where, Σ = V T

s C
TQCVs + JTs ΣJs (2.13)

Ṽu(x̃m) = 0 =⇒ Ṽu
[
Am−1B,Am−2B, . . . , B

]
ũm = −ṼuAm(x̃0) (2.14)

In Eqn 2.12, J is the Jordan matrix of A, and all the stable and unstable eigenvalues

are contained in Js and Ju respectively. Ṽu contains eigenvectors corresponding to the

unstable modes of the system. The stable and unstable modes are found by partition-

ing the matrix A using Jordan decomposition as shown in Eqn 2.12. The quadratic

program shown in Eqn 2.9 can be converted to a standard quadratic program with

simple algebraic manipulations as shown in Eqn 2.15.

minimize
ũm

1

2
(ũm)T Hũm + (G (x̃0)− F (ũ−1))

T ũm

s.t. ũmin ≤ ũm ≤ ũmax

Ṽu
[
Am−1B,Am−2B, . . . , B

]
ũm = −ṼuAm(x̃0)

(2.15)

ũmin, ũmax ∈ Rmnu represent vectors of minimum (ũmin) and maximum input (ũmax)

constraints respectively and ũ−1 is the previous input in deviation form. Matrices H,
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G, F are given in Eqn 2.16 and Eqn 2.17 (Muske and Rawlings [1993b]).

H =


BTQB +R + 2S BTATQB − S . . . BTAT

N−1
QB

BTQAB − S BTQB +R + 2S . . . BTAT
N−2

QB
...

...
. . .

...

BTQAN−1B BTQAN−2B . . . BTQB +R + 2S

 (2.16)

G =


BTQA

BTQA2

...

BTQAN

 , F =


S

0
...

0

 (2.17)

Remark 2. Several stabilizing MPC formulations have been published in the litera-

ture and the proposed formulation herein for the CL-DRTO works for any of these

MPC strategies as long as the problem remains convex. For MPC formulations that

are nonconvex or that use nonlinear models, a different solution strategy, perhaps a

sequential solution approach, should be considered since the KKT solutions may no

longer be unique.

Remark 3. For nonsquare systems, where the number of inputs are greater than the

number of the controlled outputs, the control tracking term (ũk)
TR(ũk) is useful.

A nonzero R is chosen and some of the inputs require ideal resting values (IRVs),

calculated by the upper level economic optimization, to obtain a unique solution

(Qin and Badgwell [2003]).



Chapter 3

Stabilizing CL-DRTO

In this chapter we present the detailed rigorous formulation for the stabilizing CL-

DRTO formulation. Firstly, we formulate the stabilizing CL-DRTO problem for linear

models, as a multi-level optimization problem. We then provide a suitable solution

strategy and reformulate the problem. Subsequently, we introduce nonlinearity in the

model at the DRTO level and provide the corresponding formulation. Information

on the computation for the proposed approach is also presented in this chapter.

The formulations in this chapter have been submitted to and presented in:

Sundaresan Ramesh, P., Swartz, C. L. E., and Mhaskar, P. (2020) “Closed-loop Dy-

namic Real-Time Optimization with Stabilizing Model Predictive Control”, Submitted

to AICHE Journal, in review.

Sundaresan Ramesh, P., Swartz, C. L. E., and Mhaskar, P. (2019), “Closed-Loop

Dynamic Real Time Optimization with a Stable MPC Formulation”, AICHE Annual

Meeting (2019), Orlando, FL, USA.

Sundaresan Ramesh, P., Swartz, C. L. E., and Mhaskar, P. (2019), “Closed-loop Dy-

namic Real Time Optimization with Stable Model Predictive Control Formulation”,

24
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CCEC Annual Meeting (2019), Halifax, NS, Canada.

3.1 Problem formulation

In this chapter, firstly, we consider the models available for the DRTO formulations

are linear dynamic models as shown in Eqn 2.3. As discussed earlier, open-loop

unstable processes occur in certain process operations and its unstable steady-state

could be the economically optimal operating point. Existing stabilizing MPCs are able

to provide an optimal input trajectory that ensures stability of the plant response. In

order to guarantee stability of the CL-DRTO strategy it is essential for the CL-DRTO

to encapsulate such a design. An arbitrary bounded trajectory given as set-points

to a stabilizing MPC could result in infeasibility issues due to its inability to satisfy

the stability constraints and input constraints. Thus, the proposed strategy for a

stable CL-DRTO involves embedding these stabilizing MPC subproblems within the

primary DRTO optimization.

The formulation of this strategy is shown in Eqn 3.1. It can be seen in Eqn 3.1,

that the proposed strategy results in a multi-level optimization problem. For a given

initial state of the plant, the primary optimization predicts a closed-loop trajectory

of the plant based on the nonlinear model, output constraints and the inner MPC

subproblems.

Remark 4. The success of MPC in industry can be partly attributed to the ability to

enforce constraints on the states or outputs. They are different from input constraints

in that they do not typically arise from physical limitations like valve saturation, but

rather are imposed to limit the operating range of the process. Some of the feasibility

and stability issues arising from incorporating hard output constraints are shown in

Scokaert and Rawlings [1999]. More recently, a Lyapunov-based MPC was proposed

Mhaskar et al. [2005] that guarantees constraint satisfaction from a well characterized



26

set of initial conditions. In our work, the stabilizing MPC, both at the lower level

and at the inner MPC subproblems are based on linear models (and implementation

illustration on nonlinear models), resulting in plant-model mismatch (and disabling

the feasibility and stability guarantees of Mhaskar et al. [2005]). To preserve feasibility

therefore, no hard output constraints are enforced at the MPC level. Instead, the

hard constraints are present in the outer-loop primary optimization to ensure that

the closed-loop plant response is within the desired operating range.

The multi-level optimization shown in Eqn 3.1 is performed every ∆tDRTO, the sam-

pling time of DRTO. As discussed in Section 2.5, the inner MPC subproblems are

solved at every time step j, and the very first input move determined by each of

the N MPC subproblems is implemented in the DRTO model. Therefore, the inter-

nal variables of the MPC subproblems change every time step and hence the addi-

tional subscript j. x̃j,0 represents the initial value of the state and is calculated as

Ax̂DRTOj−1 + BûDRTOj−1 ). x̃j,k is in deviation from xSPj,0 . uSPj,0 and xSPj,0 represent the first

input and state set-point provided to the MPC subproblems at every time step j

respectively.

