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ABSTRACT ' g
One of the major deficlencies of the theory of

orthomodular lattices is the lack of accessible examples
with which to test and develop conjectures. * R. J. Greechie
has developed two methods ([1], [2}) of obtaining new
orthmodular lattices by "pasting" 0ld ones together. This
thesis gives an extension of one of thes;, the atomistic
loop lemma. Briefly, a non-empty set of Boolean lattices
Witﬁ common bounds which either‘inter%écf trivially or in
disjoint principal sections form an orthocomplemented poset
under sét-theorefic union. Necessary and sufficient

conditions are given for this poset to be orthomodular.
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1. Introductioq. .

In [?] Greechie presenté a methbd‘for constructing
orthocomplemented posets by pasting Boolean lattices along .
atomistic seétions.' The degree of "intertwining" of these
Boolean tattices determines whether this poset is orthomod-
_ular, and in case it is, whether it is a lattice. This
papef extends the construction and the accompanying loop
lemma to pastings along principal sections.

An orthocomplemented poset is a bounded poset‘P_r
(1Pt , ¢,.0, 1) together with an o ﬁﬁoéomplementation, ie.
a\méﬁ ‘s P-> P (we commit the common crime of writing P
rather than IPI) such that, for all a, b e P:

(1) ava'=1l aaa' =0,

(2) If as bnthen b' ¢ a',

(3) (a')'= a.

An qrthomodular poset. abbreviated OMP, isﬁan ortho-

complemented poset P which also satisfies, for all a, b € P:
‘ (hf If a¢ b then a v b' exists.
(5) Ifas< b thenb=awv (avDbd)'.

A sublattice L of an OMP P is called a subortholat-

tice of P whenever L is clpsed under '. If P, an OMP, is

itself a lattice then it is called an orthqmodﬁlar lattice,
abbreviated OML.

A maximal Boolean subortholattice of an OMP P is

e
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called a block of P, The set of all blocks of P is written
R(P). ‘C(P) » h@(P) is called the genter of P. |

Let P be an OMP and x, y € P, x commutes with Y,
written x C y, iff x A y,'x Ay and (xA YY)V (xA y'i all
exist and x» (xA y) v (xAa y')., IfxCyand y C x then
§x, ¥} generates a Boolean subortholattice of P and heﬁce
x and y share a block. Conversely, if x and y share a block
then x Cyand y C x. If P is an OML then x C y iff y C x.

That this remains true in an arbitrary OMP is the following

claim. i
Claim 0. Let P be an OMP and x,'y ¢ P, If x Cy
then y C x. ‘

Remark. de Morga;'s laws hold in any orthocomplem-
ented poset. That is, if x A y exists then x'v y' exists
and (x A y)'= x'v y', and dually.

Proof (of claim 0). Since x A y ¢ y we have o
(x'v y')A Yy = ((xAy)v y') exists., We will show that
X'A ¥y = (x'v y') Ay,

Since (x'v y')A y ¢ y and x' =
(Aay)v (xAay'))'= (x*vy')a (x'vy)dx'vy)ay,
(x; V ¥') Ay is a lower bound of f{x', y}. Let z be any
Lower bound of fx', y}. Since z ¢ x', y we have
z ¢ {x'v y')A y. Hence x'a y = (x'v‘y')l\ y.

Since x A y ¢ y, we have y=(x A y) v (y Ao (x"v y'))

= (XA Yy) v (XA y)



2. The Construction.

Convention 1. Let @ be a non-empty set of Boolean

lattices such that:

(:}.) For all B, C €®, if B¢ C then B = C.

(2) For all B, C €8, Oy = 0, and 1= 1. (hence
we define 0 =" 0., 1 = 1.).

(3) For any distinet B, C € @, either BN C = o, 13
or there exists a € (BN C)\ {0} such that Bn ¢ = [0, aly U
[a's, ljg = EO, a]c U lare, 1], and <elgae = < lpne -

'8 lgne. = " lane + in which case we write B -a C.

(4) For any pairwise distinet B, C, D €8 such that
B ~-aC ~-b D, elther a = b or a <g b's.