Fig 3.1 shown below, illustrates the computational flow within a single CL-DRTO
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execution.

maximize
yRef ,uRef

φDRTOecon (x̂DRTO, ûDRTO, ŷDRTO)

s.t. x̂DRTOj+1 = Ax̂DRTOj +BûDRTOj , j = 0, . . . , N − 1

ŷDRTOj = Cx̂DRTOj , j = 1, . . . , N

hRef (yRef , uRef , ySP , uSP ) = 0

ymin ≤ ŷDRTOj ≤ ymax

ûDRTOj = ũj,0 + uSPj,0 , j = 0, . . . , N − 1

ũj,0 ε arg min
ũj,k

ΦMPC
j , j = 0, . . . , N − 1

s.t. x̃j,k+1 = Ax̃j,k +Bũj,k , k = 0, . . . ,m− 1

∆ũj,k = ũj,k − ũj,k−1 , k = 0, . . . ,m

ũmin ≤ ũj,k ≤ ũmax , k = 0, . . . ,m− 1

ũj,k = 0 , k ≥ m

Ṽu
[
Am−1B,Am−2B, . . . , B

]
ũmj = −ṼuAm(x̃j,0)

(3.1)

where, ΦMPC
j = (x̃j,m)TQ(x̃j,m) + ∆ũTj,mS∆ũj,m +

∑m−1
k=0 (x̃j,k)

TCTQC(x̃j,k) +

(ũj,k)
TR(ũj,k) + ∆ũTj,kS∆ũj,k
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Figure 3.1: Illustration of the closed-loop dynamic optimization for a single DRTO
step

3.2 Closed-loop problem reformulation

Common solution approaches for dynamic optimization problems are a sequential ap-

proach and a simultaneous approach. A sequential solution method would involve

solving iteratively the primary DRTO and the closed-loop simulation incorporat-

ing the MPC optimization subproblems until convergence. When the control step

saturates, the input constraints in the MPC subproblems may result in derivative

discontinuities in the primary DRTO problem. In this study, therefore, we follow the

simultaneous solution approach presented in Jamaludin and Swartz [2017b]. The CL-

DRTO problem is reformulated by replacing the inner MPC subproblems with their

equivalent Karush-Kuhn-Tucker (KKT) optimality conditions. This transforms the

original multi-level dynamic optimization problem into a single-level mathematical

program with complementarity constraints (MPCC).

The stabilizing MPC used here is a convex quadratic program and hence these condi-
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tions are both necessary and sufficient for optimality. In this section, these optimality

conditions are derived. Although, Eqn 2.9 and Eqn 2.15 represent the same problem,

the KKT conditions are obtained from Eqn 2.15 since they result in a much smaller

number of variables and equations.

The Lagrangian of the inner MPC optimization subproblems at every time step j

could be written as:

Lj =
1

2

(
ũmj
)T
Hũmj + (G (x̃j,0)− F (ũj,−1))

T ũmj − (η1j)
T
(
ũmj − ũmin

)
−

(η2j)
T
(
ũmax − ũmj

)
− λ

T

j (Ṽu
[
Am−1B,Am−2B, . . . , B

]
ũmj + ṼuA

m(x̃j,0))

ũmj is a vector of control inputs over the entire control horizon m at every DRTO step.

ηij , i = 1,2 represent composite vectors of ηij,k which are Lagrange multipliers for the

inequality input constraints. λj is a vector of Lagrange multipliers for the equality

end point stability constraints.

1. Lagrange gradient: Since ũmj is the only decision variable, at every time step j,

in the compact QP MPC problem, the gradient of ũmj w.r.t the Lagrangian is

zero.

� ∇ũmj
Lj = 0

2. Primal feasibility: Input inequality constraints transformed into equalities using

slack variables µij,k , i = 1, 2

� ũj,k − ũmin − µ1
j,k = 0 , k = 0,1,. . . ,m-1

� ũmax − ũj,k − µ2
j,k = 0 , k = 0,1,. . . ,m-1

� µ1
j,k , µ

2
j,k ≥ 0 , k = 0,1,. . . ,m-1
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3. Dual feasibility:

� η1j,k , η
2
j,k ≥ 0 , k = 0,1,. . . ,m-1

4. Complementarity constraints:

� ηij � µij = 0 , i = 1,2

µij , i = 1,2 represent composite vectors of µij,k. � represents the element-wise

Hadamard product of two vectors. The inner MPC optimization subproblems in

the primary DRTO optimization can be replaced with the set of equations shown in

Eqn 3.2.

Hũmj + (G (x̃j,0)− F (ũj,−1))− η1j + η2j − (Ṽu
[
Am−1B,Am−2B, . . . , B

]
)Tλj = 0

ũmj − ũmin − µ1
j = 0

ũmax − ũmj − µ2
j = 0

Ṽu
[
Am−1B,Am−2B, . . . , B

]
ũm = −ṼuAm(x̃j,0)

η1j � µ1
j = 0

η2j � µ2
j = 0

µ1
j , µ

2
j , η

1
j , η

2
j ≥ 0

(3.2)

In order to validate these KKT equations, the MPC problems presented inSection

4.1 are solved using MATLAB’s Quadprog and compared with the solution of the set

of nonlinear equations shown in Eqn 3.2 using MATLAB’s fsolve. These results are

presented in Chapter 4.
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3.3 Stabilizing CL-DRTO formulation

In the proposed CL-DRTO strategy, both the DRTO and the MPC subproblems are

executed in a rolling horizon fashion. For a single CL-DRTO execution, N stabilizing

MPC subproblems are computed and each of the stabilizing MPC subproblem has a

requirement to reach the set-point in m steps, enforced by the stability constraints.

An infinite horizon regulator with end point equality constraint, as shown in Chapter

2 is used. Target tracking with a stabilizing MPC requires an origin shift to the

desired set-point. Finally, the linear models used at the DRTO level use the values of

these variables in deviation from nominal steady states and nonlinear models at the

DRTO level use the values of these variables in its actual form.

Objective Function

At the upper level of the proposed CL-DRTO formulation, various objective functions

could be used. Here, we consider a target tracking problem to investigate comparisons

to a standalone MPC (thus considering the case where the economic optimum is a

steady state value, and computed a priori), and an economic objective function based

optimization.

There are several ways to represent an economic cost function, but typically a profit

based function can be written as shown below. Here, φj represents profit per unit

time and is averaged over a period of the DRTO prediction horizon.

ΦEcon =
1

N

N∑
j=1

φDRTOj (x̂DRTOj , ûDRTOj−1 , ŷDRTOj ) (3.3)

The proposed CL-DRTO algorithm can also be used to track predetermined targets.

This can be achieved using a least squares form of the difference in the plant response
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and the specified target. A target tracking objective function used here takes the

following form:

ΦTarget =
N∑
i=1

(‖ ŷDRTOj − yTargetj ‖)2 (3.4)

where ‖x‖ represents 2-norm or inner-product.

Set-point Hold Constraint

Due to possible non-uniqueness in solution with use of an economic objective function,

the DRTO could potentially exhibit high variation in the output reference trajectory.

One judicious way to mitigate this issue is to have set-point hold (SPH) constraints

[Jamaludin et al., 2017]. This constraint ensures that the reference trajectory is held

constant over a specific number of discretized intervals. In the next Chapter the effect

of SPH on the optimization is shown.

Set-point Generation

As discussed in the previous section, at every DRTO prediction step, a subset of the

reference trajectories, yRef and uRef , is provided to the MPC optimization subproblem

as set-points for tracking. For a single DRTO execution the length of yRef is N+m−1

and for each of the N MPC subproblems a subset ySPj is provided for tracking. The

reference trajectory is held constant based on the chosen SPH and hence could change

multiple times within a single DRTO execution. The stabilizing MPC has a rolling

horizon window, and every MPC subproblem sees a constant set-point as illustrated in

the figure below. Hence, the stability constraints direct the optimal input trajectory

to ensure that the states reach that constant set-point in m control steps.
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Figure 3.2: Relationship between reference trajectory and the set-point provided to
the MPC

In Fig 3.2, the MPC subproblems MPC-(0) to MPC-(m) receive a constant set-point of

value val2, while the MPC subproblems MPC-(m+1) to MPC-(N) receive a constant

set-point of value val1. Therefore, in this approach the stabilizing MPC embedded

as subproblems into the DRTO and at the lower level are not aware of any changes

in the set-point until the change actually occurs.

Complementarity Constraints

In Eqn 3.2 the equality constraints η1j�µ1
j = 0 and η2j�µ2

j = 0 are the complemenen-

tarity constraints. Posing these constraints directly results in MPCC problems that

are difficult to solve using standard nonlinear programming (NLP) solvers. Therefore,

solving MPCC problems requires alternative strategies; several methods are proposed

in the literature which include regularization, a mixed-integer approach and an exact

penalty approach (Baker and Swartz [2008], Baumrucker et al. [2008], Raghunathan

and Biegler [2003]). In this work, an exact penalty approach is used to handle the

complementarity constraints [Jamaludin and Swartz, 2017b]. In this approach, the
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complementarity constraints are removed and are included as a penalty term in the

economic objective function, weighted by a penalty parameter, ρ. The convergence

properties of this formulation are presented in Ralph and Wright [2004]. The final

formulation of a stabilizing CL-DRTO as a penalty transformed MPCC problem is

shown in Eq 3.5.

minimize
yRef ,uRef

φDRTOEcon (x̂DRTO, ûDRTO, ŷDRTO) + ρ
2∑
i=1

N−1∑
j=0

ηij � µij

subject to x̂DRTOj+1 = Ax̂DRTOj +BûDRTOj , j = 0, . . . , N − 1

ŷDRTOj = Cx̂DRTOj , j = 1, . . . , N

hRef (yRef , uRef , ySP , uSP ) = 0

ymin ≤ ŷDRTOj ≤ ymax

ûDRTOj = ũj,0 + uSPj,0 , j = 0, . . . , N − 1

Humj + (G (x̃j,0)− F (ũj,−1))− η1j + η2j − ATeqλj = 0

ũmj − ũmin − µ1
j = 0

ũmax − ũmj − µ2
j = 0

µ1
j , µ

2
j , η

1
j , η

2
j ≥ 0

Aeqũ
m
j = −ṼuAm(x̃j,0)

(3.5)

where, Aeq = Ṽu [Am−1B,Am−2B, . . . , B] and ũj,0 represents the first control step

implemented by the inner MPC subproblems at every time step j.

Computation

MATLAB is used as the primary software environment and the DRTO optimization

is implemented in AMPL. All the required parameters are defined in MATLAB and

are exported to AMPL to perform the CL-DRTO optimization. The optimal set-
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point trajectories computed by solving the CL-DRTO problem are in turn exported

to MATLAB, where the standalone MPC implementation is used to compute the

control action. The sampling time of the MPC is ∆tMPC , while the DRTO is executed

once every ∆tDRTO. It should be noted that the ∆tMPC is often lower than ∆tDRTO.

The plant simulation based on the dynamic model is performed in MATLAB for

a duration of ∆tDRTO using the optimal input trajectories calculated every ∆tMPC

by the lower-level MPC. The primary optimization coded in AMPL is solved using

IPOPT (version 3.12.8), and the DRTO calculations and plant simulation are carried

out on a PC with 16 GB RAM and Intel(R) Core(TM) i7 - 3770 CPU @ 3.40 GHz

processor.

Remark 5. The KKT optimality conditions here are derived for the stabilizing MPC

in its standard Quadratic Program (QP) form as shown in Eqn 2.15. Although this

results in a problem of smaller dimension, it involves calculation of matrix powers,

Ai, and hence for problems with a large number of states or large prediction horizons,

this problem could result in numerical issues. Since the case studies presented in

this paper involve a maximum of two states and a MPC prediction horizon of five,

we adhere to the compact QP problem. The KKT optimality conditions and the

stabilizing CL-DRTO formulation for the MPC in its direct form as shown in Eqn 2.9

is presented in the next section.