Henceforth & will be a set of Boolean lattices
satisfying conventioq 1. A subscript on an interval, oper-
ation or partial ordering indicates the Boolean lattice in
which the interval, operation of partial ordering is being
taken. If" Y= X' and z = .x'c then x ¢ B N C and
Y » X'S. x'® « z, Thus the subseripts on the orthocomple-
mentation are unnecessary. ie. 'zl)@ -+Cﬁ§is'well defined.

Claim 1, (a) For distinet B, C €® with B -a C
the following hold:

(1) If x, ye BNC then'x Va ¥ = X Vo Y.

(2) There exists b e B such that a <y b <5 L.

(3) a is unique.
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(%) T[o, a,]a [o, a] and fa', 1], = [a', 1]_.

(b) If x, y € B <& and there exists De @ with
X $p Y then x ¢, y.

Proof. Re(db). If x, ywe {O, 1} then since 0 $g 1
"we have x g Y. Otherwise B -b D for some b e BN D and
X, Ye¢ BNAD. By (3) of c’onvention 1, X &V, .

Re(a.l). By (3) of convention 1 BN C is a Boolean
subortholattice of B and of C. 4

Re(a.2). Since B ¢ C"EO,' aly u o, l]B ¥ B. Hence
a is not a coatom of B and a ¢ 1. So there exists b € B with
8 < b < l. % '

Re(a.3). Assume B -b C. Then b€ BN € so b € [o, aly
or bela', 1], . By (a.2) there exists d € B such that
0 4d <z3a'. Ifbec(a’, l]s we have d ¢ [0, b] BNC
and d ¢ [0, a)y; v Ca’, IJg = BN C, a contradiction. Hence
v elo, aly. By.a symmetric argument a € [0, b]B‘

Re(a.4). If y e [o, a]B n [a', 1], then a’ S Y g 8.
Since a, y € BN C we have a' €g ¥V $g 2 which implies a = 1,
contradicting (a.2), By a symmetric argument

o, al. A fa', l] g. |
Claim 2. For pairwise distinect B, C, D e &, if
BnCND ¢ fo, 13 then there ‘exists a € C such that
~B -a C -a D. _
| Proof. If BN cnD ¢ {o, liﬂ then there exists
2a€CND, be BAC such that B -b C =a D. Since BN C N'D
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¢{0,1},aﬂ_b'soa‘:b. | ‘ -

Define an "ordering” and "compl'ementation" on U8 aér

(1) x & y iff there exists B €@ such that x sg ¥.

v (2) ': 08 =~ uQ a8 in the remark‘bel\ow convention 1.
Let L = (L@,$, ', 0, 1). ‘ J

Lemma 1. L ig an orthocomplemented poset.

Proof. We first show that £ is a part{él ordering.
If x € L then there exists‘ Be @ such that x € B, so x €g X
and ¢ is reflexive. If x € y ¢ x then there exist B, C €q
such that x &gy $ X% By claim 1 y 43 x S0 x = ¥ ané s, is
antisymmetric. If x ¢ y ¢ 2z then there exist B, C € ® such
that x € ¥ € 2- If §x, y, 23 nf0, 13 # § or B = C then
X § 2. Otherwise B -a C For som; a<BACand ye BnC.
It y e [0, a.]B then x € C and X' & yAsc z,. If y e [a’, l]c
then z &€ B and X &3 ¥ ¢g 2. Hence & is transitive.

To see that ' is an Qrthocomplementat‘ion we firs‘t
note that if x, y€ L and x ¢ y then there exists Be@® such
that x, y€ B, so (x')'= x and y'¢ x'. Iet r;mains to show
that ' is a complementation. If d 3 x, x' then there exists
Be® with d' ¢ x $g d. This implies d = 1. By the dual

argument x A x' = 0,

Claim 3. For B, C €& with B -a €, [0, a]_=
, SR
{x € L;: 0 ¢ x ¢ a} ( =[0, al , by definition) and [a’', l]g-.-,

fx eL: a' ¢ x §13 (=[a', 1}, by definition).
Proof. Clearly [0, d]y ¢ [0, a]. Iet b & [o, a].

, -



There exists D e® with b s a. Ifb=0 !then b e [0, alg.
If D« B then b € [0, al, - .?'Ot‘herwise be(Ba cn DN {0, 3
and B ~a D. Hence b ¢ [0, al, = [o, a]B. "I*he second part

follows dually. : ‘ |

| Definitiong. (1) The elements of & are called the .

initial blocks of §. ' -

(2) For M€ L, UM) = fxe Lt x > m, for all m e Mj,
(3) For x, ye L: .
J,, = {Be@: x, ye B3

, I‘X.'j - i
UJ.,,3 , otherwise .
Claim 4. - If U(fx, y}) ¢ I., then x v y exists.

If, furthermore, B < J,,g then xv y = x 3 vy.

Proof. If U(fx, y}) ¢ Ty = £0, 13 then U{x, y}) =
fl}and x v y = 1. Otherwise let Be Ja, and s € U({x, y})¢s
I . There exist C,.Dté J

xy such that 51-’1-. Xy 8 25 ¥. So

oy
se€eCNnDand ye CND whichvgives s }c X, ¥y. X, y<€ Bn-C
and 8 3 X, ¥y imply s 3 X v, y= X vg V. Since x, ¥ € X Vg ¥
the claim follows. . _ A

Claim 3. For distinect B, Ce¢@, if x, y € BN C then
xvyax"ve,y'._ .

Proof. Since Ovys=yand 1v y = 1, we may assume
that {x, y} n {o, 137 4. If1s s 2p x for some D €@\ ¢{B, d
then xe€ (B nC N D)\ {0, 13. By claim 2 there exists a & L

with B ~a C,~a D; y€ Bn C= CN D, implies D € J”‘*S . By

A\
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claim 4 x v y/-.- X Vg Y.

Definition. A loop of order n (n » 3) is a sequence
of initial blocks (Bo, By +:ey B,H) such tlf;a'tz

(1) For ‘any distinet i, j € {0, ..., n=1} B; N B; =
§0, 13 if ] j-i]| ¢ {1, n-13, and there exists a; € L with
B, -a; Bj if j-i e {1, n-1}.

(2) For pairwise distinct i, j, X e {0, ..., n-13 -
B;n B; N B, = {o, 13.

If n > 3 then condition (2) is a confequence of
condition (1). If n = 3 then condition (2) is equivalent to
thg condition that any two of the’ ay are different.

Claim 6. If J,,‘;" £ and U(fx, y}) ¢ 1,,,5 then @
admits a loop of order 3. '

Proof. If x = 0 then U({x, y}) & U(fy}) < I:g .
If x = 1 then U(fx, ¥}) =f1} ¢ I,, . So we may assume that
fx, y}n fo, 1}= 4. Let a € U({x, yi)\ Iy and B, € Jy, .
There exist Bo', B, ¢ @&\ Jxy such that a x and a >’B.,_y'
Clearly B,, B, and B, are paixwise distinct. Since
xe (Bon B,) \ §0, 13, y€ (B, n B,)\ {0, 1} and
a& (B,n B;) \f{o, 13, B, ;-a., B, -a, By -a, BQ for some
a3, 2, 83 ¢ L. Since a¢ B, 8, # a, # 3, ¢ a, and
(Bgs B, , B?:) is a loop of order 3.

Clai;n 2. If BE Jg, and x'v y exists thenx v y=

X Vg V.

Proof. If x= Othenxvy=y=xvy. Ifx=a 1'



then xv y = 1= x \;B y. If {B} # Jay then xv y =X vy ¥
by claim 5. If xv y &€ B then x v y= xv y. Assume none
of the above conditions hold. There exist C, D e &\ {B} J
such that x ¢, x vy ¢ x vgyand ¥y ¢ X VY § X Vg V¥
If C= D then B# C& Js, contrary to the assumption that
{3 = Jy, . Thus B -a C -b D -e B for some a, b, e & L.
If x vg Y4 1 then‘x vge ye(BA cn DN {0, 13 and a= b = e.
This gives C € J"*a , again a contradiction of our assumptions.
Hence x vy ¥ = 1. Ifxvgyz‘l then x 24 y'. Ifue
U(fx, y3) then u € U({y, y'3) which implies u = 1, Hence
Xvy=l=xwvy., - -

Lemma 2. L is an OMP iff & admits no loop of order
3.