3.4 Alternate KKT formulation

KKT optimality conditions of the direct form of the stabilizing MPC is shown here.

Following a similar approach to Section 3.2, the Lagrangian of the stabilizing MPC

shown in Eqn 2.9 for every time step j is shown below.
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Lj = (x̃j,m)TQ(x̃j,m) + ∆ũTj,mS∆ũj,m +
m−1∑
k=0

(x̃j,k)
TQ(x̃j,k) + (ũj,k)

TR(ũj,k) + ∆ũTj,kS∆ũj,k

−
m−1∑
k=0

(λ1j,k+1)(x̃j,k+1 − Ax̃j,k −Bũj,k) −
m∑
k=0

(λ2j,k)(ũj,k − ũj,k−1 −∆uj,k) −

+
m−1∑
k=0

(η1j,k)(ũj,k − ũmin) −
m−1∑
k=0

(η2j,k)(ũmax − ũj,k) − (λ3j,k+1)(Ṽux̃j,m)

ηij,k for i = 1, 2 are the Lagrange multipliers for the inequality input constraints

and λij,k for i = 1, 2, 3 are the Lagrange multipliers for the state space equation,

∆ũj,k equation and the equality endpoint stability constraints respectively. The KKT

optimality equations are:

1. Lagrange gradients - ∇Lj = 0

� 2CTQC(x̃j,k) + ATλ1j,k+1 − λ1j,k = 0 , k = 1,2,. . . ,m-1

� 2Q(x̃j,k)− λ1j,k − Ṽu
T
λ3j,k = 0 , k = m

� 2S∆ũj,k + λ2j,k = 0 , k = 0,1,. . . ,m

� 2R(ũj,k) +BTλ1j,k − λ2j,k + λ2j,k+1 − η1j,k + η2j,k = 0 , k = 0,1,. . . ,m-1

2. Primal feasibility: Input inequality constraints transformed into equalities using

slack variable µij,k , i = 1, 2

� ũj,k − ũmin − µ1
j,k = 0 , k = 0,1,. . . ,m-1

� ũmax − ũj,k − µ2
j,k = 0 , k = 0,1,. . . ,m-1

� µ1
j,k , µ

2
j,k ≥ 0 , k = 0,1,. . . ,m-1

3. Dual feasibility:

� η1j,k , η
2
j,k ≥ 0 , k = 0,1,. . . ,m-1
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4. Complementarity constraints:

� ηij � µij = 0 , i = 1,2

µij and νij represent composite vectors of µij,k and νij,k respectively for i = 1, 2.



38

Optimization formulation

Embedding these KKT optimality conditions as constraints in the DRTO optimiza-

tion and using the exact penalty approach results in the following optimization.

minimize
yRef ,uRef

φDRTOEcon (x̂DRTO, ûDRTO, ŷDRTO) + ρ
2∑
i=1

N−1∑
j=0

ηij � µij

subject to x̂DRTOj+1 = Ax̂DRTOj +BûDRTOj , j = 0, . . . , N − 1

ŷDRTOj = Cx̂DRTOj , j = 1, . . . , N

hRef (yRef , uRef , ySP , uSP ) = 0

ymin ≤ ŷDRTOj ≤ ymax

ûDRTOj = ũj,0 + uSPj,0 , j = 0, . . . , N − 1

2CTQC(x̃j,k) + ATλ1j,k+1 − λ1j,k = 0 , k = 1, 2, . . . ,m− 1

2Q(x̃j,k)− λ1j,k − Ṽu
T
λ3j,k = 0 , k = m

2S∆ũj,k + λ2j,k = 0 , k = 0, 1, . . . ,m

2R(ũj,k) +BTλ1j,k − λ2j,k + λ2j,k+1 − η1j,k + η2j,k = 0 , k = 0, 1, . . . ,m− 1

ũj,k − ũmin − µ1
j,k = 0 , k = 0, 1, . . . ,m− 1

ũmax − ũj,k − µ2
j,k = 0 , k = 0, 1, . . . ,m− 1

ηijµ
i
j = 0 , i = 1, 2

µ1
j , µ

2
j , η

1
j , η

2
j ≥ 0

Ṽux̃j,m = 0

(3.6)
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3.5 Inclusion of nonlinearity

So far we have considered a linear dynamic model at the DRTO level and for the

lower level MPC. In this section, we introduce nonlinear models at the DRTO level

to capture the plant behaviour with better accuracy. Consider a continuous time

nonlinear system of ordinary differential equations (ODEs) that model the behaviour

of the process plant as shown below:

ẋDRTO(t) = fDRTOC (xDRTO(t), uDRTO(t))

yDRTO(t) = hDRTOC (xDRTO(t))

xDRTO(0) = x0

(3.7)

where fDRTOC represents the continuous time nonlinear model of the plant, hDRTOC is a

nonlinear function that relates states to the outputs, xDRTO(t) and uDRTO(t) represent

the continuous time state and input vector respectively and xDRTO(0) is the initial

state vector. This model can be descritized using a scheme such as a backward Euler

approximation, orthogonal collocation of finite elements or multiple shooting. In our

work, implicit Euler approximation is used with a finite element interval of ∆tMPC ,

the sampling time of the MPC as shown in Eqn 3.8.

xDRTOj − xDRTOj−1

∆tMPC

= fDRTOC (xDRTOj , uDRTOj−1 )

yDRTOj = hDRTOC (xDRTOj )

(3.8)
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Optimization formulation

In Eqn 3.5, we replace the linear dynamic model with a nonlinear dynamic model as

shown in Eqn 3.9.

minimize
yRef ,uRef

φDRTOEcon (x̂DRTO, ûDRTO, ŷDRTO) + ρ
2∑
i=1

N−1∑
j=0

ηij � µij

subject to
x̂DRTOj − x̂DRTOj−1

∆tMPC

= fDRTOC (x̂DRTOj , ûDRTOj−1 ) , j = 1, . . . , N

ŷDRTOj = hDRTOC (x̂DRTOj ) , j = 1, . . . , N

hRef (yRef , uRef , ySP , uSP ) = 0

ymin ≤ ŷDRTOj ≤ ymax

ûDRTOj = ũj,0 + uSPj,0 , j = 0, . . . , N − 1

Humj + (G (x̃j,0)− F (ũj,−1))− η1j + η2j − ATeqλj = 0

ũmj − ũmin − µ1
j = 0

ũmax − ũmj − µ2
j = 0

µ1
j , µ

2
j , η

1
j , η

2
j ≥ 0

Aeqũ
m
j = −ṼuAm(x̃j,0)

(3.9)



Chapter 4

Case Studies

In this chapter we present two case studies to illustrate the efficacy of the proposed

approach; a single-input single-output (SISO) CSTR system and a multi-input multi-

output (MIMO) CSTR system. In both these case studies, the model at the DRTO

level is consistent with the model used as the plant. For instance, if a nonlinear model

is used at the DRTO level, the plant is also based on a set of nonlinear differential

equations.