Proof. (< )., Assume @ admits no loop of order 3.
L is an OMP iff for all x, y ¢ Lt )

(1) Ifxs<s y" thenx vy exists.

(2) Ifxg¢ y theny=x v (x vy')'..

Re(l). If x < y' thenJds, # #. By claim 6 U({x, ¥}

€I,, . Let B& Ju, thenby claim4 xv y = x vg ¥.

"y
Re(2). If x ¢ y then x g4 y for some B & Ty
From Re(l). xv y'= X vy y'. Also X & X vg ¥' and

B & Jy, So again from Re(l). x v (x v y')'=

*vay' .
x vg (x Ve y")7 = ¥, Since B is_Boolean.
(= ). Assume @ admits a loop of order 3,

B, -8 B, -a, B, -a, B,. Since a, < a}, a, < a} we have

R —«M’y’r‘ -
°

PR R



..

)

Ulfas, 2:3) 2 fa, vy a,, al, 13. To show that a, v &, does
not exist it is sufficient to show that (1) a, vg 1, § a3
and (2) if agV a, does exist then agv a, = a, Vg, @, -

Re(ZZ. (2) is a direct application of claim 7.

| Re(ll)‘ Assume 3o Vg 21 £, a; for some C e & . Since

22 ¢ By and 0< a5 Vg, 3,< 1, B, -b C for some b e B, . If
8 Vg 2 € [0, D] then a, <p, a, vy 2, $g b, 2 contradiction.
If 8%, "2, € [b', 1] then b' s 2, vy 8, < 2}, again a
contradiction. Hence a, va, 21 $ 2a;.

Henceforth assume ® admits no loop of order 3.

Claim 8. If d, { € U({x}) and J4, # P then there
exists B € @ . such that x ¢g 4, t.

Proof. Assume there exist By, B,, B, ¢ @ such that
X ¢g,d, X gg t and By € J, . If x = O then x égld, t. If
x= 1l thenl=x=d=1t., Ift= 1 then x €g,d, . If;d = 1
then x ¢ d, t. If By = B; for some i ¢ j then x ¢gq.d, t.
If none of the above conditions hold then x & (B, N B,)
\ fo, 13, de (B, n B)\ fo, 1} and t e(B, n B\ {0, 13.
Hence there exist a,, a,, a, € L with B,-a, B, -a, By =-a. B,.
Since (By, B,, B,) is not a loop of order 3 a, = 2, = a,
and x ¢ B,. T;Eé gives x ¢ d, t.
Claim 9. If x v y does not exist then there exist -
4, t e U(fx, y}) such that Ja, = f. |

Proof. If U(f{x, y}) = {1} then x vy s=s1l., Assume

X v y does not exist. By claims 4 and 6, J"'s = 7., Let

~
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Q; .
t e U({x, y1) \ {1}, since Tny = # there exist distinct

Bo, B, €@ with x §4 t, ¥ ¢ t and By~a B, for some a ¢ L.
Since x ¢ B,, te [a', 1]. Let* =xvya, $=y vgaand
t=%v § (=% vg¥). IfU(fx, y})€ BoA B, then
U(fx, yi) = ‘U(‘{‘i‘c, $1) and X v y = £. So there exists
de U(fx, y3) \ (Bo N B, ). Assume d ¢ B, . If there exists
B. € & with y $g, 4, t then we have t e (B, N B, N B)\ {o, 1}
and B, # B, # B, # By. By claim 2 B, n‘B., = By N B, and
hence y &€ By, & contradiction. Therefore no such B, exists
and by claim 8 J,, = #. If we assume d ¢ B, the same result
is 6btained.-

Claim 10, If xA y, xAYy', (XA Y)V Ex AY')
exist and Ty = § then x ¢ (xay)v (xa y').