The case studies presented in this chapter have been included in the manuscript

submitted to:

Sundaresan Ramesh, P., Swartz, C. L. E., and Mhaskar, P. (2020) “Closed-loop Dy-

namic Real-Time Optimization with Stabilizing Model Predictive Control”, Submitted

to AICHE Journal, in review.

41
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4.1 Case Study 1: Single-Input Single-Output (SISO)

CSTR system

In order to demonstrate the proposed framework, a nonisothermal, nonadiabatic,

CSTR is considered. A first-order exothermic reaction A −→ B is carried out in the

CSTR [Uppal et al., 1974]. The nonlinear dynamic system can be represented as

shown in Eqn 4.1, in which χ1 represents the dimensionless conversion, χ2 represents

the dimensionless reactor temperature and β, Da, χ2c and B represent the heat

transfer coefficient, Damköhler number, heat transfer medium temperature and heat

of reaction respectively. The parameter values Da = 0.05, B = 8.0, χ2c = 0 are taken

from Patwardhan et al. [1989].

dχ1

dt
= −χ1 +Da(1− χ1)e

χ2

dχ2

dt
= −χ2 +Da(1− χ1)Be

χ2 − β(χ2 − χ2c)

(4.1)

This nonlinear model is linearized around the unstable steady state, xss = (0.5011, 3)

and uss = 0.3362 and the obtained linear state space model is shown in Eqn 4.2;

xk+1 = Axk +Buk

yk = Cxk

(4.2)

where x represents the states χ1 and χ2, and u = β is the manipulated input variable.

Matrices A, B and C for a sampling time of 0.1 used in this study are shown in Eqn

4.3. The dimensionless reactor temperature of this system is the controlled output.

A =

 0.7991 0.0519

−0.8327 1.2838

 , B =

−0.0077

−0.3417

 , C =
[
0 1

]
(4.3)
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The objective of this case study is to apply the proposed CL-DRTO strategy to

maximize the conversion. With this goal, a model predictive controller with stabil-

ity constraints is demonstrated and is embedded within the DRTO optimization as

constraints. This approach is implemented first as a target tracking problem before

moving on to the economic objective of maximizing the conversion of the reactant.

Model Predictive Control

A model predictive controller as shown in Section 2.6, based on the tuning parameters:

Q = 1, S = 1000, R = 0 is used on the linearized system. It should be noted that the

states and the inputs are in deviation form, as deviations from steady-state xss and

uss respectively.

The importance of stability constraints is shown in Fig 4.1 and Fig 4.2. The MPC

here is required to track a constant set-point target of three units above the steady

state. Fig 4.1 shows the response when no stability constraints are used, and it can be

seen that the output of the system evolves exponentially, while in Fig 4.2 an endpoint

equality constraint is used and the controller is able to track the target. Because, the

initial state is an unstable steady state, an end-point quality constraint is necessary

for stable operation.

Within the CL-DRTO, as discussed in Section 3.2, the MPC subproblems are replaced

by their equivalent KKT conditions. Fig 4.3 compares the solution found by solving

the MPC problem as a quadratic program to the optimal solution found by solving a

set of nonlinear KKT equations. Since, this MPC formulation is a convex formulation,

uniqueness of solution is guaranteed. It can be seen from the figure that the KKT

conditions are able to replicate the results of the quadratic program, where a step

change is introduced.



44

Figure 4.1: Target tracking without the end-point equality constraint

Figure 4.2: Target tracking with the end-point equality constraint
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Figure 4.3: Comparison of Quadprog and KKT solution
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CL-DRTO: Target Tracking Objective

As discussed in Chapter 3, sometimes the most economic operating condition could

be known a priori, resulting in a target-tracking problem. Although a target-tracking

objective function can readily be handled by a simple MPC formulation, the proposed

strategy is used and is compared to a regular MPC trajectory. The same SISO state

space system shown in Eqn 4.2 is used. The design parameters used for the CL-DRTO

simulation are shown in Table 4.1. It should be noted that the DRTO executions are

usually performed at a lower frequency in comparison to the MPC executions, but in

this case study, the DRTO and the MPC operate at the same frequency to illustrate

the operation and potential of the proposed strategy. In the next MIMO case study,

the effect of set-point hold (SPH) on the system response is demonstrated.

Parameter Description Value
TSim Total simulation time 8
∆tDRTO DRTO Sample time 0.1
∆tMPC MPC Sample time 0.1
N DRTO Prediction horizon 10
M MPC Prediction horizon 5
Q Output penalty 1
R Input penalty 0
S Change in input penalty 1000
umin Minimum value of u -3
umax Maximum value of u 15

Table 4.1: Design parameters for the DRTO and MPC layers in target tracking case
study

In Fig 4.4 the proposed CL-DRTO for a target-tracking objective function is shown.

In this example, the economically optimal solution is assumed to be three units above

the steady-state value. Therefore, a constant target of three is given to the proposed

CL-DRTO. For this constant target of three, the set-points provided to the lower-

level MPC by the CL-DRTO strategy varies from around -5 to 12. This additional
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flexibility from the provided set-points results in an improved performance over a

regulatory MPC. The performance of an infinite horizon MPC and the proposed

CL-DRTO for this target-tracking objective function is shown in Fig 4.5. It can be

seen that the proposed DRTO approach is much quicker to get to the target when

compared to the MPC. Note of course, that a differently tuned standard MPC may

also be able to achieve this behavior or better performance. This is illustrated by the

dash-dotted lines showing the implementation of an MPC with a very low penalty

value on change in inputs, 0.001 instead of 1000 and a longer horizon of 20 instead of

5.

Figure 4.4: CL-DRTO strategy for target tracking

Remark 6. The presence of the embedded MPC subproblems is useful to predict the

future interactions between the DRTO process model and the controller, which can

be exploited for the plant to be able to reach the target much more quickly than

a regular MPC, without changing the MPC tuning parameters. For a given target,

the MPC is provided with a constant set-point corresponding to the value of the

target with the perfomance dependent on the choice of the tuning parameters. In the

CL-DRTO, on the other hand, this tuning is replaced by the costs in the objective
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Figure 4.5: Comparison of the CL-DRTO and MPC performance for target tracking

function (for instance, penalizing only the target tracking error), which in turn makes

the CL-DRTO utilize the set-points provided to the MPC to achieve quicker target

tracking while respecting the output constraints. The stable CL-DRTO approach

proposed in our work ensures that this additional flexibility of the variable set-points

can be used around unstable steady states as shown in Fig 4.4. The performance of

the stand-alone MPC can be attributed to the high penalty on the change in inputs,

∆u, and relaxing this penalty matrix S, resulted in a slightly better solution than the

CL-DRTO. The proposed approach is able to achieve better results even with a high

penalty on ∆u. In some sense one of the benefits of the CL-DRTO is in its ability

to ‘override’ the underlying MPC tuning parameter values to move the process in a

fashion that is economically optimal, without necessarily having to change the MPC

implementation at the lower level.
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CL-DRTO: Economic Objective

In this section, the ability of the CL-DRTO to achieve an economic optimum is

demonstrated. The economic objective considered here is to maximize the conversion

of the reactant. Note that this is not the controlled variable in the lower level MPC.

The design parameters used for the CL-DRTO simulation are shown in Table 4.2.

For this problem, a set-point hold of 10 is used, thus the reference trajectory is held

constant over the entire DRTO sample period.

Parameter Description Value
TSim Total simulation time 9
∆tDRTO DRTO Sample time 1
∆tMPC MPC Sample time 0.1
N DRTO Prediction horizon 20
M MPC Prediction horizon 5
Q Output penalty 1
R Input penalty 0
S Change in input penalty 1000
umin Minimum value of u -3
umax Maximum value of u 15
χmin1 Minimum value of conv. 0
χmax1 Maximum value of conv. 0.99

Table 4.2: Design parameters for the DRTO and MPC layers in economic case study

A maximum value of 0.99 for conversion is used to avoid any numerical errors result-

ing in a conversion greater than one. Since, the objective here is to maximize the

conversion (hidden state) and there is an upper limit, the optimal solution is the max-

imum value. Like in the target tracking case, it can be seen in Fig 4.6 the capability

of the proposed approach to use the additional flexibility from the set-points provided

to the MPC to achieve better results without violating the output constraints.

Thus far, a linear discretized model of the dynamic system has been used in both

the MPC and the DRTO. One of the key advantages of using a CL-DRTO is to be
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Figure 4.6: CL-DRTO strategy for maximizing conversion

able to handle a difference in the model between DRTO and MPC. In this study, the

nonlinear model of the dynamic system is incorporated into the primary optimization

by reducing the differential equations into nonlinear difference equations using the

Backward Euler method. Fig 4.7 compares the performance of the CL-DRTO strategy

with a linear and a nonlinear model at the DRTO level. The solid line represents the

performance of the CL-DRTO strategy with a nonlinear model while the dashed line

shows the performance with a linearized DRTO model. In the former case, a set of

nonlinear differential equations is used as the plant and in the latter case, a linearized

model is used as the plant.

Inclusion of nonlinear model at the DRTO level, resulted in a quicker performance

(and hence better economic performance) even though the set-points do not move as

much as in the linear case. Fig 4.8 attempts to explain this behaviour by comparing

the stand-alone MPC trajectories for a linear and a nonlinear plant.

When a nonlinear model is used as the plant, an overshoot can be observed unlike
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Figure 4.7: Comparison of state evolution for nonlinear (NL) DRTO model and
linearized (L) DRTO model

Figure 4.8: Comparison of linear (L) vs nonlinear (NL) plant with a linear model
based MPC
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with the linear plant. The proposed strategy therfore provides a set-point that does

not lead to output constraint violation. This can be attributed to the presence of the

control optimization subproblems, thereby, predicting the future interactions between

the DRTO process model and the controller.

4.2 Case Study 2: Multi-Input Multi-Output (MIMO)

CSTR system

Previously in Section 4.1, the proposed approach was applied to a SISO CSTR case

study. In this section, the proposed strategy is demonstrated for MIMO systems.

For this case study, all the states are assumed to be measured and hence the term

states and outputs are used interchangeably. This case study is taken from Heidarine-

jad et al. [2012].

Consider a second-order, irreversible, exothermic reaction A −→ B carried out in a

well-mixed CSTR. The feed consists of pure A, the reactant, at a flow rate F , inlet

temperature T0 and inlet concentration CA0. Heat is provided or removed from the

system with the help of a jacket. This dynamic system can be represented as shown

in Eqn 4.4.

dCA
dt

=
F

V
(CA0 − CA)− k0e

−E
RT

C2
A

dT

dt
=
F

V
(T0 − T )− ∆H

σCp
k0e

−E
RT C2

A +
Q

σCpV

(4.4)

Here, CA represents the concentration of the reactant, T represents the reactor tem-

perature, V denotes the volume of the CSTR, Q denotes the heat input or removal

rate, Cp and σ denote the heat capacity and the density of the fluid in the reactor

respectively and ∆H, k0 and E represent the enthalpy, exponential constant and the
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activation energy of the reaction respectively. This system is discretized to a linear

state space model with a sampling time of 0.1 units. In this model, the concentra-

tion and temperature of the reactant are the states x1 = CA x2 = T while the inlet

concentration and heat input/removal are the manipulated variables u1 = CA0 and

u2 = Q. The process parameter values used in this case study are shown in Table

4.3.