" Proof. Tay = P implies’{x, vi 0 {0, 1} = . There
exist By, B, ¢ & such that x A y' ¢a, y' and x A ¥y g, V-
Since J,, = §, B, # B, . v €(Bsn B)\ {0, 1} so there
exists a‘¢ L with Bg -a B,. If y' e¢ [0, a] then x A Y'ég¥'s
if y' ¢ (a', 1] then y e [0, a],,ané X A Y $g y. So there
exists A €@ such that fx A y', xA vy, vy, y'}l & A.., Since
(xAy') Y (x A y) exists we have by claim_ 7 that o
(xay')v(xay) =(xay') va(xay). ButJ,, = #so
x4 A, Hence x# (xa y') v (x A ¥y). L

ILemma 3. The blocks of L are pr;isely the initial
blocks.

Proof. From claims L, 6 and 7 we have that the
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initial blocks are Boolean subortholattices of L. Therefo;ce,
it is sufficient to show that if A is a Boolean subortho--
lattice of L then A € B for some Be® .

Let A be a Boolean subortholattice of L and x, y € A
\ {0, 1}. By claim 10 there exists Bo € Ja, . If A S By
then we arpg finished. Otherwise, there exis_j:s z € A\ By.
By claim 10 there exist B, € Jy, » By & Jy,a . If
fB,, By} N Juyg M Jy3 = # then x e (Bo NB,)\ B,

Vy e (Bg N B,) \ B, and z € (B, N By)\ By,. This implies
that (Bo, By, B,) is a loop of-qrder 3, a contradiction.
Hence (B, B} N 2y N J,,X;. If B, € Jy, N Jy, and
w € A\ B, then, again by claim 10, trere e.xist By € Ju,x »
B, € J,, . Since w ¢ By \ B, -and x €(B, N B, n By)\ {0,1},
by claim 2 B, M By = Bg N B, . Since z e B, 'arid Z4 By, we
have z 4 B,. Since w e B, \ B,and z &(B, N B, N BO\ {0, 13,
B, " B, = B, NB,. Since x ¢ B, and x € B, x4 By. Ve

. now have we (Ban By)\ B, z e(B, N By)\ B; and
x (B, N B3)\ B,. But this implies that (B., Bs, By) .is a
loop of order 3, a contradictién. Hence, if B, € JA,“i N Jsu
then A ¢ B,. By a symmetric argument, if‘ By € Jy o N Js.n

# @, therefore A ¢ B,

then A € B,. {B,, Byi N In,a N Jy,q

or Ag B, .~
Lemma 4. L is an OML iff admits.no loop of order

LP.

Proof. (¢ ). Assume x v y does not exist. By

e e e e B e —————— ——— Y

e md o Reel s e earis s e e Sl
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claims 9, 4 and 6 there exist ¢, d € U(fx, y}) \ {0, 1}

such that Jc 4 = § and J,, = #. There exist B,, B., BJ,‘_?,

B, e & such that x Sgg C» X $g. d, ¥ s&d and Y €g, C- Je.d = @
implies B, * B, # By ¥ B, ¢ B, , Jxy = # implies B, # B,
and By # B,. x e(Bo 0 B )\ f0, 1}, a (8, N B\ {0, 1}
ye(B. N Bg)\ {0, 1} and c €(Bo N B\ {0, 1]. So there
exist a,, a,, a,, a; €L such that B, -a, B, -a. B, -a, B,
-ay B, . To prove that (B,, I%. » By Bs') is a loop of order
4 it remains to show that {0, 1} = B,n B, = B, N B,.
Since (By, B, , By) is not a loop of order 3 either

B, n By = {0, 1} or 8. = a;. If a, = a; thenBo N B, =
Bo N By which gives ce€ B,. But ce B, implies B, € Jo 4 ,

a contradiction. Hence B, N By = {0, 1}. By a symmetric

argument B, N B, = {0, 1}.