T0 = 300 K F = 5 m3

hr

V = 1 m3 E = 5 x 104 kJ
kmol

k0 = 8.46 x 106 1
hr

∆H = −1.15 x 104 kJ
kmol

Cp = 0.231 kJ
kgK

R = 8.314 kJ
kmolK

σ = 1000 kg
m3 CAs = 1.9537 kmol

m3

Ts = 401.87 K CA0s = 4 kmol
m3

Qs = 0 kJ
hr

Table 4.3: Parameter values for the dynamic MIMO CSTR system

The inputs are constrained as follows: 0.5 kmol/m3 ≤ u1 ≤ 14 kmol/m3 and -5

x 105 kJ/hr ≤ u2 ≤ 5 x 105 kJ/hr. The system has several steady states, but the

unstable steady state under consideration is xss = (1.9537,401.87) and corresponding

uss = (4,0). The steady states of the system are denoted by (CAs, Ts) and the steady

state input values by (CA0s, Qs). The state constraints imposed are as follows: 0.4537

kmol/m3 ≤ x1 ≤ 9.9537 kmol/m3 and 396.87 K ≤ x2 ≤ 416.87 K. Hence, the plant

is operated in a region in and around the unstable steady state.

The objective of this case study is to apply the proposed CL-DRTO strategy to

maximize the production rate. With this goal, a model predictive controller is imple-

mented for a target tracking case and is embedded within the DRTO optimization as

constraints. This approach is implemented first as a target tracking problem before

moving on to the economic objective.
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Model Predictive Control

A model predictive control based on the tuning parameters: Q = 1, S = 1000, R = 0

for a target of [3.9537; 405.87] is shown below. As discussed in Chapter 3, an infinite

horizon regulator with no state constraints is implemented as the underlying con-

troller. These state constraints are rather present in the primary DRTO optimization

as hard constraints. Therefore, for certain targets the unconstrained MPC might lead

to constraint violation. For instance, a target of [3.9537; 405.87] constraint violation

occurs as shown in Fig 4.9

Figure 4.9: Regulatory MPC target tracking

CL-DRTO: Target Tracking Objective

The proposed CL-DRTO approach is implemented on this target tracking problem

using the design parameters shown in Table 4.4. A DRTO sampling time of 2 and an

MPC sampling time of 0.1 is used. Hence, there are 20 MPC computations within a

single DRTO execution.
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Parameter Description Value
TSim Total simulation time 20
∆tDRTO DRTO Sample time 2
∆tMPC MPC Sample time 0.1
N DRTO Prediction horizon 40
M MPC Prediction horizon 5
Q Output penalty diag(1,1)
R Input penalty diag(0,0)
S Change in input penalty diag(1000,1000)

Table 4.4: Design parameters for the DRTO and MPC layers in target tracking
MIMO case study

Figure 4.10: CL-DRTO strategy for target tracking with no input scaling

Fig 4.10 shows the performance of the proposed CL-DRTO strategy for target track-

ing. Although, the performance is better than MPC in terms of cost (target tracking

cost), when this strategy was applied to an economic objective function, it resulted

in optimization issues. We observed the inputs of the system to be poorly scaled due

to a huge difference in their range. Therefore, to avoid numerical issues, u2 is scaled

to kJ/s and Eqn 4.4 is modified accordingly. From here on the MIMO case study
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results are presented for the scaled system as shown below.

dCA
dt

=
F

V
(CA0 − CA)− k0e

−E
RT

C2
A

dT

dt
=
F

V
(T0 − T )− ∆H

σCp
k0e

−E
RT C2

A + 3600 ∗ Q

σCpV

(4.5)

Fig 4.11 shows the CL-DRTO strategy for the same target of [2;4] above the steady-

state value. The hard state constraints present in the primary DRTO optimization

result in no constraint violation and the presence of stability constraints ensures

stable plant operation around the unstable steady state. The set-points provided by

the DRTO are allowed to vary every two MPC sampling units and this corresponds

to a set-point hold (SPH) of 2.

Figure 4.11: CL-DRTO strategy for target tracking with input scaling

The objective is to minimize the error between the target and the actual plant re-

sponse in a least squares fashion and hence better performance is obtained from a

strategy that yields lower value of the objective function. Since the unconstrained

MPC as shown in Fig 4.9 violates the state constraints, the comparison is made be-
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tween the proposed CL-DRTO and an output constrained MPC. Fig 4.12 compares

a constrained MPC and the proposed CL-DRTO strategy. The output constrained

MPC resulted in an objective function value of 181.9, while the proposed CL-DRTO

strategy resulted in a value of 43.0. Hence, the CL-DRTO performs better than

the output constrained MPC for the same set of tuning parameters. Once again, it

should be noted that a standalone MPC with a different set of penalty matrices and

prediction horizon could result in improved performance.

Figure 4.12: CL-DRTO vs constrained MPC for target tracking

Remark 7. It should be noted that for a fixed given value of the MPC tuning pa-

rameters, the performance of the proposed CL-DRTO strategy is equal to or better

than the output constrained MPC. Also note that, set-point hold (SPH) controls the

additional flexibility of the varying set-points provided by the DRTO. The lower the

SPH, the higher the variation in DRTO set-points within a single computation and

the better the performance; an almost linear trend can be observed between SPH and

the target tracking cost in Fig 4.18.

Fig 4.13 - Fig 4.17 shows the performance for varying SPH values, varying from 2 to
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20 and Fig 4.18 shows the objective function values for each of these SPH values.

Figure 4.13: CL-DRTO strategy for target tracking with a SPH of 2

Figure 4.14: CL-DRTO strategy for target tracking with a SPH of 4
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Figure 4.15: CL-DRTO strategy for target tracking with a SPH of 5

Figure 4.16: CL-DRTO strategy for target tracking with a SPH of 10
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Figure 4.17: CL-DRTO strategy for target tracking with a SPH of 20

Figure 4.18: Target tracking objective function value of CL-DRTO for various SPH
values and constrained MPC
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CL-DRTO Economic Cost

The economic measure considered in this case study is to maximize the production

rate over the prediction horizon of the DRTO, represented mathematically as shown

in Eqn 4.6:

maximize
yref

N∑
k=0

k0e
−E
RTkC2

Ak (4.6)

The proposed CL-DRTO approach is applied to the MIMO system to maximize the

production rate for the design parameters shown in Table 4.5. This optimization is

solved offline in GAMS 25.1.2 to find the economically optimal solution to validate

the results obtained from the proposed strategy.

Parameter Description Value
TSim Total simulation time 10
∆tDRTO DRTO Sample time 1
∆tMPC MPC Sample time 0.1
N DRTO Prediction horizon 40
M MPC Prediction horizon 5
Q Output penalty diag(1,1)
R Input penalty diag(0,0)
S Change in input penalty diag(1000,1000)

Table 4.5: Design parameters for the DRTO and MPC layers in economic MIMO
case study

Fig 4.19 shows the performance of the proposed strategy for the economic objective

shown in Eqn 4.6. The final steady-state the system settles at, corresponds to the

offline optimal solution computed in GAMS. This case study demonstrates the abil-

ity of the proposed approach to reach economically optimal solution whilst staying

in the desired operating region and ensuring stable operation. We now introduce

nonlinearity in the DRTO model and demonstrate the performance for the economic
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objective.

Figure 4.19: CL-DRTO strategy for a MIMO economic optimization

Nonlinear DRTO model

We now introduce the nonlinear model at the DRTO level. Nonlinear equations

utilised at the upper level are based on implicit Euler approximation. The same

economic optimization is performed and compared with a state constrained MPC

and the parameters used are shown in Table 4.6.

Fig 4.20 compares the performance of the proposed CL-DRTO strategy with a nonlin-

ear model at the upper level with a regulatory constrained MPC. The total economic

profit for the CL-DRTO strategy is 917.4 and for the constrained MPC is 913.4.

For this set of tuning parameters, the proposed strategy outperforms the constrained

MPC. To summarise, the proposed strategy is able to perform the task of finding

the economic optimum and track it while taking advantage of set-point hold and the

additional flexibility from the reference trajectories.
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Parameter Description Value
TSim Total simulation time 1
∆tDRTO DRTO Sample time 0.1
∆tMPC MPC Sample time 0.01
N DRTO Prediction horizon 20
M MPC Prediction horizon 5
Q Output penalty diag(1,1)
R Input penalty diag(0,0)
S Change in input penalty diag(100,100)

Table 4.6: Design parameters for the DRTO and MPC layers in economic MIMO
case study

Figure 4.20: Comparison of the proposed nonlinear DRTO strategy and constrained
MPC for MIMO economic optimization

Remark 8. We remark that by design, the regulatory MPC only enables tracking

a set-point, and thus needs to be provided the final economic optimal steady state

to track. In contrast, the proposed CL-DRTO strategy is able to find the economic

optimum, and achieve good closed-loop economics.



Chapter 5

Conclusions and Recommendations

In this chapter we summarize the contributions of our study and suggest some rec-

ommendations for potential future directions with this research.

5.1 Conclusions

Process industries are operating plants in an increasingly dynamic environment, and

the economic optimum in some of these processes could correspond to unstable steady

states. The primary focus of this work was to design a DRTO strategy that could

readily be applied to open-loop unstable processes while taking into account the effects

of the underlying control system. We used a two-layer approach to be consistent with

the industrial process automation architecture.

1. Closed-loop DRTO formulation for stabilizing MPCs

We formulated a stabilizing CL-DRTO strategy by embedding stabilizing MPC sub-

problems as constraints in the DRTO optimization. The inner MPC subproblems

were replaced with their equivalent KKT optimality conditions to form a single level

64
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MPCC. The stabilizing CL-DRTO strategy was illustrated through applications to

SISO and MIMO CSTR case studies, where the benefits of the proposed approach

in its ability to override the tuning parameters of the underlying plant control sys-

tem and move the process in an economic fashion while ensuring stable operation is

illustrated.

2. Inclusion of nonlinearity at the DRTO level

The formulation introduced previously was based on linear dynamic models both at

the MPC level and at the DRTO level. We then introduced nonlinear models at

the DRTO level by converting them into nonlinear discretized equations based on

a backward Euler scheme. The performance of the formulation with a linear and a

nonlinear model at the DRTO level was compared and illustrated in the case studies

presented.

5.2 Recommendations for future work

Some potential future directions to continue this research are summarized here:

1. Application of approximation techniques to the stabilizing CL-DRTO

formulation

Inclusion of the stabilizing MPC subproblems as constraints in the DRTO optimiza-

tion increases the size of the problem and hence the computational time. This is

a potential drawback, particularly for problems with a small DRTO sampling time.

Approximation techniques such as hybrid formulation and input clipping have been

discussed in Jamaludin and Swartz [2017a]. Application of these techniques to our

formulation could help decrease the computational time.
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2. A stabilizing CL-DRTO formulation with a Lyapunov based controller

Stabilizing MPC used in our formulation employed an endpoint equality constraint.

MPCs formulated with a terminal constraint and or penalty rely on control horizons

to be sufficiently long to ensure feasibility. This drawback can be addressed by us-

ing Lyapunov techniques to construct a Lyapunov based controller as discussed in

Section 2.2.1. By incorporating this controller into the DRTO formulation we could

characterize an explicit set of initial conditions from which feasibility and stability

can be guarenteed.

3. Extending the formulation to a nonlinear MPC or MPC formulated as

a nonconvex optimization

Inclusion of MPC subproblems into the DRTO formulation resulted in a multi-level

dynamic optimization and was reformulated by using a simultaneous solution ap-

proach. This involved replacing the subproblems with their equivalent KKT opti-

mality conditions. Therefore, it was limited to MPC formulations that are posed as

a convex problem and as such do not include nonlinear MPCs. Inclusion of non-

linearity at the controller level could improve the performance; hence, a strategy to

include nonconvex optimizations as constraints in the CL-DRTO problem needs to

be developed.

4. Extending the formulation from state to output feedback problems

The formulation introduced was limited to state feedback problems, where all the

states where assumed to be measured. Industrial applications involve sensor based

measurements and not all the states are measured. Therefore, formulating the prob-

lem as an output-feedback based CL-DRTO could widen the range of applications.

This could involve introducing observers, Kalman filters or some state-estimation

technique.
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