(=). Assume & admits a ioop of -order 4,
B, -8 B, =-a, B, -a. By -a; B, . ag < a;, a; &nd a, < a}, aj
so U(fa,, a,3) 2 f{a;, ay, li. Hence if a, v a, exists
then thefe exists a e L such that a,, a, ¢ a ¢ a, aj.
To prove a, v a, does not exist we will assume that such
an a exists and derive a contradiction. Since 0< a, ¢ a
s a <1, a4 {0, 1}, Ifaé¢ B there exists C ¢ & such
that as ¢,a ., a; and B, -b C for some b € L. Since
a, €(Bo N B,n C)\ {0, 1}, a, = b. Since a, &€(B,n B, A C)
{0, 13, a, = b. But since. (By, 3., B,, By) is a loop of

order 4, a, # a, . Hence ac¢ ‘Bg . By a symmetric argument
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a e B;. But since (B,, B,, B,, By) is a loop of order &,
a e (B, n By):$0, 13) = 4, a contradiction. Hence 8oV a,

does not exist. ¢

v i e g

T e e e et Tt bt 7 e i -



3. Concluding Remarks,

The results of the previous section are summarized
in the following lemma. ‘

Loop lemma. Létn& be a set of Booléan lattices
satisfying convention 1. ‘L is an OMP (OML) iff @ admits
no loop of order less than 4 (5). If L is an OMP then
the blocks of L are precisely the initial blocks.

A simple example of an OML which is obtainable
via this construction but not by pasting is given. Let [
Bos» By, By, By, B, be arbitrary Boolean lattices such that
{Bo+ ..., B,} satisfies convention 1 and such that By -3 B,
-8, B, -a, B;-a,B, -a, B, with a; ¢ a;, for i ¢ j. Then
(Bos B,y Byy By, B,) 1s a loop of order 5 andélB; is an
OML. .

If L is an OML whose set of blocks satisfies con-
~ ventjon 1 then either L is’a weak horizontal sum of Boolean
lattices or there exist A, B ¢ &(L) such that An B = {0, 1}.-
In either case there exist A, B € &(L) such that AN B =
C(L). THis is proved and extended to products of such .
lattices in the following claim.

- Claim 11. Let (Lt)iex be a non-empty family of

OML's such that for each i € I, ®&(L;) satisfies convention 1.
Let L.= IT L. Then there exist A, B € &(L) such that,
An B = C(L).

14
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Proof., Let i e I. Since B(L,) satisfies convention
1 either |

(1) L; is Boolean and ®&(L;) = {L;}.
. or. (2) A -a B for some a ¢ L, for all distinct A, B
e @(L,).

or (3) There exist B, C, A, D& &(L;) such that

B -aC, A-bDand a # b.

Re(1). C(Li) = L; =L, N L;.

Re(2). For distinct A, Be &(L;), ANB =
[o, a]l ula', 1] = C(L;).

Re(3). For B, C, A, D as in (3) we may assume that
A$B. IfANB 4 {0, 1} then either An ¢ = {0, 1} or
A -a B, since (A, B, C) is not a loop of order 3. If
AnC #§0, 1] then B8N D = {0, 1}, since (B, A, D) is not
a loop of order 3. C(Ly) = fo, 1i.

We have shown that for any i € I there exist
Ay, B; € &(L:) such that A; n B; = C(L;). But
c(L) = '{IIC(L‘) = _‘1‘1; (B, n A;) = (IrI B;) N (;':'; A;) and
3;7151. _“TTIA; ¢ &(L). '
It is therefore natural to -ask whether all OML's
have this property. A finite counterexample is given.

Let {Xgy ooy x“} denote a Boolean lattice with
atoms X, ..., X,. Let By = by, b, b, by, bk},
By =Sbe, b, , by, . bY, -By = <b,, b,, by, bgd

By = Cbys by, by, b,) be Boolean 1aj;1\:\ices such that for
-\ ,
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all i, j e {0, ...10] by« b, iff i = j and such that for
alli, j ¢ {0, 1, 2, 3} B; N B; is a Boolean sublattice of
B,. By applying Greechie's paste job (theorem 3.4 of [1])"
three times we have that L; = Bovu B, is an OML with blocks
Bos By, that L, = L, u B, is an OML with blocks B,, B,, B,,
and that L = L, UVB:; is an OML with blocks By, B,, B,, By .
C(L) = f0, 1} and By n B; ¢ {0, 1} for any i, j €f0, 1, 2, 3}.
Figure 1 gives the "Greechie" diag?am C£2) of L.

—
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